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1 POSTERIOR DISTRIBUTION AND MCMC

LetY,, = (Y1,...,Y,) follow a multivariate normal distribution,
Ynl|A, X, V,y ~ MVN(Z~,%), (SD)

where Z = (1 XZ,AZ,A x X; )nx(2+2p (ﬁ, ) , = (Uij)an, with 045 = K('vi,vj) + O’%(Sij.
The 6;; is the Kronecker function, 6;; = 1 1f 1 = 7, and O otherwise. The GP prior covariance function K
is the squared-exponential (SE) function, where

Ky afexp( bl )

fori,j =1,...,n. The (¢1, g2, ..., ¢p) are the length scale parameters for each of the covariate variables.
The priors of the parameters in the model are
v~ MVN (0,07X0y)
08 ~ [G(CL(), bo),
U]% ~ IG(ay,by),
Qbk: ~ IG(CL¢, b¢)
We set Loy = 107 (ZZ') "1 ay = by = 1,a0 = ay = 2,by = by = o7, /2,0% is the estimated

variance from a simple linear regression model of Y on A and X for computational efficiency. For the ease
of computation, we do the following transformations.

2
b=,
Iy
w = log(v),
pr = —log(or)

Thus the priors for (w, p, aj%) are

exp(

p(p) o< 1T} _, {(emp(—pk))_%_lewp {—b—fpk)} 6fvp(—pk)} ,

Cap b _ b
p(w,a?) x (U?) of lexp{ -t } (an) wlerp {—TO} ojzrea:p[w(—ao — 1)]exp(w)
crf ov

x (O‘J%)_ao—af—le:)jp {—0‘]72(bf + %)} exp(—aw).
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The likelihood multiplied by the priors is
L = p(YTM 77 O-_?'a pa C&))

o 2] Heap {51 - 29571 ¥, = 2] Laptolnte )

Therefore the conditional posterior distribution of -y is
1 _ _ _
p(¥|Yn, O'ch, p,w) X exp {—5[(Yn - ZY)2" YWY, - Zv) + ,)/gf?z)o,y 17]}

1
o exp {—5[7’(2’2—12 +0; 70y )y - 27’2'2—11/”]}

o exp {—%(7 — py)' By - Mv)} ;

where py = 271 Z'S71Y, and By = (2’271 Z + 0,0y ') L. Thus
<7|Yn70-]2‘7paw) ~ MVN(IJ"WE;l) (S2)

Let G = 0;22. Then the marginal posterior distribution of (o3, UJ%, or) is

Uf7p7 // na770f7pa )d7

1L 1 _ 1 _
o |2 2‘27’2%]9{_5},”/2 1Yn+5“7/271“7}1’(0)17(%0?)
1
2 G| %o 2p|ZG 1Z + 30,7 26Ip{ 2Yn’G—lyn}
g
!
1
”p {2— (267 (26712 zm—l(z’a—lyﬂﬂ}
!

plo)oh o eap { -7y + ) | eapl-au).

Therefore we can derive
. b
(03| Y. p,w) ~ (o)~ eap {_%}
f
where a(;f %(TL p) + ay + ao, baf — bf _|_ %[Yn/G_lYn . (ZIG—IYn>/(Z/G—IZ i 207—1)_1
(Z'G='Y,,)]. Thus
(03 Yn, p,w) ~ IG(ag;, o). (S3)
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The posterior distribution of (p, w) is

—Ao _1 — I
p(p,w|Yn) ~ bs, N®212'G™1Z + 2oy Y| 2eap(—apw)
b
—ag—1 ¢
Hi_l{@xp(—pk)) " ewp{—em_pk)}exp(—pk)} (S4)

The posterior of the parameters can be obtained by implementing a Gibbs sampling algorithm: first sample
the p and w from its posterior distribution p(p, w|Yy, ) in|S4|by using the Metropolis—Hastings algorithm;
then sample UJ% from an inverse gamma distribution in at last sample ~ from a multivariate normal
distribution in[S2]

Let Z* be a new unit and Y * the corresponding outcomes, the joint distribution of (Y, Y™*) is

Yy, 2 Zy 311 X2
(Y*) |7a0-f7p7w N |:<Z*’7) 9 (221 222>:| )

where 311 = 3. So the predictive posterior distributions of Y *|Y;,, 7, 0]2(, p,wis
Y*|Yn7 s 0'?»‘, pP,w ~ N(”’Y*a EY*)

where py« = Z~ + 22121_11(Yn — Z~) and Xy« = Ygg — o3 21_11212. Then we derive the posterior
distribution of the potential outcomes Y (?) and Y (1) by setting Z* = (1, X5,0,0 x Xi)nX(QJrzp) and
Z* = (1,X;,1,1 X X)px(242p)- At last, we sample Y () and Y from their posterior distribution and
estimate the ATE from the average of Y (1) — Y (0
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Figure S1: Distribution of the Estimated by Different Sample Sizes ATE from GPMatch under the Kang
and Shafer Dual Misspecifcation Setting. Upper panel presents the results of GPMatch with the treatment
effect only in the mean function model; lower panel presents the results of GPMatch with the treatment
effect and the X7 — X4 in the mean function model. Both included X; — X, in the covariate function.
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