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S1 Mathematical notations and symbols 

Let {𝒆𝒆1, 𝒆𝒆2, 𝒆𝒆3} be an orthonormal basis of the three-dimensional Euclidean space. For vectors 
𝒂𝒂 = ∑ 𝑎𝑎𝑖𝑖𝒆𝒆𝑖𝑖3

𝑖𝑖=1  and = ∑ 𝑏𝑏𝑖𝑖𝒆𝒆𝑖𝑖3
𝑖𝑖=1  , the dot product is defined as  

𝒂𝒂 ∙ 𝒃𝒃 = � 𝑎𝑎𝑖𝑖𝑏𝑏𝑖𝑖

3

𝑖𝑖,𝑗𝑗=1

,                                                                                                                             (S1) 

and the tensor product is defined as 

𝒂𝒂⊗ 𝒃𝒃 = � 𝑎𝑎𝑖𝑖𝑎𝑎𝑗𝑗𝒆𝒆𝑖𝑖 ⊗ 𝒆𝒆𝑗𝑗

3

𝑖𝑖,𝑗𝑗=1

.                                                                                                           (S2) 

The tensor product is regarded as the linear mapping in the Euclidean space: 

𝒂𝒂⊗ 𝒃𝒃 ⋅ 𝒄𝒄 = (𝒃𝒃 ⋅ 𝒄𝒄)𝒂𝒂,∀𝐜𝐜 .                                                                                                               (S3) 

The Euclidean norm is given by ‖𝒂𝒂‖ = (𝒂𝒂 ∙ 𝒂𝒂)𝟏𝟏/𝟐𝟐. The scalar product of two tensors 𝑨𝑨 =
∑ 𝐴𝐴𝑖𝑖𝑗𝑗3
𝑖𝑖,𝑗𝑗=1 𝒆𝒆𝑖𝑖 ⊗ 𝒆𝒆𝑗𝑗  and 𝑩𝑩 = ∑ 𝐵𝐵𝑖𝑖𝑗𝑗3

𝑖𝑖,𝑗𝑗=1 𝒆𝒆𝑖𝑖 ⊗ 𝒆𝒆𝑗𝑗  is defined as 

𝑨𝑨:𝑩𝑩 = � 𝐴𝐴𝑖𝑖𝑗𝑗𝐵𝐵𝑖𝑖𝑗𝑗

3

𝑖𝑖,𝑗𝑗=1

.                                                                                                                          (S4) 

Under the above definition, the active stress tensor is derived by considering the virtual work as 
follows. Assume that the current position of each material point 𝑿𝑿 ∈ 𝛺𝛺 in the reference configuration 
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is represented as 𝒙𝒙 = 𝒙𝒙(𝑿𝑿).  The virtual work for the infinitesimal increment 𝜹𝜹𝒙𝒙 of the current 
position  𝒙𝒙  under the active tension  𝑇𝑇𝑓𝑓 along the fiber orientation 𝒇𝒇 on the infinitesimal volume 𝑑𝑑𝛺𝛺 
in the reference space is given by  

𝛿𝛿𝛿𝛿𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑇𝑇𝑓𝑓𝛿𝛿‖𝑭𝑭𝒇𝒇‖𝑑𝑑𝛺𝛺 = 𝑇𝑇𝑓𝑓𝛿𝛿 �(𝑭𝑭𝒇𝒇 ∙ 𝑭𝑭𝒇𝒇)
1
2� 𝑑𝑑𝛺𝛺 =

𝑇𝑇𝑓𝑓
‖𝑭𝑭𝒇𝒇‖

1
2
𝛿𝛿(𝑭𝑭𝒇𝒇 ∙ 𝑭𝑭𝒇𝒇)𝑑𝑑𝛺𝛺 =

𝑇𝑇𝑓𝑓
‖𝑭𝑭𝒇𝒇‖

1
2
𝛿𝛿(𝒇𝒇⊗ 𝒇𝒇:𝑭𝑭𝑇𝑇𝑭𝑭)𝑑𝑑𝛺𝛺

=
𝑇𝑇𝑓𝑓

‖𝑭𝑭𝒇𝒇‖
𝒇𝒇⊗ 𝒇𝒇:𝜹𝜹𝜹𝜹𝑑𝑑𝛺𝛺,                                                                                            (S5) 

where 𝑭𝑭 = 𝜕𝜕𝒙𝒙 𝜕𝜕𝑿𝑿⁄   is the deformation gradient tensor, 𝜹𝜹𝜹𝜹 = 1
2

(𝜹𝜹𝑭𝑭𝑇𝑇𝑭𝑭 + 𝑭𝑭𝑇𝑇𝜹𝜹𝑭𝑭) is the infinitesimal 

increment of the Green–Lagrange strain tensor 𝜹𝜹 = 1
2

(𝑭𝑭𝑇𝑇𝑭𝑭 − 𝑰𝑰).  

