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Abstract: This paper evaluates the robustness of our
recently proposed geometric constraint-based phase-
unwrapping method to unwrap a low-signal-to-noise ratio
(SNR) phase. Instead of capturing additional images for
absolute phase unwrapping, the new phase-unwrapping
algorithm uses geometric constraints of the digital fringe
projection (DFP) system to create a virtual reference phase
map to unwrap the phase pixel by pixel. Both simula-
tion and experimental results demonstrate that this new
phase-unwrapping method can even successfully unwrap
low-SNR phase maps that bring difficulties for conven-
tional multi-frequency phase-unwrapping methods.

Keywords: 3D shape measurement; noise; phase retrieval;
phase unwrapping.

1 Introduction

Robustly unwrapping highly noisy, or low-signal-to-
noise ratio (SNR), phase map is always a challenge for
any phase-measurement profilometry. For both spatial
and temporal phase-unwrapping algorithms, the most
significant problem caused by noise is incorrect fringe
order determination. One of the fundamental problems
associated with conventional spatial or temporal phase-
unwrapping algorithm lies in the fact that the fringe order
is determined by referring to noisy information either
obtained from points around the point of interest (e.g.
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spatial phase unwrapping [1]) or from other information
on the same point (e.g. temporal phase unwrapping [2-7]).

One approach to alleviate noise impact for fringe order
determination is to reduce reference noise, which is done
conventionally by filtering. However, if noise is large, fil-
tering by itself induces problems. An et al. [8] recently
developed a completely new phase-unwrapping method
that attempted to use noise-free reference for fringe order
determination. Instead of using a conventional spatial
or temporal phase-unwrapping method, the proposed
phase-unwrapping technique uses geometric constraints
of the calibrated structured light system to create a virtual
reference phase map at a virtual plane z_ . This phase
map is called @ __ , which is used to determine fringe order
pixel by pixel and then unwrap the entire phase. As the
reference phase map is artificially created and noise free,
fringe order determination is only influenced by the noise
of the phase point itself, making it potentially more robust
than a typical conventional spatial or temporal phase-
unwrapping method.

This paper evaluates the robustness of the geometric
constraint-based phase-unwrapping method in compari-
son with one of the most popular temporal phase-unwrap-
ping method: multi-frequency phase shifting algorithms
[2-5]. Both simulation and experimental data find that
the proposed method can successfully unwrap the low-
quality phase that fails the typical multi-frequency phase-
unwrapping methods unless a lot of frequencies are used.
It is important to know that this geometric constraint-
based phase-unwrapping method is not trouble free, as
mentioned by An et al. [8]; it has two major limitations: 1)
confined depth sensing range and 2) requirement of accu-
rate z__ estimation for large depth range measurement.
All evaluations and comparisons provided in this paper
do not go beyond these limitations.

Section 2 explains the principle of the geometric
constraint-based phase-unwrapping algorithm includ-
ing the phase-shifting algorithm itself. Section 3 shows
some simulation data to compare the conventional multi-
frequency phase-shifting algorithm and the geometric
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constraint-based phase-unwrapping algorithm. Section
4 presents some experimental validations, and finally,
Section 5 summarizes this paper.

2 Principle

2.1 Three-step phase-shifting algorithm

Phase-shifting algorithms are extensively used in optical
metrology due to their numerous advantageous features
including pixel-by-pixel phase retrieval, robustness to
noise, and ambient light [9]. In this research, we use a
single three-step phase-shifting algorithm to evaluate the
robustness of the phase-unwrapping algorithm because a
three-step phase-shifting algorithm uses the least required
number of patterns to recover a phase that is typically
noisy. The three-step phase-shifting algorithm with equal
phase shifts can be mathematically described as

L(x, y)=T(x,y)+I"(x, y)cos(¢p—2m/3), 6
L(x,y)=I'(x, y)+1"(x, y)cos(¢), 2
L(x,y)=I'(x, y)+1"(x, y)cos(¢+2m/3), 3)

where I'(x, y) is the average intensity, I”(x, y) is the inten-
sity modulation, and ¢ is the phase to be solved for.
Solving Egs. (1)-(3) simultaneously leads to
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The phase obtained from Eq. (4) ranges from - to 7 with
27 discontinuities. A spatial or temporal phase-unwrap-
ping algorithm is necessary to remove 2 discontinuities
and obtain a continuous phase map by finding the proper
integer number k(x, y) of 2 for each pixel. The unwrapped
phase is thus,

D(x, y)=¢(x, y)+k(x, y)x2zm. (5)

