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In this section, we mainly prove all the Theorems.

Let’s rewrite the equation as follows
(FD)(t) =([(P =« H)(t) + a(D = V)(t)] ~ = T3(t))
x [(P* H)(t) +a(D*V)(®)]F
=% ((I(P = H)(t) + a(D + V)(£)[+T'3)(t)
— (P *9)(t) + a(D * K)(t)))
x %(|(P* H)(t) + a(D * V)(1)|

+ (P*H)(t) 4+ a(D*V)(t)), (1)

THE PROOF OF THEOREM 4. By equation

and the properties of absolute value |-|, we
have

2((FD)(@O)<I(P = H)(@)[||P* H[xT'3 ()| +(P * H)(2)|
X |laD * V[+T3(8)[+|(P * H)(?)]
X |(Px S) )| +[(P + H)(8)]|a(D * K)(2)]
+ [a(D =« V)(@)|(P * S)(#)[+|a(D * V)(?)]
X |a(D* K)(@)|+]a(D + V)OI (P + H)|

* D3 (t)|+]a(D * V) (¥)|||aD * V|«3(t)].

Adopting Holder’s inequality and (H ), we deduce
that

2 1 1
2(|FDllp2 <[IPlz2lHI L2 (Tallp2l[HI[ 2 T2 + |a|T=
P2 [1H L2 ITsll 2 VIl o 1Dl L2
1
+ 1PNzl H 2Pl 211 2T
1
+ lalllPll 2 Hl 2 |1 K 21Dl 12 T2
1
+ lalI D2 (VI 2 1T 2 [[H [ 2 T2
1
+a®[ DIV 2 ITsl L2 [V 1 T2
1
+ allI D2 (VI L2 T2 | Pll 2 (1Sl L2
1
+a? DI VI L2 KL= T2, @
which implies that || F'D||;2 < oco. On the other
hand, we notice that [((P* H ) (t)+a(D*V)(t)]" >
Oand ([P*H +aD V|~ x'p, 7,)(t) > 0, it easily

follows that F(L2([0,T), Ry)) C L*([0,T], Ry).
The proof is completed.

THE PROOF OF THEOREM 5. Let {D,,} and
Dy € L*([0,T], Ry) such that || D,, — Dg||;2 — 0
as n — oo. By applying equation (1) and the
properties of absolute value |-|, we obtain

|(FDp)(t) — (FDo) ()]

<I((P*H +aDn xV]™ = [Px H +aDoxV]™)
*T'3(t) x [Px H(t) +aDo * V(1)
+ ([P * H(t) + aDyp * V()] * — [P H(t)

+aDo * V(#)]T) x ([P* H+ aDy V]~ xT3(t))].
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By using f* = (|f|+/)/2and f~ = (|f|-f)/2.

we have

2[(FDn)(t) = (FDo) ()]
<(|(la(Dn = Do) * V[+I'3)(t)|+|a(Dn — Do) x K(t)[)
X (|P* H(t)|+]aDo * V(B)]) + (|la(Dn — Do) * V(2)])
X (||P+ H|+T'3 ()| +[|aDyp * V[+I'3(2)])- (©)

Using Holder’s inequality and (H1), we get
|FDpn — FDo|| 2
1
<(lallVIi2 Tl 2 I Pll 2 1 1 T2 + a? || V]l 2

1 1

XAl 21 Dnll L2 IV T2 + Slalll Pl 2 1 HI L2

11 1

X Asllpz VI T2 + Clall Pl 12l 2 1Kl 2 T2
1, 1
+ a7 [1Doll2 V2 ITsll 2 VIl T2

1, 1
t5e Dol L2 IV L2 1K 272 ) % [[Dn — Doll 2

=Q||Dn — Dol 2, @
which by () yields that
lim_|[FDy — FDo| 2 = 0. )

Therefore F' is continuous. The proof is completed.

