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Supplementary Material: Generating function
method for calculating the potentials of
inhomogeneous polyhedra

1 DERIVATION OF THE CONNECTION BETWEEN THE POTENTIAL AND THE
GENERATING FUNCTION

Let us derive Eq. (6) that expresses potential ¢(R) via generating function G(R, k). We start from the
Maclaurin series for G(R, k), Eq. (7), where

VR) = [f] g o
U (R) = ] g &

a— Ra R
mfffr )ofo) gy,

and so on. It is evident from Eq. (7) that

6 (R g ) o) = GOMRIPER) + 68 (Rypa(R) + G RposlR) + o (D)

where we use a shorthand notation p (R) = 9p(R)/ORa, p.as(R) = 0?p(R)/0R,ORz, and so on.
Substituting the expressions for GO (R), GS) (R), etc. into Eq.

G< ) //” )+ £a(R) (= Ra)+ :9.05(R) (ra — Ra)(75— Ra)-+. . |rd_3rR|
:///p(r)%w(m, (52)
14

1), one can obtain

Q.E.D.

2 EXPRESSING THE GENERATING FUNCTION VIA CONTRIBUTIONS OF FACES,
EDGES AND VERTICES

For simplicity, in this Section we consider the generating function at R = 0. Let us denote it as G (k):

Go(k) = G(0,k) = / / / €|1;| dr. (S3)
1%

This does not lead to any loss of generality, because equality R = 0 just means that we choose point R as
an origin of coordinates. In the end of this Section, we will return to the generating function in its original
form, Eq. (5).
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We will perform a transformation of the expression for G(k) in four steps. The first step consists in
reducing the volume integral in Eq. (S3) to a surface integral via Gauss’s theorem. For this purpose we find
such a vector function u(r) that

6k~r
V-u= ) (S4)
|
It is convenient to choose this function in the form
r
u(r) = mf(k ‘T). (S5)
Then it follows from Eq. that
kr
e“Tk-r—1)+1
k-r)= ) S6
f( r) (k . r)Q ( )

Here the last term in the numerator is a constant of integration, its value is chosen such that function f
remains finite at k = 0. Applying Gauss’s theorem to the r.h.s. of Eq. (S3)), one can obtain a representation
of GGy as a two-dimensional integral over the surface 0V of the body:

Go(k) = / / % (k- 1) dS, (S7)

where n is the outward normal to the surface (a unit vector, see Fig. , and d.S is a surface element. Since
the surface is a polyhedron, the integral in Eq. (S7) is a sum of contributions of polyhedron’s faces. Let us
denote these contributions as GG #» Where subscript f labels a face. Therefore

Go(k) = > Gy(k). (S8)
f

The second step is a transformation of quantity G’y using a two-dimensional version of Gauss’s theorem
(or, equivalently, Stokes’ theorem). It is convenient to choose the coordinate system K ¢ such that axis z
is directed perpendicular to face f, along the outward normal to face f, and axis y is directed along the
projection of vector k to face f (Fig.[STh). Then,n - r = 2, and

k-r=Fky+k:z, (S9)
where k| is the absolute value of the projection of k to face f. In system K¢, expression for GGy acquires
the form ik o)
z + Kz
Gf:// Y722 40 dy, (S10)
r
face f
where 7 = /22 + y2 + 22. Let us define a vector v(z,y) on face f as follows:
x
ve=28y), vy = T2B(), (1)
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Figure S1. (a) Coordinate system K associated with face f. In this system, axis z is directed perpendicular
to face f, along vector n. Axis y lies in the plane spanned by vectors n and k. Unit vector n is the outward
normal to face f. The origin of coordinates is denoted as O. (b) Unit vector b that appears in Eq. (S14).
This vector lies in the plane of face f and is directed out of this face, perpendicular to its boundary.

where function /3(y) obeys equation

d(yp
% = f(kyy + ks2). (S12)
Then ik ko) ;
d d z + kyz
Qo Qo  ZJAWT R +253(y). (SI13)
dx dy r r
Expressing the integrand of the r.h.s of Eq. (SI0) via Eq. (ST3)) and applying the two-dimensional Gauss’s
theorem, we obtain ,
Gf:—//zﬁ§y>dxdy+]§b-vdz, (S14)
r
face f of

where 0 f stands for the boundary of face f; b is the outward normal vector to the boundary of face f lying
in the plane of this face (see Fig.[S1p); and d! is the line element of the face perimeter.