Here, k(x, y) is also often referred to as fringe order. Con-
ventional phase-unwrapping methods can be classified as
spatial or temporal phase unwrapping: the former detects
27 discontinuous points by evaluating the phase values
of neighboring pixels, and the latter captures additional
images and detects 2 discontinuities by referring to addi-
tional captured information. As spatial phase unwrapping
has limited capacities (e.g. single smooth geometry), the
next section will discuss one of the most popular tempo-
ral phase-unwrapping methods: multi-frequency phase-
unwrapping algorithm.
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2.2 Multi-frequency phase unwrapping

A conventional temporal phase-unwrapping method
determines fringe order k(x, y) by referring to additional
images captured by the camera (e.g. binary-coded pat-
terns, fringe patterns with different frequencies). This
paper only compares the proposed method with multi-fre-
quency phase-unwrapping algorithms due to their robust-
ness and extensive adoption. In brief, multi-frequency
phase unwrapping works as follows: 1) capture a set of
wrapped phase ¢,(x, y) (k=2, 3, ...) with different fre-
quencies; 2) create an equivalent lowest-frequency phase
map ¢, by combining these high-frequency phase maps
together, and ¢, does not have any 2z discontinues (or
regarded as unwrapped phase ®,=9,; and 3) unwrap
higher-frequency phase maps by referring to the lower-
frequency unwrapped phase maps. For example, for a
two-frequency phase-shifting algorithm [2], assuming the
fringe periods are T, and T,, with T,>T,, the equivalent
fringe period is

TT,
T =12
e T _T (6)

and the equivalent phase map is
¢, =9, =¢,—¢, mod2r. (7)
Here mod is the modulus operator. Backward phase

unwrapping can be performed sequentially by determin-
ing the corresponding fringe orders:

eq

eq T 1
k (x, y)=Round| ——1——|, (8)
2r
T
®1 Fl - ¢2 (9)
k,(x, y)=Round| —2——
2r

Here, Round(x) is to take the closest integer number of
variable x.

D =¢ +k(x, y)x2m, (10)

D, =¢,+k,(x, y)x2m, (11)

denote the unwrapped phase maps. Similarly, if more fre-
quencies, shorter and shorter-frequency phase maps can
be unwrapped by the longer ones sequentially.

Despite their extensive employment, the multi-
frequency phase-shifting algorithms have one common
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problem: the inherent noise of additional images (i.e.
phase maps) could lead to incorrect fringe order. For

T
example, Eq. (8) indicates that if %zZO, the 0.16 rad

1
phase noise in o, could lead to a wrong fringe order k..
Therefore, to reduce noise impact, one usually has to

reduce scaling factor % for any given system settings.
1
However, reducing the scaling factor often means captur-

ing fringe patterns of more frequencies. In contrast, if the
reference phase @, is noise free, an arbitrary number of
scaling factor can be used. In the next section, we will
discuss such a phase-unwrapping method proposed
recently by An et al. [8]. This new phase-unwrapping
method refers to a noise-free phase map, and thus, we
believe that this phase-unwrapping method can be used
to unwrap the noisy phase that fails a typical temporal
phase-unwrapping method.

2.3 Geometric constraint-based phase
unwrapping

The newly proposed phase-unwrapping method unwraps
a phase pixel by pixel by referring to a virtually created
minimum phase map based on the geometric constraints
of a structured light system. In brief, after the structured
light system calibration, one can determine the geometric
relationship between a 3D point in the world coordinate
system and its projection to the camera and the projector
2D image coordinate system. Therefore, for a given virtual
planeatz__, the camera-sensed area can be mapped to the
projector’s area pixel by pixel. Figure 1A illustrates that for
a given virtual plane at z___, the camera-sensed area can
be mapped to the projector’s area pixel by pixel. The cor-
responding mapped projector area uniquely defines the
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phase map called the minimum phase @®__ . If the real
object is placed at a distance z, which is farther away from
the camera, the mapped region on the projector changes
accordingly, as illustrated in Figure 1B.

An et al. [8] demonstrated that if z is not too far away
from z__, the wrapped phase of the object being meas-
ured can be unwrapped pixel by pixel by referring to ®__ .
The maximum depth range that the method can handle
without problems is

Az= L, (12)
sina
where T is the single fringe pattern span on the object
space; « is the angle between the projection direction and
the capture direction; and Az is the difference between the
object depth zand z_,_ plane.