As a result, with the second Piola–Kirchhoff active stress tensor represented as  

𝑺𝑺act =
𝑇𝑇𝑓𝑓

‖𝑭𝑭𝒇𝒇‖
𝒇𝒇⨂𝒇𝒇,                                                                                                                              (S6) 

the virtual work is given by  

𝛿𝛿𝛿𝛿𝑎𝑎𝑎𝑎𝑎𝑎 = 𝜹𝜹𝜹𝜹:𝑺𝑺act𝑑𝑑𝛺𝛺.                                                                                                                         (S7) 

From the definition of second Piola–Kirchhoff active stress tensor, the traction force in the current 
configuration acting on an area element 𝑵𝑵𝑑𝑑𝐴𝐴 is given by 

𝒅𝒅𝒅𝒅 = 𝑭𝑭𝑺𝑺𝑎𝑎𝑎𝑎𝑎𝑎𝑵𝑵𝑑𝑑𝐴𝐴,                                                                                                                                 (S8) 

where the normal vector 𝑵𝑵 points outward from the area 𝑑𝑑𝐴𝐴. As shown in Figure S2, let 𝑑𝑑𝑎𝑎 be the 
infinitesimal area in the current configuration corresponding to 𝑑𝑑𝐴𝐴, and 𝒏𝒏 be its outward normal 
vector. Then, from Nanson’s formula: 𝒏𝒏𝑑𝑑𝑎𝑎 = 𝑑𝑑𝑑𝑑𝑑𝑑(𝑭𝑭)𝑭𝑭−𝑇𝑇𝑵𝑵𝑑𝑑𝐴𝐴  and Equations (S6) and (S8), the 
traction force is rewritten as  

𝒅𝒅𝒅𝒅 =
𝑇𝑇𝑓𝑓

‖𝑭𝑭𝒇𝒇‖
𝑭𝑭(𝒇𝒇⨂𝒇𝒇)

1
𝑑𝑑𝑑𝑑𝑑𝑑(𝑭𝑭)𝑭𝑭

𝑇𝑇𝒏𝒏𝑑𝑑𝑎𝑎 =
𝑇𝑇𝑓𝑓

(𝑑𝑑𝑑𝑑𝑑𝑑(𝑭𝑭)/‖𝑭𝑭𝒇𝒇‖) �
𝑭𝑭𝒇𝒇
‖𝑭𝑭𝒇𝒇‖

⨂
𝑭𝑭𝒇𝒇
‖𝑭𝑭𝒇𝒇‖

�𝒏𝒏𝑑𝑑𝑎𝑎.                  (S9) 

Thus, with the corresponding Cauchy stress tensor:  

𝑻𝑻𝑎𝑎𝑎𝑎𝑎𝑎 =
𝑇𝑇𝑓𝑓

(𝑑𝑑𝑑𝑑𝑑𝑑(𝑭𝑭)/‖𝑭𝑭𝒇𝒇‖) �
𝑭𝑭𝒇𝒇
‖𝑭𝑭𝒇𝒇‖

⨂
𝑭𝑭𝒇𝒇
‖𝑭𝑭𝒇𝒇‖

� ,                                                                                   (S10) 

the traction force is given by  

𝒅𝒅𝒅𝒅 = 𝑻𝑻𝒏𝒏𝑑𝑑𝑎𝑎.                                                                                                                         (S11) 

Note that the scaler factor 𝑇𝑇𝑓𝑓 (𝑑𝑑𝑑𝑑𝑑𝑑(𝑭𝑭)/‖𝑭𝑭𝒇𝒇‖)⁄  in the right hand side in Equation (S10) is nothing but 
the active tension with respect to the current configuration.  
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Figure S1 Infinitesimal areas and their normal vectors in the reference (left) and current (right) 
configurations. Here, 𝑑𝑑𝑎𝑎 = {𝒙𝒙(𝑿𝑿):𝑿𝑿 ∈ 𝑑𝑑𝐴𝐴}, the normal vector 𝑵𝑵 points outward from the area 𝑑𝑑𝐴𝐴, 
and 𝒏𝒏 points outward from the area 𝑑𝑑𝑎𝑎. 𝒇𝒇 is the fiber orientation normal vector in the reference 
configuration. 

S2 American Heart Association segments 

   Figure S2 shows the change in optimized fiber orientation obtained by the reorientation processes 
with the insensitivity mechanism at each of 17 American Heart Association segments in the left 
ventricle.  

 
 

Figure S2.  The fiber orientation obtained by the reorientation processes with the insensitivity 
mechanism at each of 17 American Heart Association segments. The anterior (left) and inferior 
(right) views are presented.  