The third step aims at expressing the quantity G ; through a line integral and a solid angle. Again, we use
the two-dimensional Gauss’s theorem for this. Let us define vector function w(x,y) on face f:
x kA

where
Bly) + kAy + p

y2 + 22
and quantities A and ;2 do not depend on coordinates x and y. We will choose the values of A and p in such
a way that function (y) has no poles. It follows from Egs. (S15)) and (S16)) that

Y(y) = (S16)

dw, dw, Bly)+pu

dx dy r3 (S17)
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Deriving from here the integrand 233(y) /73 of the first term in the r.h.s. of Eq. (S14), taking into account
that z is constant on the face, and applying Gauss’s theorem, one can obtain the following representation

for Gy ,
sz//%dxdwj{b-(v—z?’w)dz. (S18)
T

face f of
The first integral here is related to the solid angle §1; subtended by face f at the origin of coordinates:

1
Op = —z; //r—gdxdy, (S19)

face f

where z; = n - r is z-coordinate of face f. It is evident from comparison of the two latter equations, that
the first integral in Eq. is equal to —zj% pS2¢. The second integral is a sum of contributions of edges
surrounding face f, since the boundary 0 f consists of these edges. Let us denote the contribution of edge e
to Gy as L.. Therefore, Eq. takes on the following form:

Gy=—23uQs + > Lye, (S20)
e
where summation is over edges adjacent to face f, and

Lfe= / b- (v —22w)dl (S21)
edge e

Equations (S20) and (S21) contain functions 5(y), ¥(y) and constants A, x4 that are not yet specified. Let
us calculate them. The solution of Eq. (SI2), that remains finite at y = 0, is

1 kHerkzZ -1 kzz 1
y=—|"° -2 . (522)
kHy k”y + k,z kyz

In order to get rid of poles of function ~y(y), it is necessary that the numerator of the r.h.s of Eq. (S16)) is
equal to zero at y = +iz:

B(iz) + ikyAz + =0, (S23)
whenee Bliz) - B(=iz)
12) — —1z
A= 2ik 2 (524)
and ) .

2
Function 7(y) is now fully defined by Eq. (S16), where 5(y), A and p are to be substituted from Egs. (S22),
(524) and (825).

The last step is the calculation of line integrals L. in Eq. @ For convenience, we find expressions
for these integrals in a different coordinate system K f. associated with face f and edge e, see Fig. In
this system, axis x is directed along edge e, axes y and z are directed along vectors b and n defined above.
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Figure S2. Coordinate system K, associated with face f and edge e. In this system, axis z is directed
perpendicular to face f. Axis y is directed parallel to face f and perpendicular to edge e. Axis x is directed
along edge e. Unit vectors n and b show directions of axes z and y, correspondingly. y(/f) is axis y in
coordinate system K ;. The origin of coordinates is denoted as O.

In the transition from K’y to K fe» the argument y of functions 5(y) and y(y) transforms as

R kyx + kyy7

k (S26)

Y

and the integrand of Eq. 1i is expressed in system K fe as follows (see Supplemental Section :

2k (kyz—kzy)
k2
I . (S27)

\/xQ +y2 + 22

The numerator of the r.h.s of the latter equation is a function of coordinate x along the edge. Denoting this
function as F(z), one can obtain from Eq. (S21)) that

— kN +y2B +
b-(v—23w) =

2
JT_'
Lie= /L dz, (S28)
Ayt
where x1 and x9 are coordinates of the end points of edge e, and ri = 42 + 22 is the squared distance from

the coordinate origin to the line that contains edge e. Since function J(z) is entire (i. e. has no singularities
at finite x), there is a Taylor series expansion:

