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Supplementary Material: "A new criterion beyond
divergence for judging the dissipation of a system:
dissipative power"

1 SUPPLEMENTARY DATA

The linear system ¥ = f(x) can be written as
X = Fx, F is a constant matrix, (S1)

here, x € R".

Kwon, Ao and Thouless([Kwon et al., PNAS., 102(37): 13029-13033 (2005)]) have discussed
the construction of Lyapunov function of linear system(S1). And some necessary formulas are
given as follows

F=—-[D+QU=—[S+T]'U, (S2)
D+Ql '=5+T, (S3)
FQ + QFT = FD — DFT, (S4)

Vo¢(x) = Ux, (S5)

here, only the Q is unknown, U is a symmetric matrix.

Here, set F = ( 21 2; ), Q= ( _212 6](1)2 ), D = ( ZE ZZ ), and dq1,d»p,dyy are

chose to satisfy dyq,doy > 0,d11d2n — d%z > 0. Then, by (54), we have

(f11 + f22)912 = —fa1d11 + (f11 — fa2)d12 + fr2d2, (S6)
di1,dpp > 0,d11dp — d3y > 0.

here, only g1, is unknown.

1.1 Two examples of the planar linear saddle system with zero divergence

Cansider the following linear system

561 = X2
{ sz = X1 (87)
and '
{ J1 =1 (8)
Vo=’

which have a saddle point and the divergence equals zero.
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Here, system (S7) is written as
. (01
X = ( 1 0 )x, (S9)

), equation (S6) can be rewritten as

0
here, F = ( 1

1
0
—d;1+dp=0
{ dll; d22 >0, d11d22 — d%z >0 / (810)
then, we obtain

g12 and djp are arbitrary real numbers,d; = dy > 0,dq11d2n — d%z > 0. (S11)

And then, we can separately rewrite system (59) into a (generalized) Hamiltonian system or a
(generalized) gradient system by choosing one group of values in (511):

e A (generalized) gradient system:
By (S11), we choose g1 = 0,d1; =dyp = land obtain Q =0,D =D+ Q= [D+Q] ! =

0 -1
s_l,u_<_1 : )

Then, by (S5), the Lyapunov function of system (S9) is obtained
P(x) = —x1x0. (512)

And then, it can verify that Lyapunov function (512) does not increase along the trajectory

W w-g<o (513)

which shows that ‘fi—q: is less than zero except for the equilibrium point.
The corresponding divergence divf(x) and dissipative power Hp(x) are derived

Hp(x) = x3 4+ x5 >0, (S14)
divf(x) = trace(F) = 0. (S15)

By (513) and (514), we obtain
Z—f — _Hy(x). (S16)

Finally, system (S9) can be rewritten as
= —[D+QVe(x)

= — DV¢(x)
= — Vo¢(x) (517)

-(10) (%)
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Obviously, system (517) is a gradient system which is dissipative.

Here, (S14) and (S17) indicate that system (S7) is a dissipative system, which is
consistent with the result obtained by combining the monograph([Borrelli and Coleman.
Differential equations: a modeling perspective. New York: Wiley (1998). p.505.]) and
monograph([Sachdev. Nonlinear ordinary differential equations and their applications.
New York: CRC Press (1990).p.354.]). However, divf(x) = 0 can not.

e A (generalized) Hamiltonian system:
By (511), we choose g1 = 1, djj = dyp = 0and obtain D = S =0, Q = D+ Q =
~-[D+Q] = < _01 (1) ), u= ( (1) _01 ), here 0 is the zero matrix.
Then, the Lyapunov function of system (S9) is obtained by (S5)

2 2
X1 — X%

plx) = ——5— (518)

And then, it can verify that Lyapunov function (518) does not increase along the trajectory

dp _ o . 9P . _
gr o1 X1+ 91y X = 0. (S19)

The corresponding divergence divf(x) and dissipative power Hp(x) are derived

Hp(x) =x'Sx =0, (520)
divf(x) = 0. (S21)
By (519) and (520), we obtain
d
-fz—%@) (S22)

Finally, system (S9) can be rewritten as

= —[D+QlVe(x)
= —QV¢(x)