Figure 2 graphically illustrates the concept. Figure 2A
shows the wrapped phase of the projection image, and
the red and blue windowed region shows the camera-cap-
tured area at different depths. Figure 2B shows the defined
continuous phase map on the projector. For the wrapped
phase at a virtual plane z__ , the wrapped phase ¢, can be
unwrapped to create the ® . map. However, for an object
positioned at an unknown distance z, only the wrapped
phase ¢ can be obtained. Figure 2C illustrates the cross
sections of the phase map. For the case with a single 2z
jump, this figure shows that if ¢ isless than @ __ , 27 should
be added accordingly to unwrap ¢. Figure 2D shows a case
with two 2z discontinuous locations, 2t should be added
to points if phase difference Ap =@ - ¢ is between 0 and
27, and 2 x 27 should be added if 27 < Ap < 4.

In general, one can prove that fringe order k(x, y) can
be determined by

Qmm(x’ Y)_¢(X: y):|

2n 13)

k(x, y)=ceil {

Mapped region
of object plane

DMD

Figure 1: Graphical representation of mapped camera-sensing regions when an object is placed at different distances. (A) Mapped projec-

tion region for a virtual minimum plane z=z

min?

(B) mapped projection region for an object at z.
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Figure 2: Conceptual idea of unwrapping phase using the minimum phase map determined from geometric constraints [8]. (A) Windowed

regions show a phase map that was acquired by a camera when an object is at different depths: red dashed window shows at z

and solid

min

blue window shows at z; (B) Corresponding @ . and @ on the projector; (C) Cross sections of ® . and ® and the phase maps with one 2z

discontinuous location; (D) Case with two 27 discontinuous locations.

where ceil[] is the ceiling operator that returns the closest
upper integer value. Unlike Eq. (8) where fringe order is
affected by noise from @, , fringe order k(x, y) in Eq. (13)
is affected solely by the inherent noise from ¢(x, y) itself.
In summary, the recently proposed phase-unwrapping
method does not require additional image acquisition, yet
still detects 2z discontinuities by referring to information
inherent to structured light system constraints. Unlike
conventional phase-unwrapping methods that require
referring inherent noisy information for fringe order
determination, this proposed method determines fringe
order by referring to noise free information. Therefore, we
believe that this new phase-unwrapping method can be
used to unwrap the noisy phase that fails a typical conven-
tional phase-unwrapping method (e.g. a multi-frequency
phase-shifting method). The following two sections are to
evaluate performance of this phase-unwrapping method
against that of the multi-frequency temporal phase-
unwrapping method.

[
JHOF O

3 Simulation

We simulated situations with different amounts of noise
levels (or SNRs). Figure 3 shows examples of a system with
SNRs of 40, 20, 10, and 5 (all are with a unit dB, the same
in the following). The first row of this figure shows one
of three phase-shifted fringe patterns, and the second row
shows the corresponding wrapped phase maps. Note that
to better visualize the images, only a small section of the
images are shown here.

Equation (12) provides the maximum depth range Az
that the geometric constraint-based phase-unwrapping
method can handle. Yet, for noisy conditions, the effective
range is reduced. In all these simulations, we assume that
the object depth range is 50% of Az, and the z__is approx-
imately 25% of Az away from the object’s nearest point to
the camera. We then apply @ _.to unwrap all four levels
of noisy phase maps, from which 3D geometries are recov-
ered. The first row images of Figure 4 show 3D results.

Figure 3: Fringe patterns and associated phase at different SNR values. (A)—(D) One of three phase-shifted fringe patterns; (E)—(H) wrapped
phase map. (A and E) SNR=40, (B and F) SNR=20, (C and G) SNR=10, (D and H) SNR=5.
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Figure 4: Phase reconstructions using ® . under different SNR values. (A)-(D) 3D reconstruction; (E)—(H) zoom-in view of incorrectly
unwrapped points (white dots). (A and E) SNR=40, (B and F) SNR=20, (C and G) SNR=10, (D and H) SNR=5.

To quantify the unwrapping effectiveness, we identify
total incorrectly unwrapped-phase points by
E@G, j)=

(14)

otherwise

true |®"-®'|>1.57
false

where ©" is the recovered phase point with noise, and @'
is the ideal phase without noise. The condition of 1.57 is
chosen because if a point is not correctly unwrapped, the
difference should be an integer number of 2.

The second row images of Figure 4 show the incor-
rectly unwrapped points (marked as white). Clearly all

points are correctly unwrapped (the entire images are all
black) even when the SNR is as low as 5.

