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1 ROTATION MATRIX AND ITS DERIVATIVE

The rotation matrix R(θ) ∈R3 (θ= θn) that rotates an arbitrary vector in three-dimensional space
by an angle θ (θ ≥ 0) around the rotation axis n = (n1,n2,n3)T ∈ R3 (∥n∥ = 1) can be expressed as
follows (Géradin and Cardona, 2007):

R(θ)= cosθI3 + (1−cosθ)nnT+sinθ[n]×

=

 n2
1(1−cosθ)+cosθ n1n2(1−cosθ)−n3 sinθ n3n1(1−cosθ)+n2 sinθ

n1n2(1−cosθ)+n3 sinθ n2
2(1−cosθ)+cosθ n2n3(1−cosθ)−n1 sinθ

n3n1(1−cosθ)−n2 sinθ n2n3(1−cosθ)+n1 sinθ n2
3(1−cosθ)+cosθ

 (S1)

If θ and n are considered as functions of the vector θ= (θ1,θ2,θ3)T, the following equations hold:

θ = ∥θ∥ =
√
θ2

1 +θ2
2 +θ2

3

n= θ

θ
= θ√

θ2
1 +θ2

2 +θ2
3

Accordingly, defining e1 = (1,0,0)T, e2 = (0,1,0)T, and e3 = (0,0,1)T, when θ > 0, the first-order
derivatives of θ and n with respect to θl (l = 1,2,3) are calculated as

∂θ

∂θl
= θl√

θ2
1 +θ2

2 +θ2
3

= nl (S2)

∂n
∂θl

= 1
θ2

(
θ
∂θ

∂θl
−θ ∂θ

∂θl

)
= 1
θ

(el −nln) (S3)

Let δkl denote Kronecker delta. The derivatives of nk (k = 1,2,3) with respect to θl (l = 1,2,3) are
calculated as

∂nk

∂θl
= 1
θ

(δkl −nknl) (S4)

In addition, according to Eqs. (S2) and (S3), the following equations hold:

∂

∂θl

(
nnT

)
= 1
θ

(
elnT+neTl −2nlnnT

)
(S5)

∂

∂θl
[n]× = 1

θ
([el]×−nl[n]×) (S6)

∂cosθ
∂θl

=−nl sinθ (S7)

∂sinθ
∂θl

= nl cosθ (S8)
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Therefore, the first- and second-order derivatives of R(θ) are calculated as follows:

∂R(θ)
∂θl

=−nl sinθI3 +nl

(
sinθ−2

1−cosθ
θ

)
nnT

+nl

(
cosθ− sinθ

θ

)
[n]×+ 1−cosθ

θ

(
elnT+neTl

)
+ sinθ

θ
[el]×

(S9)

∂2R(θ)
∂θk∂θl

=−
{

nknl cosθ+ (δkl −nknl)
sinθ
θ

}
I3

+
{

nknl cosθ+ (δkl −5nknl)
sinθ
θ

−2(δkl −4nknl)
1−cosθ

θ2

}
nnT

+
{
−nknl sinθ+ (δkl −3nknl)

(
cosθ
θ

− sinθ
θ2

)}
[n]×

+
(
sinθ
θ

−2
1−cosθ

θ2

){
(nkel +nlek)nT+n (nkel +nlek)T

}
+ 1−cosθ

θ2

(
ekeTl +eleTk

)
+

(
cosθ
θ

− sinθ
θ2

)
(nk[el]×+nl[ek]×)

(S10)

Because these equations are not valid when θ = 0, the following relations should be utilized:

lim
θ→0

1−cosθ
θ

= 0

lim
θ→0

sinθ
θ

= 1

lim
θ→0

1−cosθ
θ2 = 1

2

lim
θ→0

(
cosθ
θ

− sinθ
θ2

)
= 0

Hence, when θ = 0 the first- and second-order derivatives of R(θ) are calculated as follows:

∂R(0)
∂θl

= [el]× (S11)

∂2R(θ)
∂θk∂θl

=−δklI3 + 1
2

(
ekeTl +eleTk

)
(S12)

2 DERIVATIVE OF INCOMPATIBILITY VECTOR

The first- and second-order derivatives of the components of the incompatibility vector C(W) are
derived which are in the compatibility matrix Γ(W)=∇WC(W) and in the second term of the Hessian
of the augmented Lagrangian HC(W,λ)=∇W

(
Γ(W)Tλ

)
, respectively. Let k (k = 1, . . . ,nN) denote the

index of node connecting to the j-th end of member i (i = 1, . . . ,nM; j = 1,2). The non-zero first-order
derivatives of the incompatibility vector of translation ∆Ui j defined in Eq. (10) with respect to the
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components of the generalized displacement vector W are calculated as follows for l = 1,2,3:

∂∆Ui j

∂V (l)
i

=−el (S13)

∂∆Ui j

∂Ψ(l)
i

=−∂R(Ψi)

∂Ψ(l)
i

ri j (S14)

∂∆Ui j

∂U (l)
k

= el (S15)

Note that the derivatives with respect to Θ(l)
k , ϕh (k = 1, . . . ,nN, h = 1, . . . ,nH) are equal to zero.