- (‘1) o )wm (523)

. 0 1 X1
o 1 0 X2 '
Obviously, system (523) is a Hamiltonian system which is conservative.
Here, (520) and (S21) show that system (S7) is conservative at the same time. On the
other hand, that system (57) can be rewritten into a Hamiltonian system is consistent with

the result obtained by Liouville’s Theorem([Arnold. Ordinary differential equations. New
York: Springer(1992). p.251.]).
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11 ) y, system (57) can be transformed into

By reversible linear transformation x = (

system (58), which can be rewritten as

: 1 0
y:(o _1>y, (524)
here, F = < (1) 1 ), and equation (S6) can be rewritten as
{ di1,dp >0 7 (525)

then, we obtain
412 is an arbitrary real number, d1p = 0,dq1,d2 > 0. (526)

And then, we can separately rewrite system (524) into a (generalized) Hamiltonian system or
a (generalized) gradient system by choosing one group of values in (526):

e A (generalized) gradient system:
By (S26), we choose g1 = 0 and dj; = dy» = 1. And weobtain D =D+ Q = [D + Q]! =

S=1,Q0=0,U= ( _01 g) ), here I is an identity matrix.

Then, the Lyapunov function of system (524) is obtained by (S5)

2 _ .2
ply) = 172 (527)

And then, it can verify that Lyapunov function (527) does not increase along the trajectory

d
d—(f = — (i +y) <0, (528)

which shows that Z—f is less than zero except for the equilibrium point.
The corresponding divergence divf(y) and dissipative power Hp(y) are derived

Hp(y) =vi+y5 20, (529)
divf(y) = trace(F) = 0. (S30)
By (528) and (529), we obtain
d¢ _
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Finally, system (524) can be rewritten as

y= —[D+Q]Ve(y)
= —DVo(y)
= —Vo(y) (S32)

- 2)(0)

Obviously, system (S32) is a gradient system, which is dissipative.

Here, (529) and (S32) indicate that system (S8) is a dissipative system, which is
consistent with the result obtained by combining the monograph([Borrelli and Coleman.
Differential equations: a modeling perspective. New York: Wiley (1998). p.505.]) and
monograph([Sachdev. Nonlinear ordinary differential equations and their applications.
New York: CRC Press (1990).p.354.]). However, divf(y) = 0 can not.

e A (generalized) Hamiltonian system:
By (526), we choose g1 = 1, djj = dpp = 0Oand obtain D = S = 0,Q = D+ Q =

0 1 0 -1
_ -1 _ _
Then, the Lyapunov function of system (524) is obtained by (S5)

¢(v) = —v1y2 (S33)
And then, it can verify that Lyapunov function (S33) does not increase along the trajectory
dp dp . 9P . _

The corresponding divergence divf(y) and dissipative power Hp(y) are derived

Hp(y) =y* Sy =0, (S35)
divf(y) = trace(F) = 0. (S36)
By (534) and (S35), we obtain
d¢p _
W H, (37)

Finally, system (524) can be rewritten as

y= —[D+QIVe(y)
= —QV¢(y)

- (1 % ) vew (538)

- ) (%)
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Obviously, system (S38) is a Hamiltonian system which is conservative.

Here, (535) and (S38) show that system (S8) is conservative at the same time. On the
other hand, that system (S8) can be rewritten into a Hamiltonian system is consistent with
the result obtained by Liouville’s Theorem([Arnold. Ordinary differential equations. New
York: Springer(1992). p.251.]).

Here, we summarize the results obtained from systems (57) and (S8) into the Table S1.

Table S1. Two criteria on the planar linear saddle system with zero divergence

Hp and div Systems . (0 1 . (1 0
Types Y=\l10 )% y_(O —1>y
Hp >0 Hp >0
(Generalized) gradient system (only x; = xp = 0,Hp = 0) | (only y; = y» = 0,Hp = 0)
div f(x) = 0 div f(y) =0
(Generalized) Hamiltonian system divlicp (x:) OE 0 7 ivHP ( y:) =0

1.2 The general planar linear system

By invertible linear transformation, the matrix F = ( ;11 ?2 ) has the following four
21 22

types of Jordan’s normal form([Ma and Zhou. Qualitative and stability methods for ordinary
differential equations(in Chinese). Beijing: Science press (2013). p.100.])

