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1 DISCRETIZATION OF THE BIDOMAIN EQUATIONS: GALERKIN-NURBS-IGA
METHOD

We provide the fully discrete version of the coupled system (1), including the Bidomain equations in the
so-called parabolic-elliptic formulation (that is, a system of a time-dependent nonlinear diffusion-reaction
partial differential equation, coupled with a linear diffusion equation to be solved at each time) and a ionic
model, under the form of a system of ordinary differential equations. For the sake of simplicity, we omit
the dependence on the parameter vector µ, and, whenever clear, on the spatial variables x.

Regarding the spatial discretization of system (1), we consider NURBS-based isogeometric analysis
(IGA) on surfaces, in the framework of Galerkin methods; to this aim, we recall the definition of NURBS
basis functions. Provided a knot vector Ξ = {ξ1, . . . , ξN}, we denote {φ̂pj}

Nh
j=1 the set of univariate B-spline

piecewise polynomials of degree p built by means of the Cox-de Boor recursion formula de Boor (1972);
it holds that N = Nh + p+ 1, where Nh is the number of basis functions composing the B-spline basis.
We remark that we rely only on open knot vectors, i.e knot vectors in which the first and last elements
have the same multiplicity p + 1. In this way the knot vector Ξ determines the polynomial degree p.
It also determines the regularity, i.e. the number of continuous derivatives, of the basis functions over
the knots through the multiplicity of the internal knots. More precisely, given an internal knot ξi, with
multiplicity mi, the resulting basis functions are Cp−mi continuous over ξi. The univariate NURBS basis
functions are generated from B-splines by considering a set of weights {ωj}Nh

j=1 and the weighting function

W =
∑Nh

i=1 φ̂
p
iωi, and using the definition ψ̂p

j = φ̂pjωj/W , where ωj ∈ R and ωj ≥ 0 for j = 1, . . . , Nh

(see Figure S1 for an example of univariate NURBS basis functions). The use of NURBS basis functions is
motivated by geometrical needs; indeed since B-splines are piecewise polynomials, they cannot exactly
represent common geometries such as circles, cylinders, and conic sections in general, which can be instead
represented by choosing appropriate weights to be associated with B-splines. Multivariate B-splines and
NURBS are built as tensor products of univariate basis functions.

The weak formulation of problem (1) reads: given Iapp(t) ∈ L2(Ω), where Ω is a surface in R3, find
u(t) ∈ X = H1(Ω), ue(t) ∈ X \ R, the latter being the space of functions of X with zero mean value on
Ω, and w(t) ∈ L2(Ω) such that, for all t ∈ (0, T ),∫

Ω

(
∂u

∂t
+ Iion(u,w)

)
ψdx +

∫
Ω
Di∇(u+ ue) · ∇ψdx =

∫
Ω
Iiapp(t)ψdx ∀ψ ∈ H1(Ω),∫

Ω
Di∇u · ∇ψdx +

∫
Ω
(Di + De)∇ue · ∇ψdx =

∫
Ω
(Iiapp(t) + Ieapp(t))ψdx ∀ψ ∈ H1(Ω),∫

Ω

∂w

∂t
ηdx =

∫
Ω
g(u,w)ηdx ∀η ∈ L2(Ω),

u(0) = u0, w(0) = w0.

Let us consider the multivariate NURBS basis functions {ψ̂j}Nh
j=1 and the invertible mapping

x : Ω̂→ Ω ⊂ R3, x(s) =

Nh∑
j=1

ψ̂j(s)Bj ,
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where Bj ∈ R3 is the so-called control points vector. We then apply Galerkin NURBS-based IGA on
a finite-dimensional space Xh ⊂ X(Ω) spanned by the functions {ψj}Nh

j=1, where ψj = ψ̂j ◦ x−1, i.e.

