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Appendix

Appendix 1:

According to the optimal control theory, the optimal profit function of the

supply chain system at time t is   C
s

tC
s VeJ  ,Where ))(),(( txtgV CCC

s , for

any 0)( tgC , 0)( txC HJB equation is satisfied, namely:
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(A1)

Then calculate the first derivative of )()()( tatatn CCC
rm ，， on both sides of equation (A1),

then the optimal emission reduction effort input and the optimal low-carbon publicity effort

input at time t is as follows:
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By observing the HJB equation(A1), we can find that ))(),(( txtgV CCC
s are about the linear

analytic formula of )(tgC and )(txC ,We can assume that:
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s mtxmtgmtxtgV

321
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Where CCC mmm 321 ,, are constants.

Substitute equation (A5) into equation (A1). By comparing the coefficients of similar items



at both ends of the equation, we can get the following constraint equations about the

parameters of the optimal profit function( C
im ,i=1、2、3):

CC mpm 11 2   (A6)

CCC mmpm 212 2   (A7)
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(A8)

Solve equations (A6) and (A7) to obtain the expression of parameter C
im （i=1、2）of the

optimal profit function:
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Where   CC
sx

CC
sg mVmV 2

'
1

' , ,thus substitute C
im (i=1, 2) into formula (A2), (A3) and (A4)

to obtain the manufacturer's optimal low-carbon emission reduction effort and optimal

low-carbon advertising effort at time t under centralized decision, as well as the retailer's

optimal low-carbon advertising effort , as shown in formula (11), (12) and (13) respectively.

Then, the formula (11), (12), (13), (A9) and (A10) are introduced into formula (A8) to get the

expression of Cm3 :
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(A11)

Substituting equations (11), (12) and (13) into equations (1) and (2) for solution, it is

obtained that the optimal trajectories of low-carbon emission reduction level and low-carbon

goodwill of products are formula (14) and (15) of proposition 1, respectively. When time t



tends to infinity, the stable values of the optimal trajectories of low-carbon emission reduction

level and low-carbon goodwill of products are formula (16) and (17) of proposition 1,

respectively. Observe the optimal trajectories (14) and (15), then we can get the following

simplified optimal trajectories:
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By substituting  CCC mmm 321 ,,  C
r

C
m

CCC aantgtx ,,),(),( into equation (A5), the

present value of the profits of the supply chain system under centralized decision is obtained

as equation (20) in proposition 1.

Appendix 2:

According to the optimal control theory, the optimal profit function of the manufacturer

and retailer in the low-carbon advertising competition at time t is   D
m

tD
m VeJ 

、

  D
r

tD
r VeJ 

，where ))(),(()),(),(( txtgVtxtgV DDD
r

DDD
m ,the HJB equation is satisfied for

any 0)(,0)(  txtg DD , namely
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(A14)
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(A15)

Calculate the first derivative of )(taDr on both sides of equation (A15) to obtain equation

(A16):
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Substitute )(taDr into equation (A14), and calculate the first derivative of )(),( tatn D
m

D for

the equation brought in, then the manufacturer's optimal emission reduction efforts and

optimal advertising efforts at time t are respectively:
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By observing HJB equations (A14) and (A15), we can find

that ))(),(()),(),(( txtgVtxtgV DDD
r

DDD
m is a linear analytic expression of )(),( txtg DD

and )(),( txtg DD ,we can assume that:

DDDDDDDD
m htxhtghtxtgV 321 )()())(),((  (A19)

DDDDDDDD
r ftxftgftxtgV 321 )()())(),((  (A20)

Where DDDDDD fffhhh 321321 ,,;,, are constants.Substitute equations (A19) and (A20) into

equations (A14) and (A15) respectively. By comparing the coefficients of similar items at both

ends of the equation, we can get the following constraint equations about the parameter

D
i

D
i fh , （i=1、2、3）of the optimal profit function:

DD hwph 11 )(   (A21)

DDD hhwph 212 )(   (A22)
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(A23)

DD fwpf 11 )(   (A24)

DDD ffwpf 212 )(   (A25)
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(A26)

Then ， the parameter equations of the formula are combined in the same way, and the

expressions of the parameters D
i

D
i fh , (i=1, 2) of the optimal profit function are obtained as

follows:
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Where   DD
rx

DD
rg

DD
mx

DD
mg fVfVhVhV 2

''
2

'' ,;,
11

.thus substitute  D
i

D
i fh , (i=1, 2) into

formula (A16), (A17) and (A18) to get the equilibrium decision  D
r

D
m

D aan ,, of the

manufacturer's optimal low-carbon emission reduction effort level and the optimal

low-carbon advertising effort level, and the retailer's optimal low-carbon advertising effort

level at time t under the low-carbon advertising competition.

Then substitute  D
r

D
m

DDDDD aanffhh ,,;,,, 2121 into equations (A23) and (A26) to get the

expression of parameter DD fh 33 , of the optimal profit function:
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(A31)
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Substituting Equations (37), (38) and (39) into Equations (1) and (2) to solve the problem,

the optimal trajectories of product emission reduction and low-carbon goodwill are

respectively equations (40) and (41) of proposition 2. Then we set

)(),( 0201





  DD ggDxxD to obtain the following simplified formula:
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Then,substitute  DDDDDD fffhhh 321321 ,,;,,  D
r

D
m

D aan ,, ,equations(A33) and (A34) into

equations (A19) and (A20) to obtain the profit present value of the manufacturer, retailer and

supply chain under the low-carbon advertising competition in proposition 2.The

propositional proofs in the contract model are the same, so we omit them.

The model proof process in Section 4 is similar to that in Section 3.