THE PROOF OF THEOREM 6. To show the
compactness of operator F', it only needs to
prove that the operator F' maps bounded sets
S of L?([0,T], Ry) into a sequentially compact
set. It means that we need to prove F(S) is a
sequentially compact set. Let S be a bounded set of
L*([0,T], R+), there exists a real number M > 0
such that || D|[z2 < M, for any D € 5. We will
derive F'(S) is a sequentially compact set in the
following two steps. Firstly, we prove F(S) is
bounded. It follows from the (I]) that

2 1 1
L2 > L2 L2 32 Ll L2
2(|[FDllp2 <IIPlz2llH| 2Tl 2 (| HI[p2 T> + |a| T2 || P
X [ H| 2Tl 2 (VI L2 1 Pllp2 + 1Pl g2 [1H [l 2
1
X IPl[p2llSl2T2 + lall Pllp2 1 HI L2 1Kl L2
1 1
X [Dll2T2 +[al[| Dl 2 (VI 21Tl 2 T2
1
< ||H|| L1 + a® | DIIZ2 IV [ 21Tl 2 V]| 1 T2

1
+ 1allI Dl 2 VIl 2 (|1 Pl L2 1Sl 2 T2

Now, let § > 0and 0 < h < §, we have

|(FD) (¢ +h) = (FD)(1)]

S%(IP # (H(t+h) — H)|+|aD = (V(t+h) — V(1))])

x (|laD * K(t 4+ h)|+|(|P * H|+T'3(t + k)|

+ [P« S(t+ h)|+||aD * V|«L3(t + h)|)

+ 3 (2I(P « H)J(Ta(t + h) — Ta(0)]

+ |laD = V|%(T3(t + h) — T'z(t))|
- K(@®)I)

x (|(Px H)(®)|+|a(D « V)(£)])

+ laD x (K(t + h)

=11 + I, 7
fora.e.t € [0, 7], where
21y = (|(IP * H[+T3)(t + h)|+|(P * S)(t + h)]
+ [(JaD * V[+T3)(t + h)|+|a(D = K)(t + h)|)
H(t))[+(I(P * S)(t + h)|

)
x [P (H ()~
AP HIHTs) 6+ B)+la(D » K) (¢ + )|
+[(|laD % V[+T's)(t + h)])
X |laD % (V(t + h) — V(1)) 8)
and

T2 =|P o Hls(Us (0 4+ )~ T3)(OI((P = H) (1)
+la(D = V)O) + 5 (P + YO +a(D * V)(O))]
% |laD V(T3 (t + k) — T3 (t))]|
+ 5 (P s )OI Ha(D = V)(0))
x |aD % (K(t + h) — K(1))].

Let us first discuss the /1. By applying Holder’s
inequality and (H1), we deduce that

11llp2 <5 (||F3||L2||P||L2”H”L1||P||L2T2 +1alTZ ||V 1

X ITsll 2Dl 2| Pllz + P> T|S]] 2

+1alllDll 2 I K| g2 Pll 2 T%)

/\H(tJrh

1 1
+ 5(|C"H|F3HL2 P2 |1 HI L1 1Dl 2 T2 + a®T'2

(t)[%dt) 2

1
X |Tall 2PN IVl + lalllPll2 (IS 2T

1
X IDl|p2 + a?(| D[ 1K || 2 T2)

+ @[ DI IV 21K 272 ([ Vi n - vora. ©
<oo, 6 :
thus establishing condition (i) of Theorem 1.
Secondly, we prove condition (ii) of Theorem 1.
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Equation (9)) can be expressed as

1]l 2 gAl(/R\H(H h) — H(t)[2dt)?

+Bl(/R|V(t+h) —V(t)|2dt)?. (10)

Now, we discuss /2 in a same way. By applying
Holder’s inequality, we get that
1 1
2]l 2 <(IPl 2 Hl L2 [PllL2 1 H] 1 T2 + |all| D]l L2 T2
1 1
X IVl I H L IPll2 + SlalllPll2 [ H] 2T

1 1
X IDllp2lViizs + *aQHDIIiz||V||L2||V||L1T2)

[NE

><(/ IDa(t + h) — Ts(t)[2dt) +;
% (|1Pll 2l Hl 2Dl 12 T% + | D|22 [ V]| ,2T2)
x (/ |K(t+h) — K(t)|2dt)=. an
R

Equation (TT)) can be expressed as

|12 2 SAQ(/ Ta(t+ h) — F3(t)|2dt)%

R
+BQ(/|K(t+h)—K(t)|2dt)%. 12)
R

It follows from the (12)) and (10)) that

(FD)()l 2

H(t)2de)? + /\V(t—i—h

I(FD)(- + h) —
SAl(/R\H(tJrh)
V(1)2dt)? +A2(/ IDs(t + h) — Ta(t)|2dt) ?