Xh = X ∩ {ψj}Nh
j=1, of (usually very large) dimension dim(Xh) = Nh. This means that we express the

discrete approximation of u(x, t), ue(x, t) and w(x, t) by

uh(x, t) =

Nh∑
j=1

uj(t)ψj(x), ue,h(x, t) =

Nh∑
j=1

ue,j(t)ψj(x), wh(x, t) =

Nh∑
j=1

wj(t)ψj(x),

where the vectors uh = [u1, . . . , uNh
]T , ue,h = [ue,1, . . . , ue,Nh

]T and wh = [w1, . . . , wNh
]T are obtained

by solving the following discrete system: find u = u(t), ue = ue(t) and w = w(t) such that

M
∂uh

∂t
+ Aiuh + Aiue,h + Iion(t,uh,wh) = Iiapp(t) t ∈ (0, T ),

Aiuh + Aue,h = Iiapp(t) + Ieapp(t) t ∈ (0, T ),

∂wh

∂t
= g(uh,wh) t ∈ (0, T ),

uh(0) = u0, wh(0) = w0.

Here we denote the mass matrix, the stiffness matrices and the activation term by

(M)ij =

∫
Ω
ψiψjdx, (Ai)ij =

∫
Ω

Di∇ψi · ∇ψjdx, i, j = 1, . . . , Nh

(A)ij =

∫
Ω

(Di + De)∇ψi · ∇ψjdx, (Iapp(t))j =

∫
Ω
Iapp(t)ψjdx, i, j = 1, . . . , Nh

respectively; the vectors accounting for the ionic terms are instead given by

(Iion(uh,wh))j =

∫
Ω
Iion(uh,wh)ψjdx, (g(uh,wh))j =

∫
Ω
g(uh,wh)ψjdx, i, j = 1, . . . , Nh.

The null mean condition on the extracellular potential is given by BTue,h(t) = 0. Concerning the treatment
of the nonlinear term, by considering Ω = ∪nel

i=1Ei – that is, the domain is partitioned into elements Ei,
i = 1, . . . , nel – and using Gauss-Legendre quadrature formulas with s = (p+ 1)(q + 1) quadrature nodes
(where p and q denote the order of the piecewise polynomials in the two parametric directions) we can
proceed as follows. Let Φi : (−1, 1)2 → Ei be the transformation from the reference element to the ith

element for the Gauss-Legendre quadrature formulas and {x̂j
q}sj=1 with {ωj

q}sj=1 be the corresponding
quadrature nodes and weights, the nonlinear term is computed by following the SVI approach as∫

Ω
Iion(uh,wh)ψldx ≈

nel∑
i=1

s∑
q=1

Iion
(
uh(xi,j

q ), wh(xi,j
q )
)
ψl(x

i,j
q ) ωj

q|det(Ji)|,

where xi,j
q = Φ−1

i (x̂j
q) and Ji = ∂Φi/∂x̂ is the Jacobian matrix of Φi.

In order to derive the fully discrete version of the system (1), we consider a first order splitting scheme
with semi-implicit treatment of the nonlinear term obtained by means of the Backward Differentation
Formulas (BDF) of order 2 Quarteroni et al. (2008). In particular, in order to decrease the computational
complexity of implicit time discretization, we employ the extrapoleted values of uh(t) and wh(t) obtained
by linear combination of the solutions at previous time instants (see Pegolotti et al. (2019) for further
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details). Given a partition (tk, tk+1), with k = 0, . . . , Nt−1, of (0, T ) into Nt subintervals of length ∆t, by
means of the first order splitting scheme, we solve the problem find: uk+1

h = uh(tk+1), uk+1
e,h = ue,h(tk+1)

and wk+1
h = wh(tk+1) such that u

(0)
h = u0, w

(0)
h = w0 and, for k = 0, . . . , Nt − 1,

wk+1
h −wk+1

h,BDF

∆t
− 1

α0
g(uk+1

h,∗ ,w
k+1
h,∗ ) = 0,

M
uk+1
h − uk+1

h,BDF

∆t
+ Aiu

k+1
h + Aiu

k+1
e,h + Iion(uk+1

h,∗ ,w
k+1
h )− Ii,k+1

app = 0,

Aiu
k+1
h + Auk+1

e,h − Ii,k+1
app − Ie,k+1

app = 0,

BTuk+1
e,h = 0,

(S1)

where uk+1
h,∗ and wk+1

h,∗ are the extrapolated values of uk+1
h and wk+1

h . All the numerical simulations related
to the solution of (S1) are performed using the IGA C++ library isoGlib Bartezzaghi (2014).

