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Appendix A. Proofs of the main results

We report in this section the proofs to the main results in the order they appear in the paper.
A.1 Proof of Lemma 2.1

PROOF. By integration via parts applied to the product L(s)¢-(t — s), for 0 < s < ¢, we get

L(1)6.(0) = / Bu(t — 5)dL(s) — / L(s)L(t — 5)ds.
The claim follows since ¢-(0) = 0 and L(0) = O

A.2 Proof of Proposition 2.2
PROOF. Let us look at the increments of the process for 0 < t; < to < t3 < t4 < T, namely,

to t1

Lelta) = Le(tn) = [ 0ult2 = 5)aL(s) — [ 0u(tr — s)aL(s
t2

= /0 1 (¢5<t2 — S) — ¢5(t1 — 8)) dL(S) + ¢6<t2 - S)dL(5)7

tq
ts ty
Le(ts) — Le(ts3) = /0 (¢e(ta — s) — de(ts — s))dL(s) + | d=(ta — s)dL(s).

t3

We see that these are not independent, and L. is thus not a Lévy process. L

A.3 Proof of Theorem 2.4

PROOF. We need to show that

limE
el0

/OT (Lg(t) - L(t)>2dt] ~ 0. (A.1)

For the process Z(t) := L.(t) — L(t), from equation (2.3) and the identity L(¢ fo dL(s), we write that
t) = fg (¢e(t — s) — 1) dL(s). By means of the Fubini theorem, sw1tch1ng in the 1ntegrat10n equation
(A.1) with respect to ¢ with certain expectations, we get something of the form fOT E [Z (t)ﬂ dt, where
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E [Z(t)?] is the second moment of Z(t). Denoting M. 7 (u) = E[e# ()], the characteristic function of
Z(t), we know that

d* My (u)
E[Z(t)?] = ———1—~ .
2] T2 (A2)
u=0
From (Benth, Di Persio, and Lavagnini 2018, Appendix A) the function My ;) takes the form
t
My (s (u) = exp { / n(u- (¢e(t —s) — 1)) ds} : (A3)
0

71 being the characteristic function of the Lévy process L. In particular, since L is a martingale, as a
consequence of equation (2.2), from (Tankov 2003, Theorem 3.1) the function 7 takes the form

1 oo

n(w) = —éZwQ + / (e™* — 1 —jwz) v(dx),

so that 7(0) = 0, but also 7'(0) = 0 since L has zero mean, and ”(0) = =3 — fjoooo z2v(dz). From
equation (A.2) and (A.3), we then get

t
—00 0

207 = (54 [ wvtan) [0 - -1 as=o? [ (00~ 12,

and the expectation in equation (A.1) is bounded by

T 2
/0 (Le(t) L)) s

From equation (2.6), we know that |¢.(s)| < 1 and lim. | ¢<(s) = 1 for every s € [0, 7). The claim then
follows by applying the Dominated Convergence Theorem. [

E < To? /OT (6.(5) — 1) ds.

A.4 Proof of Proposition 2.7

PROOF. Starting from Lemma 2.5, we consider the asymptotic expansion (2.9) truncated at the second

order in x = % and x = @, respectively. We get the following:

2

E [(Lo(T) - L(T))?] < 40*T > (T—?; - ;)2 T

72 T2
e &2

g2 1 49 (53_5>_ 1 1+€62( g3 B 5)
oY 2r \1% T T\2 Vor \2v2r3 V2T

After simplification, we obtain

E [(L€<T) - L(T))2] <20
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By considering the Taylor expansion for the exponential function truncated at the first order, namely

2
~1+ % where © = —5—2 converges to —oo when ¢ approaches 0, for K := (\\[F 1)0 we obtain the

result. L]

A.5 Proof of Lemma 3.3

PROOF. The result follows by applying the integration by use of parts from itd’s theory to equation
(3.5). From the differentiability of L. and equation (2.7), we can write that

Xa<t>=¢;<o>/0t <>g<t—sds+/ ([ orts = o) gte- s an

By use of the stochastic Fubini Theorem, for the second term on the right-hand side, it holds that