+Bz(/R|K(t+h) K(t)] dt)% 13)

where A1, Aa, B1, Bs are positive real numbers. In
order to prove that condition (ii) of Theorem 1, we
discuss the right of the equation (13)). Since C.(R)
is dense in L2(R). Therefore for any H(t) € L?(R)
and ¢ > 0 there exists a function g € C.(R)
such that ||H — g[[z2 < 157, Applying continuity
of function ¢(¢), it follows that we can choose
61 > 0 with 0 < h < &y such that ([,|g(t + h) —

ﬁ(t)|2dt)§ < 1ga;- Therefore for 0 < h < 01, we
ave

IH(-+h) = H()ll 2

g(/ H(t + h) — g(t + h)[%dE)® + (/ gt + )

\dt2+(/|g \dt

€

X 3= 14
124, 4A1

In same way, we can choose do, d3 and d4 > 0
with 0 < h < 99, 0 < h < d3and 0 < h <

54 such that ([|V(t + h) — V($)]%dt)2 < 15,
(JalTs(t -+ 1) = Ts(1)dt)? < zig; and (fylK (¢t +
h) — K(t)|2dt)% < 15, Therefore we can take
0= min{él, 03, 03, 54} with 0 < h < ¢ such that

=

(/[O,T]‘(FD)(”’”‘( D) (1)[2dt) (15)

Thanks to (T3], it is clear that condition (ii) of
Theorem 1 is satisfied. Further, it follows from the
Theorem 1 that F'(.S) is a sequentially compact set.
The proof is completed.

THE PROOF OF THEOREM 7. Let r be a
positive real number and consider the closed,
convex and bounded set B, of L2, which is defined
by

By ={D € L*([0,T], R+),||D||p2 <7}

For any D € B,. From (I)), it immediately follows
that

(FD)(®)|<5 (1P * SOI+|P + HTs(0)]+aD = K (1)
+[laD x VIsTs(1)]) x (I(P* H)(®)|
+la(D *V)(®)]). (16)
By simple calculation, we deduce that
1EDl2 S IPIR I oo ISl T + S 1l TS

x| Hllpa ITalloo = 5 (1Pl 2 H oo 1K oo T3
+ 1Pl 2 H lloo|Ts | 2 VI g2 T + [P 2T
% [1Slloo IV lloo + P12 | H |1 175 o0 VIl oo
x T3)||D 2 + “2 (IVlloo TNVl 1 [ Tsl 2

F IV lloolE [T 31 DII2.-

Let N = 3V[<lVInTITsll2 +
VIl T2 Klloos = SIPI22l Hllool| ST +
P12 Hlloc | Hl 1 I3 T2,  and Q@ =
LUPN 2 H ool K Nl oT% + | Pll 2| H oo | V]|
HF33HL2T+HPHLszHooHVHOOT%+HPHL2HHHL1
T2||T'3|loo|| V|00 ), then we obtain

[(FD)llp2 < ¢ —aQ|ID|| 2 + a*N'[|D||7.. (17
Now, we consider the equation
0 —aQr+a®N'r? <r. (18)
has solutions. Let

b2 — 4ac = a?(Q* —4N'p) +2aQ +1 > 0. (19)
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In order to get our conclusions, we need to discuss
three cases. We first consider the following casel:

Casel: If Q?> — 4N'¢ = 0, we derive from (19)
that a € [ — %, O). Furthermore, by plugging a
into ((18)), we get

(aQ +1) —v2aQ + 1 < (aQ+1)++v2aQ + 1

2a2N’ = 2a2N’ 20
Moreover, when a € [ — %, 0), we have
(aQ+1) —V2aQ + 1 > 0. @

202N’ =
Therefore, we conclude that F'(B,) C B,. By
applying Theorem 3, we can get that the equation
has at least one solution on B, = {D S
L*([0,T],Ry), || D]l < r}. It is clear that
condition (7) of Theorem 7 is satisfied.