2 NUMERICAL SIMULATION OF RE-ENTRY
We now consider the two-dimensional coupled PDE-ODE nonlinear system consisting of the Bidomain
equation (1) coupled with the R-M ionic model (4) on an idealized LA geometry. We rely on a surface
representation of the LA motivated by the fact that the cardiac tissue in the atria is thin and the transmural
activation differences along the thickness can be assumed to be negligible. The LA is built as a single
NURBS patch starting from B-splines basis functions of degree p = 2, for further information on its
construction we refer the reader to Patelli et al. (2017). The intra- and extracellular conductivities are
set equal to σil = 3.1 × 10−4 Ω−1cm−1, σit = 2 × 10−2 Ω−1cm−1, σel = 1.3 × 10−4 Ω−1cm−1 and
σet = 2× 10−3 Ω−1cm−1. The direction of the cardiac fibers is determined by following the same strategy
adopted in Patelli et al. (2017); Rossi et al. (2014). The equations have been discretized in space by means
of P2 NURBS basis functions, the majority with a global C1 continuity, with n = 61732. The intra-
and extracellular conductivities are set equal to σil = 2 × 10−3 Ω−1cm−1, σit = 3.1 × 10−4 Ω−1cm−1,
σel = 2×10−3 Ω−1cm−1 and σet = 1.3×10−3 Ω−1cm−1 Nagaiah et al. (2013). The parameters of the R-M
ionic model are given by uth = 13 mV, vp = 100 mV, G = 1.5 ms−1, η1 = 4.4 ms−1, η2 = 1.2 × 10−2

and η3 = 1 Gerardo-Giorda (2007). In order to induce the re-entry we apply the S1-S2 stimulation
protocol Nagaiah et al. (2013); Colli Franzone et al. (2014). In particular, a first stimulus (S1) is applied in
correspondence of one pulmonary vein and takes the form

Ii,1app(x, t) = C1Ω1(x)1
[ti1,t

f
1 ]

(t),

where C = 100 mA, Ω1 = {x ∈ Ω : x ≥ 0, z ≥ 2.7}, ti1 = 0 ms and tf1 = 5 ms. Provided the position of
the posterior septum x̄ = (x̄, ȳ, z̄)T = (1.40,−0.66,−1.61)T , one of the four points at which the interatrial
conduction is believed to happen, the S2 is given by

Ii,2app(x, t) = C1Ω2(x)1
[ti2,t

f
2 ]

(t),

with C = 100 mA, Ω2 = {x ∈ Ω : (x− x̄)2 + (y − ȳ)2 + (z − z̄)2 ≤ (0.5)2}, ti2 = 230 ms and tf2 = 235
ms. The extracellular applied current Ieapp is set instead equal to 0.

In Figure S2 we show the figure of eight re-entry solution on the indealized LA at t = 1000, 1100 and
1200 ms. The solution consists of a rapid, periodic and self-sustained activation pattern made by two stable
spiral waves (or rotors), as shown in Figure S2 – which is also referred to as figure of eight re-entry.
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3 FIBERS’ DISTRIBUTION ON THE ATRIAL SURFACE
The resulting fibers’ distribution on the atrial surface is displayed in Figure S3.

4 TEST 3: FIGURE OF EIGHT RE-ENTRY ON LEFT ATRIUM SURFACE
GEOMETRY

Choosing the rPOD dimension equal to N = 256 yields, over the testing set, the projection relative error
εk(uh,VVTuh) shown in Figure S4.
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FIGURE CAPTIONS

Figure S1. Univariate NURBS basis functions with knot vector Ξ = {{0}3, 1/4, 1/2, 3/4, {1}3}, degree
p = 2, number of elements nel = 4, number of basis functions Nh = 6, globally C1 continuous and
NURBS weights ω = (1, 1, 1, ω4, 1, 1) with ω4 = 0.1 (left) and ω4 = 0.1 (right).
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Figure S2. Figure of eight re-entry on an idealized LA geometry at t = 1000, 1100, 1200 ms.
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Figure S3. Different views of the LA with fibers direction.

Figure S4. Test 3: Projection relative error εk(uh,VVTuh) with N = 256.
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