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This paper proposes a convenience yield-based pricing for commodity futures, which

embeds incompleteness of commodity futures markets in convenience yields. By using

the pricing method, we conduct empirical analyses of the prices of WTI crude oil, heating

oil, and natural gas futures traded on the NYMEX in order to assess the incompleteness

of energy futures markets. We show that the fluctuation from the incompleteness

is partly driven by the fluctuation from convenience yields. In addition, it is shown

that the incompleteness of natural gas futures market is more highlighted than the

incompleteness of WTI crude oil and heating oil futures markets. We apply the implied

market price of risk from the NYMEX data to pricing an Asian call option written on

WTI crude oil futures. Finally, we try to apply the market incompleteness analysis to the

post-crisis periods after 2009.

Keywords: convenience yield, stochastic discount factor, incomplete markets, commodity futures, Asian call

option
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1. INTRODUCTION

A convenience yield is often used to describe the value to hold commodities as is explained in
e.g., [1]. For example, natural gas is stored as a preemptive strategic action for power companies
to keep steady power generation from gas-fired power plants in response to electricity demand
variation. It implies that the storage of natural gas produces any positive value for the generator,
which is represented as a convenience yield. More importantly, a convenience yield is able to
represent the linkage between commodity spot and futures prices on commodity futures curves
because it is also used to explain upward and downward sloping commodity futures curves
referred to as contango and backwardation, respectively. On the other hand, asset pricing theory
offers a concept of a stochastic discount factor to determine financial instrument prices including
futures prices written on commodity spot prices. The relationship between commodity spot and
futures prices is characterized by two representations: a convenience yield and stochastic discount
factor. Putting two concepts together, a convenience yield may play an alternative role of a
stochastic discount factor. This paper highlights the relationship between a convenience yield and
stochastic discount factor and offers a commodity pricing representation based on the convenience
yield.

A risk neutral valuation often used in financial markets is applied to commodity derivative
pricing as in e.g., [2–8], among others. Recently, Trolle and Schwartz [9] developed a very
sophisticated commodity price model using the HJM type forward cost of carry with stochastic
volatility under the assumptions of a risk neutral measure not only for commodity spot prices
but also for the cost of carry and unspanned volatility. However, it is generally difficult to
price a commodity product such as commodity futures using the risk neutral valuation because
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commodity markets are incomplete due to their illiquidity.
Hence, we have a further elaborate task to select a stochastic
discount factor (SDF) in evaluating their value. A familiar tool
to select a SDF is a utility-based approach where SDF, i.e., market
price of risk, is assigned to the unspanned risk and the derivative
prices are uniquely determined. For example, Davis [10] and Cao
andWei [11] characterize the prices of weather derivatives, which
are generally categorized in commodity derivatives, using utility
functions and optimal consumptions. This pricing approach
may be tractable to determine the price. But, this method
deeply has to depend on the selection of a utility function and
optimal consumption. To avoid the imperfection of a utility-
based approach and incorporate market incompleteness into
commodity futures pricing, the good-deal bounds (GDB) is
developed by Cochrane and Saa-Requejo [12]. The GDB pricing
is new in the sense of introducing a restriction on the variance
of a SDF: a certain upper SDF variance boundary is characterized
by the maximum Sharpe ratio which must always exceed or be
equal to Sharpe ratios of all assets in a market. As an example
to price incomplete market assets, Kanamura and Ohashi [13]
applied the GDB to weather derivatives. The GDB may be useful
to price incomplete market assets in the sense that it does not
rely on the utility function and optimal consumption like utility-
basedmodels. However, themethod is still dissatisfactory because
the maximum Sharpe ratio binding the SDF is unknown and thus
must be given exogenously. A pricing scheme for commodities
will be desirable if the Sharpe ratio, i.e., the restriction on
a SDF, is given using commodity market data. We consider
that two-way concept on intertemporal relationship between
commodity spot and futures prices, i.e., a convenience yield can
implicitly determine the SDF, will be useful to determine the
Sharpe ratio. A convenience yield can offer the maximum Sharpe
ratio, i.e., the market price of risk other than commodity spot
market price of risk, which is used for commodity derivative
pricing. This pricing scheme is referred to as “a convenience
yield-based pricing.” This paper proposes a convenience yield-
based pricing for commodity futures, which embeds the
incompleteness of commodity futures markets in convenience
yields.