In addition, the derivatives with respect to V (l)
i′ , Ψ(l)

i′ , U (l)
k′ (i′ ̸= i, k′ ̸= k) are also equal to zero.

Therefore, the second-order derivative of ∆Ui j with respect to each component of W is 0 except for
the following term:

∂2∆Ui j

∂Ψ(l)
i ∂Ψ

(l′)
i

=− ∂2R(Ψi)

∂Ψ(l)
i ∂Ψ

(l′)
i

ri j (S16)

If the member end is rigidly connected to the node, the non-zero first-order derivatives of the
incompatibility vector of rotation ∆Θi j defined in the first equation of Eq. (11) with respect to the
components of W are calculated as follows:

∂∆Θi j

∂Ψ(l)
i

=−el (S17)

∂∆Θi j

∂Θ(l)
k

= el (S18)

Therefore, if the j-th end of member i is rigidly connected to the node, the second-order derivative
of ∆Θi j with respect to any component of W is zero. According to Eqs. (4), (7), and (9), if the j-th
end of member i is connected to node k via hinge h, the non-zero first-order derivatives of the
incompatibility vector of rotation ∆Θi j =Φi j(Ψi,Θk,ϕh) with respect to the components of W are
calculated as follows:

∂Φ(1)
i j

∂Ψ(l)
i

=
(
∂R(Ψi)

∂Ψ(l)
i

t〈1〉h

)
·
(
R(Θk)t〈2〉h

)
(S19)

∂Φ(2)
i j

∂Ψ(l)
i

=
(
∂R(Ψi)

∂Ψ(l)
i

t〈1〉h

)
·
(
R(Θk)t〈3〉h

)
(S20)

∂Φ(3)
i j

∂Ψ(l)
i

=
(
∂R(Ψi)

∂Ψ(l)
i

t〈2〉h

)
·
{
sinϕh

(
R(Θk)t〈2〉h

)
+cosϕh

(
R(Θk)t〈3〉h

)}
(S21)

∂Φ(1)
i j

∂Θ(l)
k

=
(
R(Ψi)t〈1〉h

)
·
(
∂R(Θk)

∂Θ(l)
k

t〈2〉h

)
(S22)

∂Φ(2)
i j

∂Θ(l)
k

=
(
R(Ψi)t〈1〉h

)
·
(
∂R(Θk)

∂Θ(l)
k

t〈3〉h

)
(S23)
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∂Φ(3)
i j

∂Θ(l)
k

=
(
R(Ψi)t〈2〉h

)
·
{

sinϕh

(
∂R(Θk)

∂Θ(l)
k

t〈2〉h

)
+cosϕh

(
∂R(Θk)

∂Θ(l)
k

t〈3〉h

)}
(S24)

∂Φ(3)
i j

∂ϕhi j

=
(
R(Ψi)t〈2〉h

)
·
{
cosϕh

(
R(Θk)t〈2〉h

)
−sinϕh

(
R(Θk)t〈3〉h

)}
(S25)

Therefore, the second-order derivatives of Φi j are 0 except for the following terms:

∂2Φ(1)
i j

∂Ψ(l)
i ∂Ψ

(l′)
i

=
(
∂2R(Ψi)

∂Ψ(l)
i ∂Ψ

(l′)
i

t〈1〉h

)
·
(
R(Θk)t〈2〉h

)
(S26)

∂2Φ(2)
i j

∂Ψ(l)
i ∂Ψ

(l′)
i

=
(
∂2R(Ψi)

∂Ψ(l)
i ∂Ψ

(l′)
i

t〈1〉h

)
·
(
R(Θk)t〈3〉h

)
(S27)

∂2Φ(3)
i j

∂Ψ(l)
i ∂Ψ

(l′)
i

=
(
∂2R(Ψi)

∂Ψ(l)
i ∂Ψ

(l′)
i

t〈2〉h

)
·
{
sinϕh

(
R(Θk)t〈2〉h

)
+cosϕh

(
R(Θk)t〈3〉h

)}
(S28)

∂2Φ(1)
i j

∂Θ(l)
k ∂Θ

(l′)
k

=
(
R(Ψi)t〈1〉h

)
·
(
∂2R(Θk)

∂Θ(l)
k ∂Θ

(l′)
k

t〈2〉h

)
(S29)

∂2Φ(2)
i j

∂Θ(l)
k ∂Θ

(l′)
k

=
(
R(Ψi)t〈1〉h

)
·
(
∂2R(Θk)

∂Θ(l)
k ∂Θ

(l′)
k

t〈3〉h

)
(S30)

∂2Φ(3)
i j

∂Θ(l)
k ∂Θ

(l′)
k

=
(
R(Ψi)t〈2〉h

)
·
{

sinϕh

(
∂2R(Θk)

∂Θ(l)
k ∂Θ

(l′)
k

t〈2〉h

)
+cosϕh

(
∂2R(Θk)