Fl(z) = Fo+ Frz + For® + ... (S29)
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Based on this expansion, one can reduce the integral in Eq. (S28) to a much simpler integral

x9 4
L. = / _dr (S30)
/ 2
1 .’L'2 + TJ_
Quantity L. can be understood as a potential at the origin of coordinates, created by uniformly charged
edge e with the unit linear charge density. Using identities from Nenashev and Dvurechenskii (2017)

31:2—|—7"L x%%—ri, (S31)

x9 9
z" n—l 9 "
2 2 n 2

o \Jrt+r] o \/T +r

where n > 2, and

(S32)

x2
x
/—dx:\/xg—i—ri—\/x%—kri,
[ 2 2
1 Z +TL

one can obtain (see details in Supplemental Section [6)) that

Lie = BLe + C(x2)\/23 + 1% — Clx1)y /23 + 12, (S33)

where
(2n — 1!
B = Z Fon(— W’ (S34)
- ) (m — 1)
=SS P (2 (ot Z0Mm = U (835)

m!l(m + 2n + 1)!!

m=0n=0

Note that factors \/ z? + ri and /22 + ri in Eq. (S33) are distances from the origin of coordinates to the

ends of edge e.

Combining equations (S8)), (S20) and (S33)), one can get the following expression for generating function
Go(k):

k) =Y Ap(k)Q+ > Bre(K) Lo+ Y Crep(k) [ro]. (S36)
f (f.e) (f.e.0)

Here, the first sum of the r.h.s. is over faces of the polyhedron. The second sum is over all pairs (f, e),
where f is a face, and e is an edge adjacent to face f. Similarly, the third sum is over all triples (f, e, v),
where f is a face, e is an edge adjacent to face f, and v is one of two vertices that are connected by edge e.
Ay stands for —z]%u, where 4 is defined by Eq. @); By, is defined by Eq. 1} C'ey is either C(z2) or
—C(x1), where function C'(z) is introduced in Eq. (S35); and r,, is the radius-vector of vertex v.

It is natural to interpret Eq. as follows: generating function (GG is a sum of contributions of all
faces, edges, and vertices of the polyhedral body. The contribution of face f contains factor €2, a solid
angle subtended by this face at the origin of coordinates. The contribution of edge e contains factor L. that
has the meaning of potential of uniformly charged edge e at the origin. And the contribution of vertex v
contains the distance |r,| between the vertex and the origin.
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Finally, we generalize these results to function G(R, k). The generalization is rather straightforward: we
just replace the origin of coordinates with point R in Eq. (S36):

GR.K) =Y AfRKQR)+ > Bre(RK) L(R)+ > Crey(R.k)|r, —R|.  (S37)
f (f.e) (f.e:0)

Q2 (R) here is the solid angle subtended by face f at point R, and L.(R) is the potential of uniformly
charged edge e at point R. Quantities A¢, By, and Cf., become dependent on R, since coordinates 1,
x2, Y, z are counted from point R.

Functions A; = — 22 for different faces f can be reduced to one and the same function. Indeed, A ¥
depends on three parameters: coordinate z and components £, k) of vector k. One can express these
parameters through the outward normal vector ny to face f and a radius-vector r; of an arbitrarily chosen
point on face f (see Fig. 2):

z:nf-(rf—R), (838)
kr=n; -k, (S39)
k:ﬁ = k2 - k2 (S40)
Therefore
Af(R,k) :A(I‘f—R,k,l’lf), (541)

where function A is universal, i. e. is the same for all faces and even for all polyhedra. Similarly, B,
determines by coordinates y, z and components k;, k;, k. of vector k. These parameters, in their turn,
depend on the outward normal vector n; to face f, the outward normal vector by, to edge e lying in the
plane of face f, and a radius-vector r. of an arbitrarily chosen point on edge e (see Fig. 2):

Y= bfe : (re - R)7 (542)
z=mnys-(r. —R), (S§43)
ky =by. -k, (S44)
k. =ng-K, (S45)
ki =k — k) — k2. (S46)