Using the pricing method, we conduct empirical analyses of
the prices of WTI crude oil, heating oil, and natural gas futures
traded on the NYMEX to assess the incompleteness of energy
futures markets. We show that the incompleteness of natural gas
futures market is more highlighted than the incompleteness of
WTI crude oil and heating oil futures markets. We apply the
market price of risk embedded in the NYMEX data to pricing
an Asian call option on WTI crude oil futures prices. Finally, we
try to apply the market incompleteness analysis to the post-crisis
periods after 2009.

This paper is organized as follows. Section 2 proposes
a convenience yield-based pricing for commodity futures.
Section 3 conducts empirical studies to examine the
incompleteness of energy futures markets. Section 4 applies
the empirical results to pricing an Asian call option on WTI
crude oil futures prices. Section 5 tries to apply the market
incompleteness analysis to the post-crisis periods after 2009.
Section 6 concludes and offers a future direction of the study.

2. THE CONVENIENCE YIELD-BASED
PRICING FOR COMMODITY FUTURES

Gibson and Schwartz [14] introduce a two-factor model for
commodity spot prices, which represents a well-known price
model in commodity markets. We start with the basic spot price
model to obtain commodity futures prices. Commodity spot
prices and convenience yields follow

dSt

St
= (µ − δt)dt + σ1dwt, (1)

dδt = κ(α − δt)dt + σ2dut, (2)

where Et[dwtdut] = ρdt. In Gibson and Schwartz [14], a
convenience yield is treated as an important factor characterizing
the relationship between commodity spot and futures prices.

Then we address the modeling of commodity futures prices.
While [3] introduced a risk neutral measure to price commodity
futures, the ambiguity may remain in the existence of such a
probability measure. More importantly, the risk-neutral pricing,
which is common in pricing of other derivatives, is not so
appropriate to commodity futures markets because of the
incompleteness nature of the commodity markets. Hence, we
chose more comprehensive representation of the futures prices
by using a stochastic discount factor (SDF). The futures prices
FTt at time t with maturity T are in general represented
as follows:

FTt = Et

[

3T
3t

ST

Et
[

3T
3t

]

]

, (3)

where the SDF is denoted by 3t at time t and an interest rate is
assumed to be constant (see e.g., [15, 16]).

To obtain commodity futures prices, we try to characterize the
SDF in Equation (3). As is well known, commodity markets may
demonstrate incompleteness because of the illiquidity. Following
Cochrane and Saa-Requejo [12] which can generally express
market incompleteness, we assume

d3t

3t
= −rdt − φdwt − νdzt, (4)

where ν demonstrates market incompleteness in the sense of the
unspanned part by commodity spot markets. The point is that
the market risk is composed of two risks from commodity spot

market and its orthogonal part. Note that ν =
√

A2 − φ2 where
A represents the Sharpe ratio exogenously given in Cochrane and
Saa-Requejo [12].

Let us consider how the incompleteness, i.e., the orthogonal
part to the commodity spot price risk, is described. The untraded
convenience yield explains upward and downward sloping
commodity futures curves, i.e., contango and backwardation,
respectively, which includes illiquid delivery month commodity
futures. Since a convenience yield is useful to connect commodity
spot prices with the futures prices as is illustrated by two different
points on commodity futures curves, convenience yields may
be a key to represent incompleteness of commodity markets.
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In contrast, asset pricing theory offers a concept of a SDF to
characterize futures prices written on commodity spot prices.
Putting two ideas together, a convenience yield can play an
alternative role of a SDF. We assume that the fluctuation due
to convenience yield (dut) is spanned by both of complete and
incomplete parts (dwt and dzt , respectively):

dut = ρdwt +
√

1− ρ2dzt (5)

where ρ is constant1. By using Ito’s lemma to Equation (1), we
obtain

ST = Ste
(µ−α− 1

2 σ 2
1 )(T−t) + 1

κ
(1−e−κ(T−t))(δt−α) +

∫ T
t (σ1+ σ2ρ

κ
(1−e−κ(T−s)))dws +

∫ T
t (

σ2

√
1−ρ2

κ
(1−e−κ(T− s)))dzs . (6)