/(/¢ s —v)L(v)d )g(t—st—/ </<b s —v)g t—s)ds)L(v)dv. (A.5)

By integration of the parts, the inner integral on the right-hand side of equation (A.5) becomes

/ &5 — v)g(t — s)ds = 6L(t — v)g(0) — ¢(0)g(t — v) - / (s — ) (1 — 5)ds,

where %g(t —8) = —¢'(t — s). Let us focus on p > ¢ + 1. Since g(0) = 0, switching the roles of s and v
and putting together the results of the last two equations, equation (A.4) becomes

= [ ([ o= nge=pas) s = [ ([ st = s - ) wisias,

which proves the statement. Similarly, for p = ¢ + 1, since g(0) = 1, we get

t t—s
= [ (se-9+ [ oo-s o) Leas
0 0
which concludes the proof. [

A.6 Proof of Proposition 3.4

PROOF. We want to prove that lim. | he(x) = h(x) for z > 0. Let us first consider p > ¢ + 1. From
Lemma 3.2 and equation (3.11), a sufficient condition is that

x
lim {/ e/\i(xv)%(v)d’v} =N fori=1,...,p. (A.6)
el0 0
For 1) in equation (2.5), the integral on the left hand side of equation (A.6) becomes
T 2y,
/ M@=y (v)dy = 2N 2N {q) <—x re AZ) — P (gA,-)] 20, A (A7)
0 g

for & the cumulative distribution function of a standard Gaussian variable. For p = ¢ 4+ 1, we need
lim, g ¢ (2) = 0 for every « > 0, which is trivially satisfied. This concludes the proof. ]

Frontiers 3



CARMA Approximations and Estimation — Appendix A

A.7 Proof of Theorem 3.5

PROOF. By means of Lemma 3.3, we need to show that

/OT (/Ot (hs(t —5) = h(t — s))L(s)ds)2 dt] —0.

By the Cauchy-Schwarz inequality, the inner integral of the last equation is bounded by

limE
el0

2

(/ot (hs(t_s)_h“‘s))“s)ds) S/Ot (hs(s)—h(S))QdS-/OtLQ(s)ds,

and E [ fo L%(s ds] = o2 2 , ® for o2 in equation (2.1). The whole expectation is bounded by

/OT (/ot (et 5) — it - s>)L<s>dS>2 dt] <ol /0T<h6<5> “h) s a8

From equation (3.11) and (A.7), for p > ¢ + 1 we get

E

)\x—i- 5)\

|he ()| < < o0,

/me 7). () dv <4Z’bH)\J

7]_ i,7=1

so that, from the boundedness of /. and Proposition 3.4, by use of the Dominated Convergence Theorem

we conclude that X, =0 X in L2 ([0,7] x Q). The case p = ¢ + 1 is similarly performed from the
boundedness of .. [

A.8 Proof of Proposition 3.6
PROOF. Proceeding as in the proof of Theorem 3.5, similarly to equation (A.8), we write that

2

E[(x.(T) - X(1)] = E </OT (el 5) — bt - s))L(s)ds) < 0—2?

(hE(T) - h(T))Q.

The proof comes from the spectral representation of A and h. in Lemma 3.2 and equation (3.11),
respectively, together with the Taylor series for the Gaussian distribution function in equation (2.8)
for small values of x, and the asymptotic expansion in equation (2.9) for large values of x, which are both
truncated at the first order. Introducing the constant

T8 & : _
K2 _ 0_2_ Z b )\‘ZZ+1)\I;+1%’Y£€()\Z+)\£)T,
0,k=1

we conclude the proof. 0

A.9 Proof of Proposition 3.7

We start recalling the following result.
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THEOREM A.1. If Z,, : Q — R¥ is a Gaussian random variable for every n—and Z,, — Z in L*(Q) as
n — co—then Z also has Gaussian distribution.

PROOEF. See (@ksendal 2013, Appendix A) .