One can thus reduce all functions B, to the same universal function 3:
Bf.(R,k) = B(re —R,k,ny,by.). (S47)

In the same manner, coordinates x, y, z and components k;, ky, k., that appear in function C'y.,,, can be
expressed via normal vectors n; and b ., the unit vector I, directed along edge e toward vertex v from
the opposite vertex, and radius-vector r,, of vertex v (see Fig. 2):

x=ley - (ry, —R), ky = ley - k, (S48)
y:bf€~(rU—R), ky:bfe'k, (S49)
z=mny-(r, — R), k.=mng- k. (S50)
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This allows us to reduce all functions C's,, to one universal function C:

Oer(R,k) :C(rU—R,k,nf,bfe,lev). (351)

Substitution of expressions for Ay, By., and Cf,, from Egs. (S41), (S47) and (S5T) into Eq. (S37)) gives
rise to equation (12) of the main paper.

3 DERIVATION OF SERIES REPRESENTATIONS (13) — (15) FOR FUNCTIONS A4, B
AND C

According to the results of Supplemental Section 2]

o Biz) — B(—iz)

A=—-2u=z 5 , (S52)
where function £ is defined by Eq. (S22). Introducing function (t)
el —1 - t4
t) = = S53
W =——=2 oror (S53)
q=0
one can express function (3 as follows:
B(e) = (k€ + kez) — io: (k&)™ dmtlap(k,2) i io: ka (ky2)?
a k€ (m+1)! d(k.z)m+! g(m+q+2)
m:O m=0 ¢g=0
(S54)

Inserting this representation for /3 into Eq. (S52)), one can see that only even values of m remain. Denoting

m = 2p, one obtains
A= i i ke (555)
i (2p + D! g'(2p+q+2)

that is identical to Eq. (13) up to relabeling of mute variables. Hence, Eq. (13) is now justified.

In order to derive the formulas for B and C, we recall that, according to the results of Section |Z|,

2 -1
oSt i
c Z me+2n+1$m(—7’i)n (m + 2n)!1(m — )N (S57)

I n’
v ot m!l(m + 2n + 1)!!

where F, F1, Fa, . . . are coefficients of series expansion (S29) of function F(z), and F(x) is the numerator
of the right-hand side of Eq. (S27). One can write this numerator as follows:

Flz) = FO 4 FO() + FO(2) + FD(2) (S58)
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with
FO = 2Bk, (859)
.7:(2)(:6) = yz (W) ’ (S60)
|
2Bk2y [ ke + kyy
FO@) = -5 ( ! (s61)
ki |
Skyky kyx + k
FO(@) = 5 ay ( L yy) . (S62)
I |
Correspondingly,
B=pBY 4+ 52 L5634+ B4 (S63)
and
c=cW 4@ 4B 4c@, (S64)

Since F(1) does not depend on z, its series expansion contains only the zeroth term. Therefore
B — £(1) — —z3ky)\ (S65)

and
¢ —o. (S66)

The series expansion for quantity BW can be obtained from Eqgs. 1i ID and |b Only odd values
of subscript m remain, so it is convenient to represent them as m = 2p + 1. As a result,

D — .3 ii TRV (k) (S67)
B yp = 2p+2 q'2p+q+3)

In order to find B3 and C?), it is necessary to substitute value £ = (k,z + kyy)/k of argument { into
Eq. (S54), and then expand factors (k€)™

m
(ng)m = (kyz + kyy Z ( ) kyr)® yy)m_sa (S68)
5=0
where |
m m!
= S69
< s ) sl(m — s)! (569)
Egs. (S54), (S60) and (S68), after introducing summation index v = m — s instead of m, give rise to
(0. 9] ©.9] o0
2) \ _ s+u ) (kyy)* (ky2)? <70
z) yz;;;( ) GrutD)! gd(stutqgt2) (570)
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This equation can be rewritten as

FO@)y=F 4 FOr 4 FP22 4 (S71)
where
s+u k5 (kyy)" (k22)?
= S72
yzuzngo( u ) (s+u+D)g(s+u+qg+2) (572)

These values of F, 3(2), being inserted into Egs. (S56) and ID provide the following expressions for 3 (2)
and C(2):

K 2+ u (—K2r2)™ (kyy)® (kyz) (2n — 1)
—yzZZZ( u )2n+u—|—1)!q!(2n—i—u+q+2) (2n)!! 7 (573)

n=0u=0 ¢=0

_kxyziiii(er%erl)

m=0n=0u=0 qg=0
(kp)™ (—k2r3)™ (kyy)" (k22)7  (mA4-2n)!(m—1)!!