)Ll 0 )Ll 0 /\1 0 4 ,3
(0 7‘2)'(0 A1>'<1 M)'(—ﬁ 0‘)' (59)
in which Ay, Ay, a £ Bi are the eigenvalues of F, A; # Ay, V/—1 =1iand  # 0.

Therefore, we will calculate the corresponding divergence divf(x) and dissipative power
Hp(x) in four cases of (S39).

A O

(1)When F = < 0 A

), (S6) can be rewritten as

(A1 +A2)q12 = (A — A2)da, (S40)
d11,dap > 0,dy1dyy — d3, > 0,

@AIf Ay + Ap = 0, from (S40), we have

g12 is an arbitrary real number,djp; = 0,d11,dp > 0. (541)
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Then, it has

D= ( a0 >,d11,d22 >0,
dpo

_ 0 6712>
Q_(—qlz 0 )’

D+Q= ( din qi ),

—q12 dx
D+ = 1 ( dyn  —q12 ) (S42)
didyn+q3, \ 2 dn )’

5 — 1 ( d» 0 )
didn+q3, \ 0 din )’

U= —[D+Q] 'A

_ M ( dyn  qi2 )
dindyn + g3, \ g2 —dn )’
here, dq1, doo, q12 satisfy di11d2 + q%z 75 0.
By (542) and (S5), it can derive the Lyapunov function

_M(dzzx% + 21221 %2 — d11x3)

(S43)
2(d11das + q3,)

¢(x) =

Then, it can verify that the Lyapunov function does not increase along the trajectory

dp  op
E - 8x1 Y1t aXsz
_ /\%(dzzx% + dnx%) (544)
di1das + g3,
<0,

which shows that L;—f is less than zero except for the equilibrium point.

The corresponding divergence divf(x) and dissipative power Hp(x) are derived

Hp(x) = x*Sx
_ A2 (dpx? 4 d11x3) (545)
d11da + g3,
>0, (S46)
divf(x) = trace(F)
=AM+ Ay
= 0. (S47)
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y (544) and (545), we obtain

dp
- = —H,. (S48)

In this case, Hp(x) > 0 in (S46) implies

e If Hp(x) > O(only x; = x, = 0,Hp = 0), system (S1) is dissipative by Hp > 0.
However, divf(x) = 0 means that system (S1) is conservative. The conclusions by
these two criteria are completely opposite.

e If Hp(x) = 0, these two criteria consistently indicate that planar linear system (S1)
is conservative by Hp(x) = 0 and divf(x) =0

In short, these two criteria are not always completely consistent, so further detailed
discussion and analysis are needed. Systems (57) and (S8) have launched a detailed
discussion and analysis of this situation, and the obtained results are summarize in the
Table S1.

@@)If A + Ay # 0, from (S40), we have

A — Ao
— 4
q12 = N ——dq, (549)

and

_ dn xgdn
Q=1 2, d d ’
12 22

A tAy
d e din
D+Q=( L' R
prEm AV doo
2
D+Q]" (i 42)° ( M Tmemte ),
dlleZ(Al + )\2) - 4)\1)\261%2 )\H‘)\z d12 dll (SSO)
T
D+Q " +{D+Q™}
S =
2
_ (A1 +A2)° ( dy  —di )
dndzz()\l + )\2)2 — 4)\1/\2(1%2 —dip  din ’
T (M +A2)? My
(/\1 + /\2)2d11d22 — 4)\1/\261%2 _AliAé d12 A2d11

here, dy1, dyn, d» satisfy di11dyn — d%z > 0.
By (S5) and(S50), it can derive the Lyapunov function

(P(x) L ()\1 + /\2)2(d22/\1x% A +)\ 2d1px1x0 + dllAzxz) (S51)
2[didan (A + A2)* — 4AyApd3,)
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Then, it can verify that the Lyapunov function does not increase along the trajectory

dp _op . ¢ .
E = a—x1X1 + a—x_ZXQ
- M+ Az)z(dzzft%x% — 2A1Apd1px1 %0 + d11A3x3) (S52)

()Ll + Az)zdlldzz — 4)\1)\2(1%2
<0

4

which shows that fi—‘f is less than zero except for the equilibrium point.