We then employ the three-frequency phase-unwrap-
ping method to unwrap those phase maps shown in
Figure 3. The high-frequency fringe period is 24 pixels,
the low-frequency fringe period is 720 pixels, and the
median-frequency fringe period is 132 pixels. Figure 5
shows the result. When fringe patterns are of high quality
(SNR=40 or 20), a three-frequency phase-shifting algo-
rithm can properly unwrap the entire phase. However,
when the noise level reduces to SNR=10 or 5, many
points are incorrectly unwrapped such that the original

Figure 5: Phase reconstructions using three-frequency phase-shifting algorithm under different SNR values. (A)-(D) 3D reconstruction;
(E)-(H) zoom-in view of incorrectly unwrapped points (white dots). (A and E) SNR=40, (B and F) SNR=20, (C and G) SNR=10, (D and H)

SNR=5.
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3D geometry cannot be apparent as shown in Figures 5C
and D.

One approach to reduce the incorrectly unwrapped
points is to increase the number of frequencies for the
multi-frequency phase-shifting algorithm. For SNR=10,
we simulate such a case by increasing the number of fre-
quencies up to 10, and Figure 6 shows the results of four- to
seven-frequency phase-shifting algorithms. These results
indicate that with the number of frequencies increas-
ing, the number of incorrectly unwrapped phase points
decreases (until 0), as expected, as the noise impact from
reference phase maps decreases due to the use of smaller
scaling factors.

To quantify the influence of using different numbers
of frequencies, we identify the incorrectly unwrapped
points for different noise levels and for 2- to 10-frequency
phase-shifting algorithms and compute the percentage
of incorrectly unwrapped points over the overall pixel
number. Figure 7 shows the result. Figure 7D indicates
that even if one applies the 10-frequency phase-shifting

A

s
N
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algorithm, approximately 6% of the points are still not
correctly unwrapped.

It is important to notice that filtering can improve the
multi-frequency phase unwrapping, but none of the simu-
lation uses any filters to fairly compare these two methods.
The multi-frequency phase-unwrapping algorithm can
handle arbitrary depth-range sensing, but all simula-
tions are carried out for a depth range of approximately
50% of Az from Eq. (12). These results clearly demonstrate
that, for a limited depth-range sensing, the geometric
constraint-based phase-unwrapping method can unwrap
the highly noisy phase that fails the conventional multi-
frequency phase-unwrapping algorithms if the number of
frequency is not extremely large.

4 Experiments

We also carried out experiments to further evaluate
the performance of our phase-unwrapping algorithm

.i

Figure 6: Phase reconstructions using different numbers of frequency phase-shifting algorithm under the same SNR value (SNR=10).
(A)-(D) 3D reconstruction; (E)—(H) zoom-in view of incorrectly unwrapped points (white dots). (A and E) F=4, (B and F) F=5, (Cand G) F=6,

(DandH)F=7.
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under noisy conditions. The hardware system consists
of one single CCD camera (Model: The Imaging Source
DMK23U618, The Imaging Source, Charlotte, NC, USA)
and one digital light processing (DLP) projector (Model:
Dell M115HD, Dell Inc., Round Rock, TX, USA). The camera
resolution is 640 x 480, and it is attached with an 8-mm
focal length lens (Model: Computar M0814-MP2, CBC
AMERICAS Corp., Cary, NC, USA). The projector’s native
resolution is 1280x 800 with a 14.95-mm fixed focal
length lens. The entire system was calibrated using the
calibration approach developed by Li et al. [10]. It should
be noted that during the entire experiments, the whole
system settings, including exposure time and aperture of
the camera, remained the same.

Figure 8A shows one photograph of a puppy toy that
has black hair and yellow legs. Apparently, this type
of object is very difficult to measure especially using
a three-step phase-shifting algorithm due to complex
structure and low contrast. Figure 8B shows one of three
phase-shifted fringe patterns, demonstrating that the
fringe contrast is very low (i.e. low SNR). Applying the
three-step phase-shifting algorithm yielded the wrapped
phase map shown in Figure 8C. Again, a large noise is
apparent on the phase map. We then applied a three-
frequency phase-unwrapping method with three fringe
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periods of 36, 162, and 800 pixels to temporally unwrap
the phase map. Figure 8D shows a 3D reconstruction
using the temporally unwrapped phase map: numerous
points are not properly measured (holes on the geom-
etry). We then applied the geometric constraint-based
phase-unwrapping method to unwrap the wrapped
phase map shown in Figure 8C, and Figure 8E shows the
corresponding 3D reconstruction. This experiment indi-
cates that our proposed method can successfully recon-
struct the entire geometry without apparent spiky noise.
As a comparison, we also measured the same object with
more-step phase-shifting algorithm to obtain the Ground
Truth. Figure 8F shows the result. In this experiment, we
used a 10-frequency phase-shifting algorithm for tempo-
ral phase unwrapping and captured 18 equally phase-
shifted fringe patterns for each frequency to reduce noise
impact.

