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Original ODE System
The original ordinary differential equation (ODE) system is given by:
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Where:
e a/p,ali,alr, Blirss. €, f, YD, VK, YT are positive constants representing parameters.

e D, K,T,andMrepresent the population of modelled cells. They will have Dy, Ko, Ty, and My initial con-
ditions which are positive too.

1 Analysis of Positivity

Since all the state variables are representing no. of cells therefore they will always remmain positive.

2 Analysis of Boundedness

We analyze the boundedness of the system’s RHS, and found that systems is bounded provided following
conditions are satisfied

1. For the first equation: ~
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2. For the second equation:
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3. For the third equation: -
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These inequalities ensure that the derivatives of the state variables remain bounded by the corresponding
expressions on the right-hand side of the equations, facilitating a comprehensive understanding of the system’s
boundedness.

3 Analysis of Existence and Uniqueness

Assume that a vector field F(D, K,T) defined as following represents the RHS of the ODE system
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where a/p, alk, alt, Blrrse, €, f, YD, Vi, YT are positive constants.

3.1 Analysis of Continuity of Vector Field

To ensure the continuity of the vector field F(D, K,T), we examine each term in F and verify its continuity
with respect to D, K, and T, we need to ensure that the denommators 14+ D™ 1+ K", and 1+T™ are always
positive to avoid lelSlOIl by zero. The functions 7 f;n 0T f;n ;and 7 +T” are contlnuous for all positive values
of D, K, and T.

Since the denominators are always positive and the functions are rational functions with continuous
numerator and denominator for all posltlve values of D, K, and T, we conclude that F(D, K, T) is continuous
everywhere for positive values of D, K, and T.

3.2 Partial derivatives and continuity of them

F(D,K,T) as a vector composed of three functions Fy (D, K,T), F5(D, K,T), and F3(D, K, T):
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Where each component F; for i = 1,2, 3 is defined as follows:
1. F1(D,K,T):
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3. Fy(D, K, T):

pr T M K" _
e — | =T
1+D"1+Tr 1+ M1+ K"

F3(D,K,T) = atp + Blirse - f (

Now lets compute the partial derivatives of F'.



Partial derivatives of F with respect to D:
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Partial derivatives of F with respect to K:
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Partial derivatives of F with respect to T
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Partial derivatives of F;:
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Partial derivatives of Fj:
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Partial derivatives of Fj:
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We can summarize and rewrite the partial derivatives of F' with respect to D, K, and T in a more concise
manner:
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To ensure the continuity of the partial derivatives of F with respect to D, K, and T, we need to ensure that
the expressions for these partial derivatives are continuous functions of their respective variables. Specifically,
we need to ensure that each term in the expressions remains continuous for all values of D, K, and T greater
than zero.

Let’s examine each partial derivative individually:
1. For g—g: - All terms involving D, K, and T are continuous functions. - The denominator terms

(14+D™)2, (1+ K™)2, and (1+1T™)? are always positive for D, K, and T greater than zero. - Therefore, the

partial derivative % is continuous.

2. For g—[}—';: - Similar to the previous case, all terms involving D, K, and T are continuous functions. -

The denominator terms (1 + D™)2, (1 4+ K™)2, and (1 +T™)? are always positive for D, K, and T greater
than zero. - Hence, the partial derivative 2% is continuous.

0K o B
3. For %: - Once again, all terms involving D, K, and T are continuous functions. - The denominator
terms (1 + D™)%, (1 4+ K™)2, and (1 4+ T™)? are always positive for D, K, and T greater than zero. -
Consequently, the partial derivative g—g is continuous.

Therefore, the continuity condition for the partial derivatives of F' with respect to D, K, and T is satisfied.

Together the above analysis shows that our ODE systems satisfies the Existence and Uniqueness theorem
of ODE. So, we can conclude that our model system will always have a uniquene solution for a set of
parameters and an initial condition.