And the corresponding divergence divf(x) and dissipative power Hp(x) are derived

Hp(x) = x*Sx
_ (/\1 + /\Z)Z(dzz)\%x% —2d1p A1 A2x1x0 + d11)\%X%) (S53)
d11d22()\1 + )Lz)2 — 4)\1/\261%2
>0, (554)
divf(x) = trace(F)
=M+A
# 0. (S55)
By (552) and (553), we obtain
d
W Hy(x). (S56)

dt

In this case, Hp(x) > 0 in (S54) indicates that system (S1) is dissipative and the
dissipation is equal to zero at the equilibrium point. The divf(x) # 0 in (S55) implies
divf(x) > 0 or divf(x) < 0. When divf(x) < 0, the results are always consistent by
using the divergence and dissipative power to determine the dissipation of a planar
linear system; When divf(x) > 0, the divergence can’t judge the dissipation of the
system, while dissipative power can judge the system being dissipative. Therefore, it
is more advantageous to use the dissipative power than divergence to determine the
dissipation of the system.

(2)When F = ( M0 ), the (S6) can be rewritten as

0 M

{ 2AM14912 =0,

dy1,dy >0, diydy —d3, > 0. (S57)
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MIf Ay # 0, then g1 = 0, and

Q =0, 0is a zreo matrix,

[ dn di2
p+Q= (dlz dzz)

1 dy —dip )
D + e ,
[ Q] d11d22 — d12 < d12 dll

(S58)
g _ 1 ( dyp —dp )
didyy —d2, \ —diz dun )’
U= —[D+ Q]
_ M < dyp  —dp )
Cdpdp —d3, \ —din du )’
here, di1, d1z, dx» Satisfy di11dy — d%z > 0.
By (S58) and (S5), the Lyapunov function can be obtained
M (dopx? —2d di1x3
o(x) = — 1(dooxs 12X1X2 + 11x2)‘ (S59)

2(dy1dyy — d3,)

Then, it can verify that the Lyapunov function does not increase along the trajectory

dp  0¢ ¢
T

_ M(dax] — 2dip1125 + dx3) (S60)
di1dyy — d?2,

<0

7

which shows that ‘fi—f is less than zero except for the equilibrium point.

The corresponding divergence divf(x) and dissipative power Hp(x) are derived

Hp(x) = x"Sx
_ /\%(dmx% — 2d12x1x22 + dllx%) (S61)
d11d22 - d12
> 0. (S62)
divf(x) = trace(F)
=2\
# 0. (S63)
By (560) and (S61), we obtain
d¢ _

10
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In this case, Hp(x) > 0 in (562) indicates that system (S1) is dissipative and the
dissipation is equal to zero at the equilibrium point. The divf(x) # 0 in (S63) implies
divf(x) > 0 or divf(x) < 0. When divf(x) < 0, the results are always consistent by
using the divergence and dissipative power to determine the dissipation of a planar
linear system; When divf(x) > 0, the divergence can’t judge the dissipation of the
system, while dissipative power can judge the system being dissipative. Therefore, it
is more advantageous to use the dissipative power than divergence to determine the
dissipation of the system.

(ii)If A; = 0O, the system is conservative. It's easy to know

Hp(x) = x"Sx
=0, (565)
divf(x) = trace(F)
=2\
=0. (S66)
And, we obtain
G _ 1 (x) (S67)
T
So they are consistent in representing the system being conservative by divf(x) = 0 and
Hp(x) =0.
A0 .
(B3)When F = 1 A ) the (S6) can be rewritten as
1
2Mq12 = —dy1,
{ di1, dyp >0, dyydyy — d?, > 0. (568)
@)If Ay # 0, then
_dn
q12 = 27, (569)

and

d —dpp + 2
[DJFQ]A —m ( , 22 , 12 T 2 ) ) (S70)
—dq

dyp —di2 )
S=m ,
! < —dip  dn
U= —m dppA —dip + 5% —dipAy + 4t
—dppA + % diiM '
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472 . 2