Again by using Ito’s lemma to Equation (4), we obtain

3T

3t
= e−(r+ 1

2φ2+ 1
2 ν2)(T−t) −

∫ T
t φdws −

∫ T
t νdzs . (7)

Injecting Equations (6) and (7) into Equation (3), we have
commodity futures price as follows:

FTt = Ste
ϒ(t,T) − �(t,T)δt , (8)

ϒ(t,T) =
(

r − α + σ22

2κ2
− σ1σ2ρ

κ
+ φ

σ2ρ

κ
+ νσ2

√

1− ρ2

κ

)

(T − t)+ σ22

4κ3
(1− e−2κ(T−t))+

(

ακ + ρσ1σ2 −
σ22

κ

−φσ2ρ − νσ2
√

1− ρ2

)

1− e−κ(T−t)

κ2
, (9)

�(t,T) = 1− e−κ(T−t)

κ
. (10)

It is referred to as a convenience yield-based pricing for
commodity futures (CY-based pricing) because convenience
yields behave like a SDF to connect commodity spot prices
with the futures prices. The point of this representation is
in the inclusion of market incompleteness parameter ν into
commodity spot-futures price relationship. A great advantage of
the pricing is able to estimate the incomplete market price of
risk ν directly from market data without an exogenous Sharpe
ratio. We obtained a commodity futures pricing representation
not using a risk neutral measure in complete market setting, but
using an incompleteness parameter ν embedded in convenience
yields.

If commodity futures are traded with high liquidity and all
maturity date products are transacted in the market, i.e., T is
not restricted as certain point of time, commodity futures price

1One may think that if one wishes to see to what extent the markets are complete,

one has to carefully choose a set of underlying assets from which the stochastic

discount factor is obtained, resulting in the view that the paper does not at all

explain why it only considered the spot prices. However, it is well known that

commodity futures products are used for the alternative investments to financial

assets in that commodity futures prices may not tend to be affected by financial

markets in the sense of the low correlations (see e.g., [17]). In this sense, we

consider the spot prices for the completeness for simplicity and in the first order

approximation.

risk would be completely spanned in the market and ν might
represent the market price of commodity futures risk unspanned
by the spot price risk. However, the liquidity of commodity
futures markets may be quite low in a certain delivery time,
in particular longer maturity. In addition, the maturity date T
is limited, say, 1-, 2-, 3- months, and so forth. ν includes the
incomplete part neither spanned by existing commodity spot
prices nor the futures prices and the incomplete part spanned
by low liquidity commodity futures products. In this sense, we
injected all the other market price of risk other than commodity
spot markets, in particular commodity futures price risk both

for high or low liquidity traded products and untraded delivery
months or years products, into convenience yields. The CY-
based pricing has an advantage to model all delivery commodity
futures products irrelevant to the listed or unlisted delivery
months as well as irrelevant to the liquidity. In addition,
commodity futures markets provide the futures prices despite no
trading volume. The information of ν implied from commodity
futures markets will be beneficial to know how the overall
maximum Sharpe ratio expands when non traded assets like
newly developed derivatives instruments written on the same
underlying commodities are introduced into the market. This
is because it is expected that the risk premium for illiquid
commodity futures products including no traded commodity
futures is the same degree as the risk premium for newly traded
derivative products within the same underlying commodity. The
additional derivative market price of risk will be enveloped by
ν. ν implied from commodity futures markets may be applicable
to the other related derivative pricing. Then we examine the
relationship between our pricing representation and existing
models. Comparing our pricing representation to Bjerksund [2],
the market price of convenience yield risk λ in Bjerksund [2]
holds for

λ = φρ + ν
√

1− ρ2. (11)

