
Supplemental Text S3：Weisfeiler-Lehman Subtree Kernel 

Given two graphs G and H, let ∑0 be the original set of node labels of G and H, and ∑𝑖 be the set 

of letters that occur as node labels at least once in G or H at the end of the 𝑖 − 𝑡ℎ iteration of the 

Weisfeiler-Lehman algorithm. Assume that all ∑𝑖 = {𝜎𝑖1, 𝜎𝑖2, ⋯ , 𝜎𝑖|∑𝑖|} are pairwise disjointed. 

The Weisfeiler-Lehman subtree kernel on two graphs G and H with ℎ iterations is defined as 

follows 

𝑘ℎ(𝐺, 𝐻) = 〈𝜙ℎ(𝐺), 𝜙ℎ(𝐻)〉 

where 

𝜙ℎ(𝐺) = (𝐶0(𝐺, 𝜎01), ⋯ , 𝐶0(𝐺, 𝜎0|∑0|), ⋯ , 𝐶ℎ(𝐺, 𝜎ℎ1), ⋯ , 𝐶ℎ(𝐺, 𝜎ℎ|∑𝑘|)) 

and 

𝜙ℎ(𝐻) = (𝐶0(𝐻, 𝜎01), ⋯ , 𝐶0(𝐻, 𝜎0|∑0|), ⋯ , 𝐶ℎ(𝐻, 𝜎ℎ1), ⋯ , 𝐶ℎ(𝐻, 𝜎ℎ|∑𝑘|)) 

In this study,   𝐶𝑖(𝐺, 𝜎𝑖𝑗) and  𝐶𝑖(𝐻, 𝜎𝑖𝑗) are the number of occurrences of the node label 𝜎𝑖𝑗  in 

G and H with the 𝑖 − 𝑡ℎ iteration, respectively. It is noteworthy that the graph used in this study 

is the undirected graph. 

 

 

Illustration of the construction process of the WL subtree kernel 

Illustration of the construction process of the WL subtree kernel. For given two graphs G and 

H, A) the initial labeled graphs, B) augmented labels, C) label compression, D) relabeled networks. 

If the iteration time is set as 1, the label set is 𝐿 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, ℎ, 𝑖, 𝑗, 𝑘, 𝑙, 𝑚}. The ∅(𝐺) =

{1,1,1,1,1,1,1,0,1,0,1,0,1}and ∅(𝐻) = {1,1,1,1,1,1,0,1,1,1,0,1,0}.The 𝑘(𝐺, 𝐻) = 〈∅(𝐺), ∅(𝐻)〉=7. 

Given two graphs, the basic process of the Weisfeiler-Lehman test is as follows: if those two 

graphs are unlabeled (i.e., vertices of the graph have not been assigned labels), first label each 

vertex with the number of edges that are connected to that vertex. Then, at each iteration step, the 

label of each vertex is updated based on its previous label and the labels of its neighbors. That is, 

compress the sorted set of updated node labels of each vertex into a new and shorter label. This 

process iterates until the node label sets are identical, or the number of iteration reaches its 



predefined maximum value.The 1-dimensional Weisfeiler-Lehman test proceeds in iterations, 

which shown in Algorithm 1. 

Algorithm 1 

One iteration of the 1-dim. Weisfeiler-Lehman test of graph isomorphism 

1 Step 1:Multiset-label determination 

2      For i=0,set 𝑀𝑖(𝑣) = 𝑙0(𝑣) = 𝑙(𝑣) 

3      For i>0,Assign a Multiset-label 𝑀𝑖(𝑣) to each node v in G and G’ which consists of the  

       Multiset {𝑙𝑖−1(𝑢)|𝑢 ∈ 𝑁(𝑣)} 

4 Step 2:Sorting each multiset 

5      Sort elements in 𝑀𝑖(𝑣) in ascending order and concatenate them into a string 𝑠𝑖(𝑣) 

6      Add 𝑙𝑖−1(𝑣) as a prefix to 𝑠𝑖(𝑣) and call the resulting string 𝑠𝑖(𝑣)    

7 Step 3:Label compression 

8     Sort all of the strings 𝑠𝑖(𝑣) for all v from G and G’ in ascending order 

9     Use a function f: Σ∗ = Σ Map each string 𝑠𝑖(𝑣) to a new compressed label. 

10 Step 4:Relabeling 

11     Set 𝑙𝑖(𝑣) ≔ 𝑓(𝑠𝑖(𝑣)) for all nodes in G and G’ 
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