. (574
(m+2n+u+2)! ¢! (m+2n+u+q+3) m!(m+2n+1)!! (574)

Quantities 8(3), B (4), CB) and cW depend on function ~. Therefore, our next goal is to find out the series
expansion for this function. According to Egs. (S16), (S24) and (S23)),

1 pliz) — B(—iz),  Pliz) + B(—iz)
— _ - S75
() = gy |0 - HES e : (s75)
Expanding function /3 into the Maclaurin series
oo
=) Bm™, (S76)
m=0
where
0 km (k z)?
, S77
Z (m+1)lq! (m+q+2) (577
one can obtain the following representation for function ~:
[0.9]
=" B (&), (S78)
m=0

10
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where functions ~,, (&) are defined by Eq. (S75), in which () is replaced with . For even values of m

(€)= g = &M HET T i) + €0 (i) L+ (i)™

(m—2)/2

Z gm 2t— 2 Z2>t, (579)

and for odd values of m

g — (i)™ ¢

g7 Em2 4 €M) 4 €m0 (i)t L 4 e i)™

'Ym(g) =

(m—3)/2

Z fm 2t— 2 22>t. (SSO)

Note that (&) = v1(£) = 0 for all £. Egs. (S78) — (S80) can be summarized as follows:

Y€)= B2 (=22), (S81)

where square brackets denote the integer part. Introducing parameter p = m — 2¢ — 2, one can rewrite
Eq. (S81) in a more convenient form:

= Z Z Bpraet2E? (=2°)". (S82)
p=0 t=0

Substituting Eq. (S77) here, we obtain the final expression for function v as a power series:

O EE (P (k) (ha)f
y(g)zkﬁZZ;(HZHB) lp+2t+q+4) (583)

This expression is to be put into Eqs. (S61) and (S62) in order to obtain series expansions for F (3) (x)
and F4) (). After transformations similar to Eqs. (S68) — (S70), function F(®)(z) takes the form

00 00 00 s+ u (kxl’)s(k ) ( kﬁ 2) (]C Z)q
f<3><x>=—z3kiyZ_ZZZZ< u )(s+u+2t+3) srutaitgrd O

<s—|—u) (kaw)** (kyy)" (—kifz?)" (k:2)?
(

S85
s+Hu+2t+3) g (s+u+2t+q+4) (585)
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From Eq. (S84), one can obtain contributions 83) and C) via Egs. (S56) and (S57), correspondingly:

Sy > ()
(=kZr?)" (kyy)" (—kf2%)" (k=2)T (2n — 1)

S86
(2n+u+2t+3) ¢'2n+u+2t+qg+4) (2o 7 (586)
0. 9] oo ©.9] o [0.@]
— 33 m-+2n+u+1
mzzzzz(
m=0n=0u=0 t=0 ¢q=0
. (ko)™ (=kZr} )" (kyy)" (—ki2?)" (k22)1 (m o+ 20 m = DU o
(m+2n+u+2t+4) gm+2n+u+2t+qg+5) ml(m+2n+1)I"
Similarly, it follows from Eq. (S83]) that
oo o o0 o
BW — 352, yTLZZZ <2n+u—|—1)
n=0u=0 t=0 ¢=0
(=kZr? )" (kyy)" (=k{2?) (k22)T (2 + 1) (s58)
(2n—|—u+2t—|—4) ¢'2n+u+2t4+qg+5) 2n+2)I
oo oo o0 o o
3 m+2n+u
¢ =k, Y5 (M)
m=0n=0u=0 t=0 ¢q=0
(ko)™ (—=kgrd )" (kyy)" (—kifz*)" (kz2)? (ot 20 (m = DU o

X :
(m+2n+u+2t+3) g (m+2n+u+2t+qg+4) m!l(m+2n+1)!