To better visualize the difference, close-up views are
generated. Figure 9A and B, respectively, shows the close-
up 3D reconstruction result of Figure 8D and E. Figure 9C
shows the close-up view of the ground truth geometry. As
one can see, the result obtained from the geometric-con-
straints based method is almost identical to the ground
truth, suggesting the robustness of the geometric con-
straint-based phase-unwrapping method.

Figure 8: Phase-unwrapping comparison between the conventional method and our proposed method. (A) Photography of the testing
object. (B) One of the three phase-shifted fringe images. (C) Wrapped phase. (D) 3D geometry reconstructed from the phase obtained by
a three-frequency phase-shifting method. (E) 3D geometry reconstructed by the phase obtained from geometric constraint-based phase-

unwrapping method. (F) Ground truth 3D geometry.

Figure 9: Close-up views of 3D results. (A) Close-up view of 3D geometry shown in Figure 8D. (B) Close-up view of 3D geometry shown in

Figure 8E. (C) Close-up view of 3D geometry shown in Figure 8F.
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Similar to simulations, we further evaluated the per-
formance of the different-frequency phase-shifting algo-
rithms by measuring the same object. Figure 10 shows
the results. In all these experiments, only the three-step
phase-shifting algorithm is used for each frequency
pattern. As one can see, with the increasing number of fre-
quencies, more and more data points are properly meas-
ured, as expected. Figure 10F shows the 3D result from the
nine-frequency phase-shifting algorithm, which is com-
parable to the result show in Figure 9B, although there
are still a few spikes in the entire measurement. These
experiments demonstrate that one can, indeed, use the
three-step phase-shifting algorithm for each frequency
but use a lot of frequencies to perform reasonable quality
measurement.

As our proposed phase-unwrapping algorithm can
obtain an absolute phase, it is possible to measure
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multiple isolated objects simultaneously. Figure 11 shows
a measurement example. Figure 11A is the photograph
of the two isolated objects. Again, we used three phase-
shifted fringe patterns and compute the wrapped phase.
Figure 11B shows one fringe pattern, and Figure 11C is
the wrapped phase. Figure 11D shows the result from the
conventional two-frequency method. Clearly, the two-fre-
quency phase-unwrapping algorithm does not work well
because there are many holes on the recovered 3D geom-
etry. Figure 11E shows the result from the seven-frequency
phase-shifting algorithm; almost the entire 3D geometry
is correctly reconstructed. We then used our proposed
phase-unwrapping algorithm to unwrap the same phase
shown in Figure 11C; the entire geometry can be prop-
erly recovered, as shown in Figure 11F. This experiment
demonstrated that our proposed phase-unwrapping algo-
rithm is, indeed, similar to a temporal phase-unwrapping

Figure 10: Experimental data with increasing number for frequencies used. (A)—(F) The numbers of frequencies used are 4, 5, 6, 7, 8, 9,

respectively.

Figure 11: Measurement results of two isolated objects. (A) Photograph of the objects. (B) One of the three phase-shifted fringe images. (C)
Wrapped phase. (D) 3D geometry reconstructed from the unwrapped phase obtained by a two-frequency phase-unwrapping method. (E) 3D
geometry reconstructed from the unwrapped phase obtained by a seven-frequency phase-unwrapping method. (F) 3D geometry recon-
structed by the unwrapped phase obtained by our proposed geometric constraint-based phase-unwrapping method.
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algorithm and can be used to measure isolated objects
properly. This is fundamentally different from a spatial
phase-unwrapping algorithm as a spatial phase-unwrap-
ping algorithm typically cannot be used to measure the
absolute geometries of multiple isolated objects.

Despite its robustness to unwrap the noisy phase
map, this novel phase-unwrapping method has the fol-
lowing two major limitations: 1) confined depth range
and 2) requirement of accurate z__estimation. Equation
(12) indicates that one can reduce the angle between the
projector and the camera or increase the fringe period
to enlarge the depth-sensing range. However, chang-
ing those parameters is not desirable as it compromises
the measurement quality. Therefore, for large depth-
range sensing, this method, itself, still cannot work, and
it requires a combination with other temporal phase-
unwrapping methods.

5 Summary

This paper has evaluated the performance of our recently
developed geometric constraint-based phase-unwrapping
algorithm. Through simulation and experiments, we have
demonstrated that this new phase-unwrapping approach
outperforms the conventional multi-frequency phase-
unwrapping algorithms when phase is noisy and the
number of frequencies is not large. However, due to the
use of the virtual plane for minimum phase creation, this
newly developed phase-unwrapping method has its con-
fined depth-sensing range and requires accurate estima-
tion of z_,_to maximize the depth-sensing range.
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