∂Θ(l)
k ∂Θ

(l′)
k

t〈3〉h

)}
(S31)

∂2Φ(3)
i j

∂ϕ2
h

=−
(
R(Ψi)t〈2〉h

)
·
{
sinϕh

(
R(Θk)t〈2〉h

)
+cosϕh

(
R(Θk)t〈3〉h

)}
=−Φ(3)

i j (S32)

∂2Φ(1)
i j

∂Ψ(l)
i ∂Θ

(l′)
k

=
(
∂R(Ψi)

∂Ψ(l)
i

t〈1〉h

)
·
(
∂R(Θk)

∂Θ(l′)
k

t〈2〉h

)
(S33)

∂2Φ(2)
i j

∂Ψ(l)
i ∂Θ

(l′)
k

=
(
∂R(Ψi)

∂Ψ(l)
i

t〈1〉h

)
·
(
∂R(Θk)

∂Θ(l′)
k

t〈3〉h

)
(S34)

∂2Φ(3)
i j

∂Ψ(l)
i ∂Θ

(l′)
k

=
(
∂R(Ψi)

∂Ψ(l)
i

t〈2〉h

)
·
{

sinϕh

(
∂R(Θk)

∂Θ(l′)
k

t〈2〉h

)
+cosϕh

(
∂R(Θk)

∂Θ(l′)
k

t〈3〉h

)}
(S35)

∂2Φ(3)
i j

∂Ψ(l)
i ∂ϕh

=
(
∂R(Ψi)

∂Ψ(l)
i

t〈2〉h

)
·
{
cosϕh

(
R(Θk)t〈2〉h

)
−sinϕh

(
R(Θk)t〈3〉h

)}
(S36)

∂2Φ(3)
i j

∂Θ(l)
k ∂ϕh

=
(
R(Ψi)t〈2〉h

)
·
{

cosϕh

(
∂R(Θk)

∂Θ(l′)
k

t〈2〉h

)
−sinϕh

(
∂R(Θk)

∂Θ(l′)
k

t〈3〉h

)}
(S37)
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3 AUGMENTED LAGRANGIAN METHOD

Let Wk, λk, and sk denote the values of the generalized displacement W, the Lagrange multiplier
λ, and the penalty parameter s in the k-th iteration of the process of the augmented Lagrangian
method, respectively. The function G(Wk) is defined as

G(Wk)= 1
2

C(Wk)TC(Wk)

In addition, the binary function O(Wk,λk) that indicates convergence of the optimization problem
(21) with sufficient accuracy is defined as

O(Wk,λk)=
{

1 (Optimization process is converged)

0 (Otherwise)

Algorithm 1 presents the process of obtaining the solution W∗ and the corresponding Lagrange
multiplier λ∗ of problem (15), using the augmented Lagrangian method (Birgin and Martínez,
2012). The load factor Λ is given, and the process terminates when the largest absolute value in
the components of the incompatibility vector C(W), represented as follows, is less than or equal to
ϵtol > 0:

∥C(W)∥∞ =max
i

|Ci(Wk)|

where Ci(W) (i = 1, . . . ,nC) is the i-th component of C(W). In the numerical examples of this
study, the parameters in Algorithm 1 for updating the penalty parameter are set as s̄ = 1×104,
smin = 1×10−16, smax = 1×106, γ= 1.2, and α= 0.5.
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Algorithm 1 Augmented Lagrangian method

Input: W0 ∈Ω, λ1, ϵtol > 0, s̄ > 0, 0< smin < smax, γ> 1, 0≤α≤ 1
Output: W∗ =Wk, λ∗ =λk

1: k ← 1, βk ← 0,
sk ←min

{
max

{
smin, s̄ max{1,Π(W0)}

max{1,G(W0)}

}
, smax

}
2: while O(Wk,λk)= 0 and ∥C(Wk)∥∞ > ϵtol do
3: Solve Problem(21) with λ=λk, and let the solution be Wk.
4: λk+1 ←λk + skC(Wk)
5: if k = 1 then
6: βk+1 ←βk,

sk+1 ←min
{
max

{
smin, s̄ max

{
1,Π(Wk)

}
max{1,G(Wk)}

}
, smax

}
7: else if ∥C(Wk)∥∞ ≤ ϵtol then
8: if k ≥ 3 and ∥C(Wk−1)∥∞ ≤ ϵtol and O(Wk−1,λk−1)=O(Wk,λk)= 0 then
9: βk+1 ←βk +1,

sa ←min{γβk smin, 1}, sb ←max{γ−βk smax, 1},

sk+1 ←min
{
max

{
sa, s̄ max

{
1,Π(Wk)

}
max{1,G(Wk)}

}
, sb, sk

}
10: else
11: βk+1 ←βk, sk+1 ← ck
12: end if
13: else
14: βk+1 ←βk
15: if ∥C(Wk)∥ ≤α∥C(Wk−1)∥ then
16: sk+1 ← sk
17: else
18: sk+1 =max{γsk, γβk smin}
19: end if
20: end if
21: k ← k+1
22: end while
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