Note that for Schwartz [3], the relation is changed into λ
σ2

=
φρ + ν

√

1− ρ2. These relationships suggest that the market
price of convenience yield risk is found to be split into
two parts: a complete market price of risk and incomplete
market price of risk, which are weighed using the correlation
between commodity spot price returns and convenience yields.
We can find that the market price of convenience yield risk
denoted by λ includes untraded and unspanned risk of ν

by connecting the SDF with convenience yields. In addition,
the breakdown of the market price of risk can facilitate the
treatment of the incompleteness not only for empirical analyses
of commodity market incompleteness, but also for derivative
pricing written on commodity futures prices. Our focus is to
bring a new idea to the pricing representation by introducing
an incomplete market price of risk embedded in convenience
yields. In this sense, we offer the other interpretation of
Bjerksund [2] and Schwartz [3] models not relying on a risk
neutral measure.
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3. EMPIRICAL STUDIES FOR ENERGY
FUTURES PRICES

3.1. Data
In this study, we use daily closing prices of WTI crude oil
(WTI), heating oil (HO), and natural gas (NG) futures traded on
the NYMEX. Each energy futures product includes six delivery
months—from 1 to 6 months. The covered period of time is
from April 3, 2000 to March 31, 2008. The data are obtained
from the Bloomberg. Summary statistics for WTI, HO, and NG
futures prices are provided in Tables 1–3, respectively. These
tables indicate that WTI, HO, and NG have common skewness
characteristics. The skewness of WTI, HO, and NG futures prices
is positive, meaning that the distributions are skewed to the
right.

Then we examine the mean reversion of commodity futures
price spreads. Here we define the price spreads by the differences

of the logs of commodity futures prices: SP
ij
t = log Fit −

log F
j
t (i < j). By doing so, the influence of commodity

spot prices is offset when commodity futures prices are
expressed by the multiplication of the spot price and the
exponential of convenience yield function as in Equation (8).

In addition, SP
ij
t may correspond to the level of convenience

yields while the time dependent coefficient �(t,T) may

exist. Hence, SP
ij
t examination will detect the characteristics

TABLE 1 | Basic statistics of WTI crude oil futures prices.

WTI1 WTI2 WTI3 WTI4 WTI5 WTI6

Mean 45.96 46.03 45.99 45.87 45.71 45.55

Median 37.21 36.47 35.91 35.44 34.99 34.53

Maximum 110.33 109.17 107.94 106.90 106.06 105.44

Minimum 17.45 17.84 18.06 18.27 18.44 18.60

Std. Dev. 20.66 20.92 21.14 21.32 21.49 21.65

Skewness 0.81 0.76 0.72 0.69 0.67 0.66

Kurtosis 2.79 2.59 2.44 2.33 2.24 2.17

In this study, we use daily closing prices of WTI crude oil futures traded on the NYMEX.

Each futures product includes six delivery months—from 1 to 6 months. The covered

period of time is from April 3, 2000 to March 31, 2008.

TABLE 2 | Basic statistics of heating oil futures prices.

HO1 HO2 HO3 HO4 HO5 HO6

Mean 127.86 128.27 128.35 128.15 127.82 127.44

Median 101.90 99.83 98.53 96.25 94.02 91.97

Maximum 314.83 306.45 301.55 301.05 301.10 301.50

Minimum 49.99 51.31 51.71 51.96 51.52 50.87

Std. Dev. 59.54 60.28 60.98 61.52 61.93 62.30

Skewness 0.73 0.68 0.65 0.64 0.63 0.62

Kurtosis 2.58 2.37 2.21 2.11 2.04 2.00

In this study, we use daily closing prices of heating oil (HO) futures traded on the NYMEX.

