
Supplementary Appendix

A Conventions
For a connection with torsion whose connection coefficients are Γρ

µν the Riemann tensor
Rµνσ

ρ and torsion tensor T ρ
µν are given by

[∇µ, ∇ν ] Xσ = Rµνσ
ρXρ − T ρ

µν∇ρXσ , (A.1)
[∇µ, ∇ν ] Xρ = −Rµνσ

ρXσ − T σ
µν∇σXρ , (A.2)

which implies

Rµνσ
ρ ≡ −∂µΓρ

νσ + ∂νΓρ
µσ − Γρ

µλΓλ
νσ + Γρ

νλΓλ
µσ , (A.3)

T ρ
µν ≡ 2Γρ

[µν] . (A.4)

These obey the following Bianchi identities

R[µνσ]
ρ = T λ

[µνT ρ
σ]λ − ∇[µT ρ

νσ] , (A.5)
∇[λRµν]σ

κ = T ρ
[λµRν]ρσ

κ . (A.6)

We define the Ricci tensor as
Rµν ≡ Rµρν

ρ . (A.7)
We will assume that the connection is such that

Γρ
µρ = ∂µ log M , (A.8)

where M is the integration measure, so that

Rµνρ
ρ = 0 . (A.9)

B Details for Trautman condition computation
In Section 3.4 it is left to show that hµ[γŘµ(νσ)

ρ] = 0. This expression can be shown to be
Galilean boost invariant. We prove hµ[γŘµ(νσ)

ρ] = 0 by showing that all the projections
with vνvσ, vνhσλ and hνκhσλ give zero. We will use that

∇̌ρvµ = −hµνKρν , (B.1)

where Kµν = −1
2Lvhµν with Lv the Lie derivative along vµ. Using the definition of the

Riemann tensor as well as (B.1) it follows that

vνvσŘµνσ
ρ = −hρλvκ∇̌κKµλ . (B.2)

Hence we find hµ[γŘµ(νσ)
ρ]vνvσ = 0 which holds since hµν is covariantly constant and we

also used the fact that Kµν is symmetric. We next turn to the projection of hµ[γŘµ(νσ)
ρ] =

0 with hνκhσλ. To this end define

Xαβµν = hαρhβσŘρσκ
νhµκ . (B.3)
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The tensor Xαβµν is antisymmetric in its first two and last two indices1. It also obeys
X [αβµ]ν = 0. Adding and subtracting X [αβµ]ν = 0, X [αβν]µ = 0, X [βµν]α = 0 and
X [µνα]β = 0 appropriately we obtain Xαβµν = Xµναβ . This can be used to show that
Xµ(να)β − Xβ(να)µ = 0 which is equivalent to hρ[αŘρ(σκ)

ν]hβσhµκ = 0.
Finally we need to show that hρ[αŘρ(σκ)

ν]vσhµκ = 0. To this end define

Y αµν = hραŘρσκ
νvσhκµ . (B.4)

In terms of this new object we have

4hρ[αŘρ(σκ)
ν]vσhµκ = Y αµν − Y νµα + 2hρ[αŘρκσ

ν]vσhµκ . (B.5)

Using Ř[ρσκ]
ν = 0 we can show that

Y αµν − Y µαν + hραŘκρσ
νvσhµκ = 0 . (B.6)

Cyclically permuting the indices on this last equation leads to two more equations.
Adding and subtracting these off (B.6) leads to

2Y αµν = −hραŘκρσ
νvσhµκ − hρνŘκρσ

µvσhκα + hρµŘκρσ
αvσhκν . (B.7)

This tells us that
Y αµν − Y νµα = −hρνŘκρσ

µvσhκα . (B.8)

This in turn can be used to obtain

4hρ[αŘρ(σκ)
ν]vσhµκ = −hρνŘκρσ

µvσhκα + hραŘρκσ
νvσhκµ − hρνŘρκσ

αvσhκµ . (B.9)

Finally, using
Řκρσ

µvσ = hµγ
(
∇̌κKργ − ∇̌ρKκγ

)
, (B.10)

which follows from the definition of the Riemann tensor and (B.1), we obtain the result
that

hρ[αŘρ(σκ)
ν]vσhµκ = 0 . (B.11)

1Antisymmetry in the last two indices follows from [∇̌ρ , ∇̌σ]hµν = 0 which leads to Řρσκ
(νhµ)κ = 0.
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