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Proof of Proposition 1

The unstable subsystem dynamics (19), starting from the initial condition (20), gives the following state
evolution

xu(t) =
√
λLIP

∫ ∞
t

e−
√
λLIP(τ−t)xz(τ)dτ.

By adding and subtracting xz(t) inside the integral we get

xu(t) =
√
λLIP

∫ ∞
t

e−
√
λLIP(τ−t)(xz(τ) + xz(t)− xz(t))dτ,

after which we can separate and solve the integral only for xz(t) (which is independent of τ ), and obtain

xu(t)− xz(t) =
√
λLIP

∫ ∞
t

e−
√
λLIP(τ−t)(xz(τ)− xz(t))dτ.

The term inside the integral can be bounded using the hypothesis on the ZMP trajectory, i.e. |xz(t′) −
xz(t)| ≤ a+ b(t′ − t). After solving the integral, we get

|xu(t)− xz(t)| ≤
√
λLIP

∣∣∣∣∫ ∞
t

e−
√
λLIP(τ−t)(xz(τ)− xz(t))dτ

∣∣∣∣ ≤ a+
b√
λLIP

=Mu.

Note that this also implies, from (19), that |ẋu| ≤
√
λLIPMu.

The dynamics of the CoM can be rewritten in terms of the evolution of xu, giving

ẋc = −
√
λLIP(xc − xu),

which, by treating xu as an input, evolves as

xc(t) = xc(t0)e
−
√
λLIP(t−t0) +

√
λLIP

∫ t

t0

e−
√
λLIP(t−τ)xu(τ)dτ,

where t0 is the time at which the algorithm is initialized. Expanding the integral by parts and using the
triangle inequality (|α + β| ≤ |α|+ |β|, ∀α, β ∈ R) allows to bound the difference between xc and xu as

|xc(t)− xu(t)| ≤
∣∣∣(xc(t0)− xu(t0)) e−√λLIP(t−t0)∣∣∣+ ∣∣∣∣∫ t

t0

e−
√
λLIP(t−τ)ẋu(t)dτ

∣∣∣∣ ≤ S +Mu,
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having used the bound on ẋu and having defined S = |xc(t0)− xu(t0)|. Note that S can often be assumed
to be zero, as the robot is usually not moving at t0.

A bound on the CoM/ZMP displacement is obtained as follows,

|xc(t)− xz(t)| ≤ |xc(t)− xu(t)|+ |xu(t)− xz(t)| ≤ S + 2Mu =M,

proving the thesis.

Frontiers 2