Summing all the contributions B, B2, BB) B(*) given by Eqs. (S67), (S73), (S86) and , one can
obtain Eq. (14) for function B. Similarly, Eq. (15) for function C can be obtained as a sum of contributions
@, B, c@ from Eqs. (S74), (S87) and (S89). Therefore, representations (14) and (15) for functions B
and C have been derived.

4 CONVERGENCE OF SERIES THAT REPRESENT FUNCTIONS 4, 5 AND C

In this section, we apply the direct comparison test for proving the convergence of infinite series (13) —
(15) that represent functions A, B and C.

Let us consider the expression to the right of summation signs in Eq. (13). There is an upper estimate for
the absolute value of this expression:

I
sl2u+ 1)!(s + 2u + 2) s! u!

(/{Z Z)s(_k222>u JE “{32 2|u
=2 . (S90)

12
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Consequently,
) Jfez2 z| Ll
A < |2 !ZZ . (S91)
5=0 u=0 ’
The right-hand side of Eq. (S91)) is a converging series:
A S B T e (st 4 1222 (592)
P I '

s=0 u=0

Therefore series (13), that defines quantity .4, also converges by virtue of the direct comparison test.

Quantity 5, as defined by Eq. (14), is a sum of four contributions B, B2, B3) and B given by
Egs. (S67), (S73), (S86) and (S88), correspondingly. Their convergence can be tested separately.

The convergence proof for B (1) is essentially the same as that for A:

| k.z
1BY| < |23k, !ZZ ” k2t ’ = |k, \exp(|k”z \—i—\kz,z]). (S93)
p=0 ¢=0
Similarly,
00 00 00 2
\k r \” k. y“ k.z
O < el 3 505 L AR R e (202 4 gl + ). 590
n=0u=0 ¢q=0 ’

0o 00 00 00 ‘k22t’kz‘q

k2 k .
|B(3)| < |23k2y|zzzzf 71| | yyl - p

n=0u=0 t=0 ¢=0

= |23k2y| exp (\k% |+ [kyyl + [K322] + \kzzy) . (S95)
and the upper estimate for B (4) is the same as that for B, up to the factor before the exponent:
IBY] < 232k, |exp (k23 |+ gyl + k22 + k=21 (S96)

Hence, representation (14) of quantity B is a converging series.

Similar considerations apply to quantity C. Its representation as an infinite series, Eq. (15), is a sum of
contributions C?), C(3) and C(*) defined by Egs. (S74), (S87) and (S89), correspondingly. Then,

0O 00 00 00 2 n
Ik'm:vl Ik | kyyl" k22|
OO < el 33737 ol It

m=0n=0u=0 q=0

= |koyz| exp (|kax| + |k2r7 | + |kyy| + |k22]), (S97)
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O 00 00 00 2 n w ’k‘Q 2|t q
3) 3,3 \k’xﬂ?| |/<? | % k22|
) < il 32355 3 et ST gt T e

n=0u=0 t=0 ¢=0

= 2%k y| exp <|kxa:| 1203+ [leyy] + k22 + ka2l ), (S98)

and
ICD| < |23k ky| exp <|kxx\ + K207 |+ LRyl + K727+ \k:zz|). (S99)

This proves that C(2), C(®) and C) are converging series. Consequently, the power-series representation (15)
for quantity C converges.