Since, for fixed ¢t > 0, X.(¢) is a random variable, the idea is to apply Theorem A.1 to prove that X, (¢)
has Gaussian distribution for every ¢ > 0. Considering for n > 0 the same partition I1(n) introduced in
Section 4, for m = m(t), 1 < m < n such that 37(7?) =t,and As™ = A for every j = 1,...,n, we define
the process { X['(t), t > 0} as the approximating Riemann sum of the process { Xc(¢), ¢ > 0} in Lemma
3.3, namely,

m
X2(t) =Y he(t — si)B(s) Al (A.9)
j=1
This is normally distributed as states the following lemma.
LEMMA A.2. The process { X['(t), t > 0} has Gaussian distribution.

PROOF. From equation (A.9), X' (t) is the linear combination of samples from a Brownian motion, and
it thus has Gaussian distribution. ]

To prove that X has Gaussian distribution, by means of Theorem A.1 and Lemma A.2, it is then sufficient
to show that X converges to X in L2([0,T] x ).
PROPOSITION A.3. For every € > 0, the following convergence holds:

lim E

nToo

r 2
/0 ’Xg(t) —Xg’“(t)’ dt] —0. (A.10)

PROOF. For the partition I1(n), we rewrite X, in Lemma 3.3 and X in equation (A.9) by

m S(TL)

(=Y / Doht-9B(s)ds  and XI(0) =Y / D helt = S B0 s,

j=1"5-1 j=1
By introducing
RO
J
a :—/ (he(t — $)B(s) — he(t — s\ B(s

s

we then estimate the expectation in equation (A.10) by

T| m 2 T n T n
E / Za]‘ dt| < / ZEUaj‘z] dt+2/ Z EHCL]'HakHdt. (A.11)
0 j=1 0 j=1 0 J,k=1
Jj<k
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Let us focus on the product |a;||a|. It holds that

S )

lajllar] < (; (k) { s(t_s)ha(t—v)B(s)B(v)‘—l— g(t—s)hg(t—s,@)B(s)B(s,g“))‘+
+ [hett = et = 0) B B+ [ett = el — 50 B B} dods,

where, for j < k, it holds that s(") <s< 3(. n) < s/,(€ )1 <oy < sé") < T, so that, by Lemma A.4,

E [Ja;|ax]] < /(n) /(n) t—sh(t—v)‘(s+\/§\/E)+

(s-l—\/_ ) E(t—sg.”))hg(t—v((”+\/ \/U—s )+
he(t — s\ )he(t — 5" (( +\/ \/sk — s )}dvds<8K2TA2

and K > 0 is a constant such that |h.(z)| < K. We focus now on |a;|? in equation (A.11). By adding the
terms +h.(t — 35-"))3(5) and using the inequality (a + b)? < 2(a? + b?), we get

c(t — s)he (t—sk )

+

2 2
Q) Q)
J J
il < 2|[ ) BE) (et =) —he(t - si))ds| + 2 /s(n) he(t — s\ (B(s) — B(s\"))ds| ,
j—1 j—1
and by Holder’s inequality
IS 2 ) )
J J J
E B(s)(he(t —s) = h (t—s(n)))ds ds |he(t — s) — he (t—sn | ds,
j—1 j—1 j—1
| 2 ) s s
J J J
E|l[. he(t— s8N (B(s) - B(s\))ds| | < /( et - sg.”))( ds /( ) (s — s)ds,
Sjril 3]'711 Sjril
so that, with similar argumentations as before, we can write that
/ ZE |a %] dt < 12K2T3A.
Combining all the results, for A = T'/n, we get that
/ Xe(t) = X (1) dt] < 98K2T3A M2,
which proves the claim. 0
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LEMMA A.4. Foreveryt < s the inequality holds
E[|Bt)B(s)|] <t+VtVs —t.
PROOF. For B(s) = B(s) — B(t) + B(t), since B(t) L B(s) — B(t), by the triangular inequality

E[IB(t)B(s)l| <E [|B(?f)|2 +BM)]B(s) = Bt)|| =t + E[|B)[JE[|B(s) = B(t)]]-

For B(t) ~ N(0,t) and B(s) — B(t) ~ N(0,s — t), we also get E[|B(t)]] = \/g\/f and
E[|B(s) — B(t)|]] = \/g Vs — t. Combining these results, we obtain the claim. O