Now, we consider the case2:

Case2: If Q%> 4N’ > 0, by using (19), we easily
1

geta € — ) —
RN RN
applying a@ + 1 > 0, we geta € (— é, 0). Using

. Furthermore,

—1 —1
a €< , and together with
[Q—2\/N¢ Q—|—2\/Ng0} .
1 1 —
a€|—+,0),wecangeta € (— 5, ————|.
[ Q ) g ( Q Q+2\/N_g0}

By substituting a into (I8)), we have

(@Q+1) — /(aQ + 1)2 — 4a2N'¢p <
2a2N’ -

< (@Q+1) +V(@Q +1)> —4a® Ny
- 2a2N’
It follows from that F(B,) C B,. Based on
Theorem 3, we can get that the equation (I]) has
solutions on B, = {D € L*([0,T], Ry), || D|z2 <
r}. Therefore, the condition (iz) of Theorem 7 is
satisfied.

22

Finally, we consider the case3:

Case3: If Q> —4N'¢ < 0 and aQ + 1 > 0,
we derive from (19) that ¢ €

Furthermore, by applying (18], we get

(@Q+1) —/(aQ +1)2 —4a2N'¢p

2a2 N’ =
< (aQ +1) ++/(aQ +1)2 — 4a2N'¢p 93
"= 2a2N’ ’ @3

[_—1’0).
Q+2VNy

It follows from that F(B,) C B,. Based

on Theorem 3, we can get that the equation
has at least one solution on B, = {D €
L*([0,T),R4),||D||p2 < r}. Therefore, the
condition (7ii) of Theorem 7 is satisfied. The proof
is completed.

THE PROOF OF THEOREM 8. (i). Suppose
that exists two elements D1 (t), D2(t) € B, such
that D1 = F'Dy and Dy = FDs. Forae. t € [0,7],
using the definition of positive and negative, we
have

FDy — FDy =([P + H + aDy V]~  T3)(t) x [P % H(t)
+aDy x V()T —(([P*H+aDa* V]~
*T'3)(t) X [Px H(t) +aDa * V()"
1
:Z(|P*H+aD1 * V|—(P* H+aDy %V))
*'3(t) x (|[P*H+aD1*V|+Px H
1
+aD1*V)7Z(\P*H+aD2*V|

— (P+xH+aD2+V)) *I'3(t)

X (|[P*H+aDy+*V|+P+ H+aDy x V).

Moreover, applying the properties of absolute value
|-|, we have

|FDy — FDs|
1
S5 (la(Dr = D2) + VI3 ()| +]a(D1 — D2) * KI)
1
X (|P* H|+|aD1 * V|) + E‘G(Dl — D3) x V|

X (||P * H|«x'z(t)|+||laD2 * V[«'3(¢)]

+ |P * S|+|aD2 x K|).

Applying the Holder’s inequality and (H;), the
following inequality holds:

|FDy — FDal| 2
3
S(GQT(HVHooFBHL? VI T + 1K oo [V [0 T2)
1 1
—a(5||P||L2||H||ooF3HL2HVHL1T+ SIPI L2
3 1
[Hlloo[[KlloeT2 + SIIPl L2l H | L1 [Tslloo [[V]loo

3 1 3
T2 +§HPHL2HSHOOHVHOOT2) D1 — Dallp2. (24

In view of Q? — 4N’ = 0 and a € [—%, 0), we
derive from (24) that

|FD1 — FD2| 12 =(—aQ 4 2a2N'r)||D1 — Dal|;2,  (25)
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where 0 < (—aQ + 2a?N’r) < 1. This implies  and 0 < (—aQ + 2a®>N’r) < 1, which leads to
that F is contraction. (ii). If Q2 — 4N’ < 0 and  the operator F is contraction. Consequently, we get
for any a € [Q+2+\>N_'<p’ 0), from , we have Dy = Ds. The proof is completed.

|FD1 — FDs|l;2 <(—aQ + 2a®N’'r)||D1 — D22 (26)
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