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1 SUPPLEMENTARY DATA
1.1 APPENDIX A

In this section, we describe in detail certain results about sampling in the main text.

1.1.1 Spectrum with sampling interval k  Here we show that S*)(w) is given by Eq. (14) in the
main text in which S(w) is the spectrum for the original time series {Xo, X1, Xo,- - -}, k is the

sampling interval length, which is a positive integer, for discrete time series, and S*) (w) is the
spectrum for time series {Xo, Xg, Xok, - - -}. By the Wiener-Khinchin theorem, the spectrum of a

time series can be written as the Fourier transform of the covariance series cov(n), i.e., cov(n) =
E(X¢, Xi4n), n is an integer, i.e.

and
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Then
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1kl 21j 1t m
z > S(% + %) = 7 > (cov(mk)ezkk‘”k:> :
j=0 m=—00
+0o0 .
= > cov(mk)e™,
m=—oo
= $Ow),

which is Eq. (14) in the main text as we desire to show.

1.1.2  Special bivariate time series yielding Fé@y = Fé’“y) = 0 Here we briefly illustrate that for

discrete time series X; and Y;, if Yy, t is an integer, is a white noise series and cov(Y;, X¢—;) = 0
for any positive integer ¢ > 0, then Féﬁy = 0. In particular, when cov (Y, X;—;) = 0 for any integer
120, Fa(jli))y = ;Sky) =0.

Note that the time series with sampling interval k for Xy, Y;, t is an integer, are X;; and Yj;. Since
Y;1 is a white noise series, the auto-regression residual series is Yy itself. Thus, ng) = var(Yy) =
var(Yz). Since Yy is uncorrelated with the set X;_;)r, Y, (integer i > 0), the joint regression

residual series is also Yy itself. Therefore, ng) = ng) = var(Y;). By definition (6) in the main text,
FM, =t o,

FZ

When cov(Yy, Xi—;) = 0 for i > 0, Yy is uncorrelated with X;_;);, 7 > 0 and Y(;_j)g, j > 0, which

implies that Tgk) = E(ea@r), Yor)) = 0 (otherwise Yy, is correlated with X, i = 0). Then, by

. . . (k) s
definition (7) in the main text, we obtain Fy.; =1 |22(k)2‘ = 0.

1.1.8  Computation of Flgk_)m in Case 1.1 We consider the case b(L) = Z;L:O‘f e~ 74 [J | which has
no oscillations in b(L). From Eq. (12) in the main text, we have

—
Yy—x T

k) = o — 21/ In [C = b (w)b¥) (w)*] dw, (1)

-7
where C' = a(w)a*(w)p + b(w)b*(w), and b (w) = Z;L:“f e~ 7akie=@J which can be simplified as

e—Tdke—zw

- 1 — ¢ Tdke—iw’

b (w)
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For C' > (eﬂ%l)% we obtain
k) 1 14(1 1) ok 14 (1 1 —274k ? Ae—27dk 9
y—oo = TG +( —5)6 + +(—5)€ —4ae : (2)
Under Approximation I: C' > b (w)b#) (w)*, we have
efQTdk

which is Eq. (18) in the main text.

1.1.4  Computation of Fy(@)m in Case 1.2 We consider b(L) = Z;;O‘f e Tdicos(B) L7 to examine
whether oscillations in the coupling b(L) may induce oscillations in the GC sampling structure.

For this case, we have

+m . . .
bV (w) = > e TR cos(Blj)e
j=1
gk o—iw —eTdke= W 1 cosBk 4
= € € (1 _ e—Tdke—iweiﬁk)(l _ e—Tdke—iwe—iﬁk)’ ( )

Under Approximation I: €' > b¥)(w)b*) (w)*, we have

F(k) B e—ZTdk(l _ 36_27—dk)6082ﬁ]{3 + 6—4Tdk + e—GTdk
VT O(1 — em2mak) (1 4 e2mak — 2e~TdkcosBk) (1 + e2Tak 4 2e~Takcos k)’

(5)
Under Approximation 11, i.e., large 75 and k, we can obtain a simplified approximate expression of
Eq. (5)

1
Fy(]i)m = 6(6_4Tdk + e 2Tk cos? B, (6)

which is Eq. (19) in the main text.