By (570) and (S5), the Lyapunov function can be obtained

in which m; =

2)\% [(d22/\1 —dpp + %)x% + 2(—d12)\1 + %)xle + dn)tlx%}

x) =— , (S71)
¢x) 4Ad11dyy — 4ATdT, + df,

Then, it gets

dp _ 4A [(dAf — 2d10A1 + dna)xE + 2(dn — dipAy) Aaxi s + din A
at 4A3d11dyy — 4ATd5, + dF,

, (872

the discriminant of g;(x1,x7) 2 (dpA? — 2d1pA7 + d11)x3 + 2(—d1pAq + di1)Axixa +
d11A3x5 = 0 about x; is

A = 4(—d1pAy + d11)*AT — 4(dppAT — 2d1pAy + dip)d11Af

= 47 [d%z — dndn} (S73)
<0,
it has g1(x1,x2) > 0, then
d¢
<
o S 0, (574)

which shows that Z—‘f is less than zero except for the equilibrium point.
The corresponding divergence divf(x) and dissipative power Hp are derived

4A2g(x1 xz)
H — 1 d S75
PO = iy -4, T B &7
>0, (S76)
divf(x) = trace(F)
— 2\,
# 0. (S77)
By (572) and (575), we obtain
d
d—‘f — —H,(x). (S78)

In this case, Hp(x) > 0 in (S76) indicates that system (S1) is dissipative and the
dissipation is equal to zero at the equilibrium point. The divf(x) # 0 in (S77) implies
divf(x) > 0 or divf(x) < 0. When divf(x) < 0, the results are always consistent by
using the divergence and dissipative power to determine the dissipation of a planar
linear system; When divf(x) > 0, the divergence can’t judge the dissipation of the
system, while dissipative power can judge the system being dissipative. Therefore, it
is more advantageous to use the dissipative power than divergence to determine the
dissipation of the system.
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(ii)If Ay = 0, from (568), we have di; = dip = 0, q12 is an arbitrary nonzero real number.
And

0 g2
D —
+Q —q12 dx» )

- dn  —qi2 > (S79)
D+Q]'= ( ,
| <l 2 \ q12 0

1 d» 0 )
s= L ( ,
‘7%2 0 0
U= —[D+Q]'F
~alo o)
qlz O O ’

in which g1 # 0 and dy > 0.
By (579) and (S5), the Lyapunov function can be obtained

$(x) = ﬁxi (S80)

then, it can verify that the Lyapunov function does not increase along the trajectory

d 0 0

d_gtb = 8_le + a—;PZXQ
_ M (S81)
B q12
=0.

Then, the corresponding divergence divf(x) and dissipative power Hp(x) are derived

Hp(x) = x"Sx
= x"F'SFx

) (o) (7 0)(10)(3)
=0, (582)
divf(x) = trace(F)

=2\
= 0. (S83)

Frontiers 13



Supplementary Material

y (581) and (582), we obtain
d¢
dt

In this case, they are consistent in representing the system being conservative by
divf(x) =0 and Hp(x) = 0.

— —H,(x). (S84)

194

(4)When F = < B

'i ), the (S6) can be rewritten as

{ 2aq12 = B(d11 +dn), <85)
di1, dp >0, didyp —d3, >0, B #0.

(i)If & £ 0, we have
B(d11 +da2)

Q2 = P (586)
and
0= ,B(dll + dzz) 0 1
20 -1 0 )’
iy dp + ﬁ(dlﬁ-dzz)
D+Q= ,
Q diy — ﬁ(dnz:dzz) iy
-1 _ i —dyy — Blptt)
[D + Q] = My ( iy, + ﬁ(d11+d22) i . ’ (S87)
dy —dip )
S = ,
he ( —dip  dn
U oot + diof + B( dlzlt;rdzz) —dpa + 5(d22 dq1)
- T d ﬁ(d22 di1) B( d11+d22) ’
—dpe + djje —dpf + =5
in which m, = 4«2(dudzz—dga)iﬁz(dlﬁdzzf’ and dq1, dya, dp satisfy dy1dap — d?, > 0.
By (587) and (S5), the Lyapunov function can be obtained
)
o(x) = 207 g2(v1, %2) (S88)