Each futures product includes six delivery months—from 1 to 6 months. The covered

period of time is from April 3, 2000 to March 31, 2008.

of convenience yields in the first order approximation. We
estimate the model of commodity futures price spreads
using

SP
ij
t =ρ0 + ρ1SP

ij
t−1 + ηt, (12)

where i and j represent two different delivery months selected
from 1- to 6-months (i < j), respectively. Table 4 reports the
estimation results using 1- and 2-month WTI crude oil, heating
oil, natural gas futures price spreads, respectively. According
to the estimated ρ1’s and the corresponding standard errors
in the table, the price spreads demonstrate mean reversion. It
implies that there exists another mean-reverting process in the
futures price spreads other than the spot price process. Taking
into account the price spread definition and constant �(t,T)
because of generic energy futures products, i.e., approximately
constant T − t, convenience yields for energy futures prices may
correspond to a mean reverting process other than the spot price
process, which supports the model structure using convenience
yields.

3.2. Parameter Estimation
We try to estimate the model parameters for CY-based pricing by
using the Kalman filter in order to examine the incompleteness
of energy futures markets. To simplify the calculation, we take
log transformation of the spot price St into new variable xt :

dxt = (µ − 1

2
σ 2
1 − δt)dt + σ1dzt . (13)

The Kalman filter consists of time and measurement update
equations. On one hand, since x and δ in Equations (13) and (2),
respectively are time updated, these equations represent linear
time update equations in the Kalman filter system. We discretize
the continuous-time model for x in Equation (13) into

xt = xt−1 − 1tδt + (µ − 1

2
σ 2
1 )1t + σ1ǫt ≡ f1(xt−1, δt−1, ǫt).

(14)
Similarly, the continuous-time model for δ in Equation (2) into
the following:

δt = (1− κ1t)δt−1 + κα1t + σ2ηt ≡ f2(xt−1, δt−1,ηt). (15)

TABLE 3 | Basic statistics of natural gas futures prices.

NG1 NG2 NG3 NG4 NG5 NG6

Mean 6.01 6.16 6.27 6.31 6.35 6.36

Median 5.94 6.11 6.19 6.09 6.11 6.18

Maximum 15.38 15.43 15.29 14.91 14.67 14.22

Minimum 1.83 1.98 2.08 2.18 2.26 2.33

Std. Dev. 2.27 2.32 2.36 2.34 2.33 2.30

Skewness 0.90 0.90 0.90 0.73 0.60 0.39

Kurtosis 4.75 4.72 4.57 3.83 3.28 2.43

In this study, we use daily closing prices of natural gas (NG) futures traded on the NYMEX.

Each futures product includes six delivery months—from 1 to 6 months. The covered

period of time is from April 3, 2000 to March 31, 2008.
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TABLE 4 | Mean reversion of energy futures price spreads.

Products WTI HO NG

Parameters ρ0 ρ1 ρ0 ρ1 ρ0 ρ1

Estimates 4.470 × 10−5 0.962 –2.870 × 10−5 0.957 –1.045 × 10−3 0.959

Standard errors 1.010 × 10−4 0.009 1.320 × 10−4 0.015 3.540 × 10−4 0.006

Log likelihood 7614 7199 5679

AIC –15225 –14395 –11354

SIC –15214 –14384 –11343

The table reports the estimation results using 1- and 2-month WTI crude oil, heating oil, natural gas futures price spreads, respectively. According to the estimated ρ1’s and the

corresponding standard errors in the table, the price spreads demonstrate mean reversion. It implies that there exists another mean-reverting process in the futures price spreads other

than the spot price process.

On the other hand, measurement update equation in the Kalman
filter system is obtained from commodity futures-spot price
relationship. We define the log of FTt by new variable yt (yt =
lnFTt ), and discretize Equation (8) into the following:

yt = xt − �(t,T)δt + ϒ(t,T)+ ξt ≡ h1(xt, δt, ξt). (16)

Following Welch and Bishop [18], the time and measurement
update equations of the model are represented by

(

xt
δt

)

=
(

x̃t
δ̃t

)

+ At

(

xt−1 − x̂t−1

δt−1 − δ̂t−1

)

+Wt

(

ǫt
ηt

)

, (17)

yt = h1(x̃t, δ̃t, 0)+ Bt

(

xt − x̃t
δt − δ̃t

)