1.1.5  Computation of Fy@m in Case 1.5 We consider oscillations with phase ¢ in b(L), that is,
b(L) = Zj:‘xf e~ Tdcos(fj + ¢)L7. Under Approximation I, we have
2 ) _» C
e~ 2Tk cos?(Bk + ¢) — ge 4Tk (2c082Bk + cos2¢ + cos2(Bk + ¢)) + e STk cos¢p
C(1+ e2mak — 2e=TdkcosPk) (1 4 e=27dk + 2e~Takcos k) (1 — e~ 27dF) ’
(7)

where the dominant oscillation term is e_QTdkCOSZ(Bk: + ¢). Under this approximation, the following
approximation is obtained

Fk -~

dw,

FR) ée%dkcosmk o), (8)

Yy—x
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which is Eq. (20) in the main text. For a special case, when ¢ = —7F, from Eq. (7), we obtain

k) e~ 2mdk (1 4 ¢ 27ak)sin? gk
y—xr C(l 4 e—27ak _ 2€_TdkCOsﬂl€)(1 + e—21ak + 2€_TdkCOSB/{Z)(1 — e_ZTdk)’

(9)

which can be further approximated by

1
FR) ae_QTdksiHQBk, (10)

Yy—T

which is Eq. (21) in the main text.

1.2 APPENDIX B

1.2.1 Spectral matriz S(7)(w) as 7 — 0 The covariance matrix G(n7) for X,r, Yy, is a sampling
of covariance matrix G(s) for X, Y, where s is a real value. G(s) is defined as

cov( Xy, Xy—s)  cov(Xy, Yies)

G(s) = cov(Yy, Xi—s) cov(Yy,Yies) |- (11)

By the Wiener-Khinchin theorem Chatfield (2003), spectral matrix S(7)(w) is the Fourier

transform of covariance matrix G(n7), that is, S(V(w) = 25> __ G(n71)e~ ™. The relation between
real frequency f for continuous-time processes and w in the discrete time is w = 277 f. Then,

400 )
ST(w)= Y G(nr)e (12)

By fixing the frequency f and taking the limit of 7 — 0, replacing the summation in Eq. (12) by
integration, we have

+00
8 (w) — / G(s)e 2/ ds (13)
as 7 — 0. Defining
+0o0
P(f)= [ Gl s (14)

which is the power spectral density Rieke et al. (1999) of continuous process Xy, Y, i.e.,

78" (w) — P(f) as 7 — 0. Rewrite this equation in terms of all the components of the matrix, we
obtain

Sg;)(w) Sg(c?(w) Poo(f)  Puy(f)
Sz(/;‘)(w) Sg(;gT,)(w) %[Pyx(f) Pyy(f) (15)

as 7 — 0, which is the limiting behavior of spectrum matrix S(7) (w) as sampling interval length 7
approaches 0.




Zhou et al. Supplementary Material

1.2.2 GCast — 0 For spectral matrix S(7)(w), we have the following factorization Wilson
(1972)

S(T)(w) _ A(T)(eiw>A(7)(eiW)*7 (16)

where * denotes matrix adjoint. The factorization is unique if A(7)(z) and A(7)(2)~! are analytic
inside the unit disk and A(T)(O) is real, upper triangular with positive diagonal coefficients
Wilson (1972). Set (7 = AD(0)AM(0)*, HD(w) = A (¥)AM(0)~!, then ST (w) can
be decomposed as

S (w) = HD (w)SOH (w)*, (17)
(1) (1)
where H( (w) = [ H:‘(”f () H“(’ZT/) (w) . By the mean value property of an analytic function,
Hyo'(w)  Hyy (w)

one has % ffﬂ H()(w)dw = I (I is the identity matrix). The relation between real frequency
f for continuous-time processes and w in the discrete time is w = 277f. Then, we obtain

1
/™ TH(T)(2W7f>df = I, which implies that H;l(cz;), ;&? and H@(,;) are scaled as % as 7 — 0 as
~2r
confirmed in Supplementary Fig. 1 for time series obtained for the neuronal network reconstruction.
Combining the scaling of S(7) and H(7), one can see that 3(7) is scaled as 7 as 7 — 0. This scaling
is confirmed in Supplementary Fig. 1a.
Supplementary Figures 1b and ¢ display the convergence properties of H’s, in which we verify
that 7H(™) converges to a limit as the sampling interval length 7 approaches 0.