A.10 Proof of Proposition 4.1

PROOF. Starting from equation (4.1), we rewrite LZ_:A attime ¢t = 7" as

J n
A1) =% / Joum = s ais),
j=1"%-1

so that the difference L2 (T') — L.(T') becomes

n 8(71)

A1) - L) =3 [

j=1"%j-1

<¢5(T - 5571)1) — ¢(T — s)) dL(s). (A.12)

By applying the integration by parts formula to the product L(s) (ng(T - syi)l) — ¢(T — s)) for 35-71)1 <

s < sg.n), each of the integrals in the sum of equation (A.12) can be rewritten as

/;; (¢E(T —sh) = 6:(T ~ 5)) dL(s)

e
= L) (66T = ) = (T — 8 / D L(s)e(T - 5)ds
e
_ / . (L") = 1(5)) 0=(T = ), A13)

Frontiers 7
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for 1. = ¢.. Combining equation (A.12) and (A.13), and since the increments for L are independent, the
error on the left-hand side in Proposition 4.1 becomes

2

2 n s;n)
E (L?(T) —LE(T)) ] —F Z/(n) <¢5(T—s§@1) _¢E(T_S)> dL(s)
j=1"79%j-1
S AR 2
=D E /(n) (cbe(T — ) — (T~ s)> dL(s)
j=1 Si-1
n [ s;n) 2
- ZE () (L(5§n)) - L(3)> Y (T — s)ds
J=1 5j-1
n . s(_”) 9 S(n)
< ZE /(Z) (L(sg,n)) — L(s)) ds| - (:) VAT — s)ds, (A.14)
=1 | Sj-1 s;

where we used the Cauchy-Schwarz inequality. It can be calculated that

o)
(':) ¢§(T —5)ds = % <(I) (g(T — sg.n)l)) ) (g(T . Sgn))>> 7

while, by means of equation (2.1),
5 ) () 2
j n ) i A
. /<"> (L(8§ )= L(S>) ds| =0 /<n> (SE - 5) ds = 027.
S5-1

j 5j—1

Equation (A.14) then becomes

2
_ o2 A (o (i) e [ - o)
Ve £ £
2 2 A2
= U2A_ ) QT 1 < 7 é
Ve £ 2 21 €
which concludes the proof of the theorem for K5 := ﬁ% O

A.11  Proof of Proposition 4.3

PROOF. We notice that for b = e;, X.(T) and X2(T) are given by the first coordinate of Y.(T),
respectively Y2 (7). Without loss of generality, we assume Y. (0) = Y2(0) = 0, since at time ¢ = 0 the

Lavagnini Silvia — silval@math.uio.no 8
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two processes coincide and their difference is 0. By recursive substitution we get that
n

Y1) =YD () = 3 (14 A4 T e, AL (s1),

j=1

where we write A in parentheses to indicate that the formula holds both for Y. and Y2. For A:=1+AA,
as XéA) (T) = elTYéA) (T'), we write that

2
E[(X?<T>—XE<T>)2] =e[E (ZA (AL?<s§“>>—ALE<s§">>))

j=1

which means we only need the first coordinate of the expectation. We focus on it:

Frontiers 9
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The difference ALZ( ;n)) AL:(s 5n)> then becomes
ALA (") — AL(s\) —QZ / (A.16)
Sk 1
(n) _ () (n) (n) (n) (n)
T sl A S N Y A M [ [ e S
' £ £ £ £

By applying the integration by parts formula to the product F'(s)L(s) for ng_)l <s< sé") , each of the
integrals on the right hand side of equation (A.16) can be rewritten as

(n) (n) (n)

Sy, 1 Sk S, — 8 S — S
/ P()AL(s) = F(si)L(s) ~ © / w el — | L(s)ds

5 e Jsn € €

k—1 k—1
Moreover, by noticing that

() (n) (n)
1 [k sy’ — S8 S§;1—S
F(sp) = g/(n) o | . —p |- . ds,
S

equation (A.16) becomes

ALR (") = ALe(s]")

sgn) —S s

] (n)