+ Vtξt, (18)

where x̃t = f1(x̂t−1, δ̂t−1, 0), δ̃t = f2(x̂t−1, δ̂t− 1, 0),

At =
(

1 −1t
0 1 − κ1t

)

, Wt =
(

σ1 0
0 σ2

)

, Bt =
(

1 − 1
κ
(1− e−κ(T−t))

)

, Vt = 1, V[ǫt,ηt] = Qt =
(

1t γ1t
γ1t 1t

)

, and V[ξt] = Rt = diag[m1,m2,m3,m4,m5,m6]

(Diagonal matrix) wheremi ≥ 0 for i = 1− 6.
Note that both of ǫt and ηt are the process noises, ξt is

the measurement noise, and m1 to m6 are the volatilities of
the measurement noises for the log prices of 1–6 months time
to maturity futures products, respectively. Tables 5, 6 show the
complete set of the Kalman filter equations which include the
time and measurement update equations so as to calculate the
a priori estimate the error covariance matrix (8−

t ) and the a
posteriori estimate error covariance matrix (8t), respectively.

Note that we define the a priori estimate error and the

covariance by e−t ≡
(

xt − x̂−t
δt − δ̂−t

)

and 8−
t ≡ E[e−t e

−T
t ], and that

we also define the a posteriori estimate error and the covariance

by et ≡
(

xt − x̂t
δt − δ̂t

)

and 8t ≡ E[ete
T
t ] where Kt is the Kalman

gain. Using the recursive updates of the time and measurement
update equations as in Tables 5, 6, the measurement errors (ẽyt )
and the covariance matrices (6t) are given by

ẽyt = yt − h1(x̂
−
t , δ̂−t , 0), (19)

6t = Bt8
−
t B

T
t + VtRtV

T
t . (20)

TABLE 5 | Kalman filter time update equations.

x̂−t = f1 (x̂t−1, δ̂t−1,0) (A 1)

δ̂−t = f2 (x̂t−1, δ̂t−1, 0) (A 2)

8−
t = At8t−1A

T
t +WtQtW

T
t (A 3)

The table shows time update equations so as to calculate the a priori estimate the error

covariance matrix (8−
t ).

TABLE 6 | Kalman filter measurement update equations.

Kt = 8−
t B

T
t (Bt8

−
t B

T
t + VtRtV

T
t )

−1 (A 4)

x̂t = x̂−t + Kt (yt − h1 (x̂
−
t , δ̂−t ,0)) (A 5)

δ̂t = δ̂−t + Kt (yt − h1 (x̂
−
t , δ̂−t , 0)) (A 6)

8t = (I− KtBt )8
−
t (A 7)

The table shows measurement update equations so as to calculate the a posteriori

estimate error covariance matrix (8t ), respectively.

Using the measurement errors and the covariance matrices, the
parameters (2) in Equations (1) and (2) are estimated by the
maximum likelihood method

2̂ = argmin
2

N
∑

t=1

ln|6t| +
N
∑

t=1

ẽyt6
−1
t ẽTyt , (21)

where 2 = (µ, σ1, κ, α, σ2, ρ, ν,m1,m2,m3,m4,m5,m6). Note
that a risk free rate r is set to 6%.

We estimated the parameters2 forWTI crude oil, heating oil,
and natural gas futures as reported in Tables 7–9, respectively.
The parameters except m3, m4, and m5 for WTI are statistically
significant according to Table 7. Since ρ is estimated as 0.857
which is different from 1, it is shown that the fluctuation from
the incompleteness is partly driven by the fluctuation from the
convenience yield in Equation (5). In addition, the positive ρ is
consistent with the view for a convenience yield as an embedded
timing option to the commodity as discussed in Geman [1].
Then, according to Cochrane [19], negative ν generates the
price upper boundary for the relevant derivative products. It
implies that the market incompleteness due to the futures trading
including illiquid delivery months may request the additional
positive risk premium for WTI crude oil derivatives comparing
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to the spot market price of risk. While the futures market
evolution increased the Sharpe ratio by negative ν in the
orthogonal direction to dwt , the absolute value regarding ν is
relevant because the incompleteness due to the illiquidity can
produce positive and negative risk premium2. In this case, the
incompleteness of WTI crude oil market is calculated as |ν| =
1.404 using the market data. Hence, we could directly obtain
the incomplete market price of risk without using the exogenous
Sharpe ratio. Then, we examine the results for heating oil. The
parameters except α, m2, m3, and m4 are statistically significant
according to Table 8. Since ρ is statistically significant as 0.745,
it is also shown that the fluctuation of the incompleteness
partly stems from the fluctuation of the convenience yield
in Equation (5). Additionally taking into account that it is
smaller than the WTI correlation, the orthogonal fluctuation
for the HO may contribute more to the convenience yield
fluctuation than WTI in Equation (5). Since ν is statistically
significant, the incompleteness of the heating oil market could