4a?(dr1dy — d3,) + B2(d11 + dx)*’

in which g,(x1,x2) = [doa + d12f + M]xl + 2[—dpa + Blda— d“)]xlxz +[dp1a —
dipf + M]xz. Then, it gets

d_(p _ —4a2g3(x1,x2)
dt 40(2(d11d22 — d%z) + ,Bz(dll + d22)2

(S89)

in which g3(x1,%2) = (da2a? + 2d1paB + d1182)x3 + 2[d12(B? — a?) + aB(dan — d11)]x122
+(d110% + dapp? — 2d1paB)x3. The discriminant of equation ¢3(x1, x2) = 0 corresponding
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to the formula in (589) is

A = 4[dyp(B* — a?) + aB(day — d11))?
— (dzzaz + 2d120€‘3 + dll,Bz) (dnocz + dzzﬁz — 2d12a[3)
= 4(a® + B?)*(d7, — diidpo)
<0,

(S90)

then, it can verify that the Lyapunov function does not increase along the trajectory

dp  0¢ | o .

- = X1+t X

dt  dx; ! dxo 2 (S91)
<0,

which shows that ‘é—f is less than zero except for the equilibrium point.

Then, the corresponding divergence divf(x) and dissipative powerHp are derived

2
Hp(x) = e G . (592)
40(2((1116122 — dlz) + ,Bz(dll + d22)
>0, (893)
divf(x) = trace(F)
=2«
# 0. (594)
By (589) and (592), we obtain
d
-ﬁ:—mwy (S95)

In this case, Hp(x) > 0 in (593) indicates that system (S1) is dissipative and the
dissipation is equal to zero at the equilibrium point. The divf(x) # 0 in (594) implies
divf(x) > 0 or divf(x) < 0. When divf(x) < 0, the results are always consistent by
using the divergence and dissipative power to determine the dissipation of a planar
linear system; When divf(x) > 0, the divergence can’t judge the dissipation of the
system, while dissipative power can judge the system being dissipative. Therefore, it
is more advantageous to use the dissipative power than divergence to determine the
dissipation of the system.
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(ii)If « = 0, we have dy; = dy = d1p = 0, g12 is an arbitrary nonzero real number. Then, we

can obtain

0 2 )
—q12

(3, %)
—{q12
11 chz
_|_

D Q]1+{[D+Q] '
2

D +

O U O
||

S =

0
U= —[D+Q] 'F

"2l 1)

By (596) and (S5), the Lyapunov function can be obtained

it can verify that the Lyapunov function does not increase along trajectory

dp a‘P d¢
it~ o a2
= — P (%11 + x2%2)

q12
P lipy + xa(— )]
12

0.

Then, the corresponding divergence divf(x) and dissipative power Hp are derived

Hp(X) = x'Sx
=0.
divf(x) = trace(F)
=0.
By (598) and (599), we obtain
d¢p _

(S96)

(S97)

(S98)

(S99)

(S100)

(S101)
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In this case, they are consistent in representing the system being conservative by
divf(x) =0and Hp(x) = 0.
For the planar linear system with four Jordan’s normal forms, all the results are
summarized into the Table S2.

Table S2. The Hy, and divf of planar linear system with four Jordan’s normal forms as coefficient matrix

div f(x) # 0(divf(x) > 0 and divf(x) < 0)

(only N=xn= O,Hp = 0)

(only N=xn= O,Hp = 0)

Hp Jordan’s normal norm M0 M 0 M 0 x B
div 0 A 0 A 1 N b
Hp > 0 contains two case:
div f(x) =0 Hp > 0only x; =1, =(,Hp =0) Hp=0 Hp=0 Hp=0
Hp =0
Hp>0 Hp>0 Hp>0 Hp>0

(only N=xn= O,Hp = 0)

(only X=Xxn= O,Hp = 0)
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