I q "
=2) - / |||
k=1 71

Since the aim is to estimate equation (A.15), for the first sum, we proceed as in the proof of Proposition 4.1
and get that

(L<s§:>> . L(s)> ds. (A.17)

[(ALA( () — ALE(sg.")))Q] < \‘;—Z)_A—z {cb (\@%j) P (\/éé(j - 1)) +

T € 2
() B (o2 -) -+ (£2)
€ 2 2 ¢
and for € small enough, we can write that for every j = 1,...,n,
NGO my\2] o 307 A%
E [(AL () = AL.(s! )) 1 SN (A.18)

For the second sum of equation (A.15), by use of the Lipschitz property of ¢ (where the Lipschitz constant
is found by taking the second derivative equal to zero, and substituting the value found for s into the first

Lavagnini Silvia — silval@math.uio.no 10



CARMA Approximations and Estimation — Appendix A

derivative), we get
n)

( —1/2
1 §; 0 =S 1 ;i1 S e~ 1/2 A
- — < — A.19
- 8 P 5 S ( )

Since the increments of a Lévy process are independent, from equation (A.17) we get that

And, by use of equation (A.19), after calculation we get

2¢ 152T A4

E [(ALA( () — AL( §”>)) (AL?(SE’”) . ALg(sZ(."))ﬂ <=2 (A.20)
With equation (A.18) and (A.20), equation (A.15) is estimated by
. 2
E || A e, (ALA(s)") — AL(s))
j=1
302 A2 N o, T\, 2e T A n—i
o= n—j T T n—j
<s=— YA eey (A7) ) = ZA epey (A ) . (A21)

1= ]Jrl

Since we are interested only in the first coordinate of the expectation, we can look at the two summations
in equation (A.21) as two geometric sums. Then, to have convergence, we need the eigenvalues of
A = I + AA to have modulus bounded by 1. From the basic algebra, the eigenvalues of I + A A are of the
form 1+ AMq,..., 1+ A),. Moreover, because of the causality condition (3.4), we know that Re();) < 0
forevery j = 1,...,p. To have

14 AN = /(L + AR + A2Im2(\) <1, j=1,....p,
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we then need A to be bounded as in the statement of the theorem. This condition guarantees the existence
of K4 and K5 as positive real constants, such that

n . n .
~ . ~ n—yj ~ ~ . ~ n—1 ~
T - T( 4T T - T(iT
e E A" Jepep (A ) e < Ky and e, E A" Jepep (A ) e; < K5.
i=j+1

Combining these bounds with equation (A.21), we obtain that

2 302 - A2 2e7152T . A
IE(XAT—X T) <2 gL T RS
s -xan)| < kS 2T RS
: : 302 7 2e 12T 7
And, by introducing Ky := m[ﬂ; and K5 := 57— K35, we conclude the proof. ]

A.12 Proof of Proposition 4.5

PROOF (SKETCH). We notice that, by means of equation (2.6), the terms of the sum in equation (4.1),
forj=1,...,m,1 <m < n,can be expressed by

(n)

n Sm —1 . A
Ge(sin) ) =20 % —1=20 ({m +1- j}g) —1, (A.22)

for m + 1 — j, an integer number, which shows that L2 is the function of the ratio %. For the increment
AL2(t+ A) = L2(t + A) — L2(t), by means of equation (4.1) and (A.22), we write

m—+1

ALAt+A) =2 {@ ({m +2- j}é) — P ({m +1- j}é) } AL(s™). (A.23)

J=1

In the proof of Proposition 2.2 we showed that the increments of L. are not independent. The same trivially
holds also for L?. More precisely, we notice that, when % > 1, only the last few terms of the sum
contribute in equation (A.23). But if % < 1, then more terms contribute, and AL?(t + A) depends on
increments way more in the past. On the other hand, the increment ALaA (t+ A) is supposed to approximate
AL(t + A) when € and A approach 0. As increments of Lévy processes are independent, then it seems
reasonable to think that % < 1 leads to some particular situations and the dynamics of X is not captured

by the Euler approach. 0
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