2In addition, while ν is obtained as negative value, taking into account d3t
3t

=
−rdt−φdwt − (−ν)dzt , due to the symmetry of dzt , i.e., dzt = −dzt by definition,

the absolute value of ν represents the degree of the incompleteness of the market,

i.e., the incomplete market price of risk.

be obtained using the market data. Finally examining the results
for the natural gas in Table 9, the parameters except µ and
α are statistically significant. In addition to the existence of
incompleteness from the convenience yield, we also obtained
the incomplete natural gas market price of risk using the
market data.

Let us discuss the incompleteness of energy futures markets
by comparing to the complete market price of risk. φ represents
market price of risk for the complete market portion of
commodity futures while ν demonstrates market price of risk
for the incomplete market portion of commodity futures. The
comparisons between φ and ν, not the absolute values, will
explain how much the incompleteness of commodity futures
markets affects the pricing of the commodity futures. The
comparisons between φ and ν are reported in Table 10. Note
that the completeness parameter φ is calculated as φ = µ−r

σ1
where we assume r = 0.06. “A” represents the Sharpe ratio
defined as the square of the sum of two squared market prices
of risks. For the WTI crude oil, the incomplete market price of
risk (1.404) is a little greater than the complete market price of
risk (0.924). It suggests that the WTI crude oil market should
explicitly be spanned by both complete and incomplete markets.
The Sharpe ratio is calculated as 1.681. It implies that the pricing

TABLE 7 | Parameter estimation of WTI crude oil futures.

Parameters µ σ1 κ α σ2 ρ ν

Estimates 0.563 0.544 1.629 0.093 0.636 0.857 −1.404

(Std. Err.) 0.000 0.001 0.001 0.002 0.000 0.002 0.000

Parameters m1 m2 m3 m4 m5 m6

Estimates 2.197×10−4 1.628 × 10−5 1.000 × 10−6 1.000 × 10−6 1.000 ×10−5 7.753 × 10−6

(Std. Err.) 1.854×10−5 3.004 × 10−6 1.893 × 10−6 1.312 × 10−6 2.747× 10−5 3.655 × 10−6

Loglike 5.461×104

AIC −1.092×105

SIC −1.092×105

The parameters except m3, m4, and m5 for WTI are statistically significant.

TABLE 8 | Parameter estimation of heating oil futures.

Parameters µ σ1 κ α σ2 ρ ν

Estimates 0.568 0.575 1.358 0.069 0.883 0.745 –1.041

(Std. Err.) 0.196 0.017 0.062 0.249 0.034 0.081 0.234

Parameters m1 m2 m3 m4 m5 m6

Estimates 3.619×10−4 1.000 × 10−5 2.936 × 10−5 1.000 × 10−5 1.181 × 10−4 6.920 × 10−4

(Std. Err.) 6.725×10−5 1.889 × 10−5 1.810 × 10−5 2.531 × 10−5 3.485 × 10−5 1.719 × 10−4

Loglike 4.325×104

AIC −8.648×104

SIC −8.651×104

The parameters except α, m2, m3, and m4 are statistically significant.
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TABLE 9 | Parameter estimation of natural gas futures.