5 TRANSITION FROM COORDINATE SYSTEM K TO & 1;: DERIVATION OF
EQUATIONS (S26) AND (S27)

For clarity, we indicate near each equation of this section, whether it is related to coordinate system Ky or
to K fe-

In system Ky, 2- and y-components of vector k are equal to 0 and k|, respectively (see Fig. ).
Therefore
k-r= k||y+k:zz, (Kf) (5100)

while in system K fe .
k-r=~Fkx+kyy+ k2. (Kpe) (S101)

Taking into account that quantities k - r, k, and z are the same in both coordinate systems, one can obtain

transformation rule (S26) from Eqs. (ST00) and (ST0T).
Then, let us consider the left-hand side of Eq. 1} In system K fe» vector v is equal to

v="Lly0. (K (8102)

The unit vector b in this system is directed along axis y (see Fig.[S2). Hence,

b-v=u,=2 (Kp) (S103)

Vectors b and w lie in the zy-plane in system K. Then, according Eq. (ST3)),

xbyy + kHby)\

r

(K;) (S104)
and

r-b=axb, +yb,. (K (S105)
Deriving xb, from Eq. and substituting it into Eq. (SI04), one can obtain

r by — ybyy + Kby
bow = S () (S106)

14
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Let us perform the transition from K to f(f@ in Eq. (S106). In system Ky, k = (0, k|, k,) and b =
(bz, by, 0), whence
k-b=Fkb,. (Ky) (S107)

On the other hand, b = (0, 1,0) in system K ;. Consequently
k-b=Fk, (Kp) (S108)

r-b=y. (Kj) (S109)
Egs. (S107) and (S108)) provide the transformation rule for quantity b, from K to K fe:

b, — Ry (S110)
k|

Applying transformation rules (S26) and (STIO) to Eq. (ST06) and using Eq. (ST09), one can express
quantity b - w in system Ky, as follows:

Yy -

b-w= '7" - (Kfe) (S111)

Finally, gathering Eqgs. (S103) and (S111) together, writing r as y/22 + 2 + 22 and taking into account

that

(kww"‘:gy)ky’y + k?y/\

Ki=ki+ky, (K (S112)

one can easily derive Eq. (S27).

6 REDUCING INTEGRAL £z TO INTEGRAL Ly

It is convenient to introduce dimensionless quantities &7 = /7, T2 = x2/r |, 71 = 4 /:v% + ri /71,

fo = 1/x3+ 1% /r,, and
™ d
—r] / - (S113)
,/ + 7’
In these notations, L. = L and
oo
Lie=> Fur'l Ln. (S114)

Relations (S31)) and (S32)) acquire the following form:

_ 1 ~Nn— 1A _ -1
P S B ek W S SR (S115)
n n
Ly = fy— 7. (S116)
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Applying these relations repeatedly, one can express all integrals L,, withn = 1,2, 3, ... via quantities Ly,
:%1’ :132, f’l and f’z:

Ly =179 — 71,
1 1

Ly = —§L0 + 5(:%2722 — I171),
Ly=—Z(fa—71)+ %(333@) — &%),
Ly= % 0— %(:zm — &171) + i(@f? — 371),
and so on. These results can be summarized as follows:
n—1
Ly = anLo+ Y bup(ihia — i71), (S117)
p=0

where a,, and b, are some numerical coefficients. Our next goal is to find their values.

It is easy to find out from Eqgs. (STT3]) and (STT6)) that

0, if n is odd, (S118)

ap = n (n—

" (—1)7%, if n is even.
This equality holds also at n = 0, if we imply that (—1)!! = 0!! = 1.
Let us prove that

n—p— — Dt (p—1

bap = (—1)" 5 (n )” (]f' Mo <p<n-—1landn — pis odd, (S119)
n!!p!!

bnp = 0 otherwise. (§120)

Indeed, Egs. and (S120) provide correct results for n = 0 and n = 1: all by, and by, are equal to
zero, except for byg = 1. For n > 2, coefficients b, can be determined by means of recurrence relation

n—1

_Tb(n—Q)p> lfp <n-— 1,
bup = 4 L, ifp=n—1, (S121)
0, ifp>n—1

that follows from Eq. (ST15). One can check that coefficients by, defined by Eqs. (STT9) and (ST20) obey
relation (SI2T)). This proves that Eqs. (ST19) and (S120) are valid.

Finally, after substituting Egs. (SIT7) — (S120) into Eq. (ST14) and some renaming of subscript indexes,
integral L. acquires the form expressed by Eqs. (S33) — (S33).
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