Appendix]1: Two gene circuits.

The Liouville-master equations for two gene circuits are systems of four PDEs in four variables
r1,Y1, T2,y representing the protein and mRNA of the first gene G; and second gene Gs, respectively.
There are five different types of such circuits G; — G, G1 4 Go, G1 — Gy — G1, G1 — Gy 4 Gy,
G1 14 G2 4 G1 where —, - stand for activation and repression, respectively.

The set of two promoters have four discrete states 1 = (0,0), 2 = (1,0), 3= (0,1), 4 = (1,1). The re-
spective probabilities densities are p1 (1, y1, T2, y2,t), p2(1, Y1, T2, Y2, 1), P3(x1, Y1, T2, Y2, t), Pa(T1, Y1, T2, Yo, t).

The corresponding Liouville-master equations are the following:

For the circuit G1 — Gas.

Opr_ Olbyr —ax1)pr]  O(ko — pyr)p1]  Ol(by2 — awz)pi]  O[(ko — py2)p1]

o O0x1 oy Oz Oy + haps + hap2 — (fi + faz1)p1,
dp2  _ Ollbyr —azi)pa]  Ol(ks — pyi)pa]  O[(byz — awa)pa]  O[(ko — py2)pe]

o Oy oy Oy 9ua + fip1 + haps — (h1 + f2w1)pa,
Ops _ Ollbyr —axi)ps  Ol(ko — pyr)ps]  Ol(by2 — aws)ps]  O[(k1 — py2)ps] _

o 0z oy Oo 9y + hips + foxapr — (he + f1)ps,
0 0[(byr — 0[(ky — 0[(byz — ON(ky —

Ops _Ollbyr —ax1)pa]  Ol(kr — py1)pa] _ Ol(by> — awz)pa]  O[(k1 — py2)p] + fupa+ faapn — (i + ha)pa.
ot Oz Ay B O

For the circuit G1 - Gs.

% _ Ol(byr — axy)p1]  O[(ko — py1)p1]  Ol(by2 — ax2)p1]  Ol(ko — py2)p1]

o 0r, o O1s 902 + hox1ps + hapa — (fi + f2)p1,
Op2 _ Ol(byr — az1)pa]  O[(k1 — py1)p2]  Ol(bya — awa)pa]  I[(ko — py2)p2]

o Oxq Em e 9ua + fip1 + hozipa — (ha + f2)pe,
% N _8[(by1 - ax1)p3 _ 8[(k’0 - py1)p3] _ 8[(by2 — axg)pg,] B 8[(]{;1 — py2)p3] 3

ot N 8:51 ayl 8952 8y2 + h1p4 + f2p1 <h2$1 + f1 )pg,
9 ol (byr — A(ky — O[(bys — Ok —
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For the circuit G1 — G2 — Gy.

) A(by; — (ko — A(byy — (ko —

Opr_Ol(byr —az1)pr]  Ol(ko — pyr)pa]  Ol(by2 — ax2)pr]  O(ko — py2)pi] + hops + hapa — (fis + foz1)p1,
ot oxy Oy O0xa 0y

) A(by; — A(ky — A(byy — (ko —

Opr _Ol(byr —ax1)po]  Ol(kr — pyr)pa]  Ol(by2 — az2)pa]  O(ko — py2)p2] b fraapr + hops — (h1 + foz1)pa,
ot oxy oy O0xa Oy

) A(by; — (ko — A (bys — A(ky —

Ops  _Ol(byr —ax1)ps  Ol(ko — py1)ps]  Ol(by2 — awa)ps]  Ol(k1 — py2)ps] + hapa+ fazapy — (ha + fra2)ps,
ot 0x1 oy Oxa 0y2

) A(by; — A(ky — A(bys — A(ky —

Ops_ Ol(byr — axy)ps]  O(ky — pyr)ps]  Ol(by2 — aza)ps] — O[(kr — py2)pa] + fuzaps + foxapa — (h1 + ha)pa.
ot oxy oy O0xa )

For the circuit G; — G2 4 Gj.

opp Ol(byr —ax1)p1]  O(ko — py1)p1]  Ol(byz — aza)p1]  Ol(ko — py2)p1]

- = 3o, o s 90 + hops + hixaps — (f1 + faz1)pa,
Opz _ Ollbyr —ax1)pa]  O[(k1 — py1)p2]  Ol(by2 — axa)pa]  O[(ko — py2)p2]

- = o i s 5 + fip1 + hops — (hizo + fox1)po,
0 O[(by; — O|(ko — O[(byy — O[(k1 —

Ops __Ol(byr —axr)ps  Ol(ko — pyr)ps] _ Ol(by2 — axa)ps]  O[(kr — py2)ps] + hawapa + forapr — (ha + f1)ps,
ot 0z oy 0z 0y

0 O[(by; — O[(k1 — d[(byy — (k1 —

Ops_Ol(byr — ax1)pa]  Ol(k1 — pyr)pa]  Ol(by2 — aza)pa] — O[(kx — py2)pa] + ips + famaps — (hws + ha)ps.
ot 0z oy 0xo 0y

For the circuit G1 4 Go 4 G1.

) A(by; — (ko — A(byy — (ko —

Opr _Ol(byr —az1)py]  Ol(ko — pyr)pa]  Ol(by2 — az2)pr]  O(ko — py2)pi] + howps + hazaps — (f1 + fo)pu,
ot oxy oy O0xa 0y

) A(by; — A(ky — A[(bys — (ko —

Opr_ Ol(byr —ax1)pa]  Ol(kr — pyr)p2]  Ol(by2 — az2)pa]  O(ko — py2)p2] b iy + howaps — (has + fo)pa,
ot oxy oy 0xa 0y

) A(by; — (ko — A (bys — A(ky —

Ops _ Ol(byr —axi)ps  Ol(ko — pyr)ps] _ Ol(by2 — awz)ps]  O[(k1 — py2)ps] + hamaps + fop1 — (hows + f1)ps,
ot Oxy oy Oz 0y2

) A(by, — A(ky — A(bys — A(ky —

Ops_ Ol(byr — az1)ps]  Ol(ky — pyr)ps]  Ol(by2 — aza)ps] — O[(kr — py2)pa] + fips + fops — (haza + howt )ps.
ot oxy oy O0xa 0ya