Defining H(f) = lim,o7HD277f), £ = lim,_ %2(7), we can show that P(f) can be

factorized as o
P(f) = H(f)XH(f)", (18)

where fj;o H(f)df = I. Using the components in the factorization (17), the sampled Granger

causalities using the frequency domain decomposition Geweke (1982); Ding et al. (2006), as
7 — 0, become Egs. (26) (27) and (28) in the main text.

Note that Fé@} is the sum of its positive components Fél)y, Fy@m and Fé.@), therefore F;gTy) is larger

than any of its components. If fj;o In[1 — C(f)]df is finite, then we can easily show that %Fé@),

(1) 1 (7)

%Fx_)y, ;FZST_)M; and %FxTy all approach finite values in the limit of 7 — 0. As mentioned in the

main text, these limits are related to intrinsic properties of continuous time processes. Therefore,
the Granger causality is linearly proportional to the sampling interval length 7 for small 7.

1.3 APPENDIX C

From our observation, the GC values are very small as sampling interval length 7 — 0. Under this
condition, we should consider the estimator bias of GC in order to precisely recover the limit GC
sampling structure as 7 — 0 through numerical approach. From Ref. Geweke (1982), for bivariate
time series Xy, Y3, if the true GC value Fy_y, Fyyy, Fp.y and Fyy are 0, then, nkF,_,, ~ 2(p),
nﬁ’y_m ~ x2(p), nﬁ’x.y ~ x?(1), nﬁ’w’y ~ X?(2p + 1), where p is the regression order, n is the
length of time series, the caret symbol denotes the sample estimate. If F,_,,, Fy_.., Fy., and
F,, are positive, then nFI_W ~ X% (p,nFyy), nﬁy_m ~ X2 (p,nFy—z), nﬁx.y ~ X?(1,nFy.),

nly, ~ X'2(2p + 1,nF,,), where X' is the noncentral chi-square distribution. Therefore, the
estimate biases of GC values are AF,_,, = E(Fx%y —Foyy) =B AF, = E(ﬁyﬁx —Fyz) =

n’
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Supplementary Figure 1.(a) The covariance 2(27) (red), Fg) (cyan) and T;T) (dash red) as
H:EQ‘. (c) ’Hﬁ?‘. Inset: T‘Ha@;).

Sampling interval lengths are 0.0625ms (cyan star), 0.125ms (dash red), 0.25ms (dash cyan),
0.5ms (red), 1 ms (cyan) respectively. The time series are generated by a two-neuron I&F network

with parameters v = 1ms™!, A\ = 0.0177, Szy = 0, sy = 0.02.

a function of the sampling interval 7. (b) ‘ 3(673—;) . Inset: 7

AFpy =E(Fpy—Fpy) = %, AFyy=E(Fpy—Fry) = 2p+1 regardless of whether the true value of
GC vanishes or not. We can faithfully recover the limit ele sampling structure by subtracting the
estimator biases from the numerical estimators of GC values. Note that this approach may lead to
slightly negative numerical GC values due to statistical fluctuations if the theoretical value of GC
vanishes originally.

SUPPLEMENTARY FIGURES
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Supplementary Figure 2.The GC sampling structure for the bidirectional two-neuron network.
Parameters of the network are v = Ims™1, A = 0.0177, s, = 0.015 and sy, = 0.02. (a) GC vs.
sampling interval length: F,_,, (red), Fy_; (cyan) obtained from voltage time series and Fy_.,
(red dash), Fj_, (cyan dash) obtained from spike train time series with sampling interval 7. (b)
The corresponding spectra of the voltage time series for (a): Sz, (cyan), Sy, (red), |Syy| (black).
(c) The GC sampling structure as sampling interval length tends to zero. F,_,, (red), Fyy—, (cyan)
obtained from voltage time series and Fj_,, (red dash), Fy_,; (cyan dash) obtained from spike train

time series with sampling interval length 7. (d) %Fx@y (red), %F&Qm (cyan) for voltage time series

and %FQET_)W (red dash), %FZST_)W; (cyan dash) for spike train time series vs. sampling interval length
7. Note that we have subtracted the estimation bias of GC from the estimate of GC values for (c)
and (d). The procedure of removing biases is described in Appendix C.
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