Parameters µ σ1 κ α σ2 ρ ν

Estimates 0.361 0.995 0.617 –0.416 2.061 0.829 –0.749

(Std. Err.) 0.299 0.022 0.089 0.660 0.081 0.012 0.252

Parameters m1 m2 m3 m4 m5 m6

Estimates 3.314×10−3 5.368 × 10−5 1.198 × 10−3 1.033 × 10−3 3.278 × 10−5 2.884 × 10−3

(Std. Err.) 1.199×10−4 2.124 × 10−5 3.595 × 10−5 3.133 × 10−5 1.393 × 10−5 9.812 × 10−5

Loglike 3.083×104

AIC −6.163×104

SIC −6.166×104

The parameters except µ and α are statistically significant.

TABLE 10 | Incompleteness of energy futures markets.

|φ| |ν| A =

√

ν2 + φ2

WTI crude oil 0.924 1.404 1.681

Heating oil 0.883 1.041 1.365

Natural gas 0.302 0.749 0.807

The comparisons between φ and ν are reported. Note that the completeness parameter

φ is calculated as φ = µ−r
σ1

where we assume r = 0.06.

of derivative instruments written on WTI crude oil prices just
requires to introduce the Sharpe ratio of about twice (1.681) as
large as the complete market price of risk (0.924) based on the
GDB in Cochrane [19]. For heating oil, the Sharpe ratio takes a
value of 1.365 with |φ| = 0.883 while the Sharpe ratio for the
natural gas is obtained as 0.807 with |φ| = 0.3023. It is shown that
the portion of the complete parts fromWTI crude oil and heating
oil in the whole Sharpe ratio is bigger than that from natural gas.
This may be consistent with the fact that oil-related markets such
as WTI crude oil and heating oil futures are more liquid than
natural gas markets4.

Since ν is larger than φ for all three products, it is found
that unspanned risk by the spot prices asks for larger reward,
i.e., higher Sharpe ratio, than spanned risk by the spot prices. It
implies that unspanned part including commodity futures price
risk may play an important role in the SDF in commodity futures
markets. In addition, it may correspond to the origins of the
development of commodity futures markets to reduce higher
volatility in the spot prices. In particular, for natural gas which
will be expected to have the highest volatility of the three, ν is
around twice as large as φ, which is the biggest ν/φ ratio of the
three. It may be because volatility risk of natural gas prices may be
more spanned by the unspanned part including the futures price
risk than the other two commodities.

3If we do not allow the insignificance of µ, the corresponding Sharpe ratio is

calculated as 0.751.
4As we explained in Section 2, we only assume the spot product as the complete

asset. It would be safe to say that this can hold as long as commodity products work

as the alternative instruments to financial assets in the first order approximation.

4. APPLICATION OF CY-BASED PRICING
TO ENERGY DERIVATIVES

4.1. Partial Differential Equation
The previous section derived the incomplete market price of risk
(ν) from energy futures markets. ν will be useful to price newly
introduced derivative products written on the same underlying
asset because the illiquid futures products are taken as the same
to newly introduced derivative in the sense that both these
assets have no trading volume. Thus, ν may represent how the
introduction of new products expands the whole market Sharpe
ratio and may be applicable to the derivative pricing. We try to
conduct the pricing of an Asian call option on energy futures
prices using the good-deal bounds of Cochrane and Saa-Requejo
[12]. The point is that ν is endogenously given by the parameters
which have already estimated in Section 3, while ν is arbitrarily
given in the good-deal bounds framework. In general, the GDB
pricing is represented by

Ct = Et

∫ T

s=t

3s

3t

xsds+ Et

(

3T

3t

xT

)

, (22)

d3t

3t

= −rdt − φdwt ∓ νdzt, (23)

where xsds and xT represent continuous dividends and a terminal
payoff and ∓ represents lower and upper price boundaries,
respectively. We for simplicity assume that the average i-month
futures price from times 0 to T is given by

I = 1

T

∫ T

0
Fi(S, δ, t)dt. (24)

Note that i is constant because we use generic energy futures
prices and thus we neglect the superscript i below. We denote
a price boundary by C(S, δ, I, t). We have

dC

C
= µCdt + σCwdw+ σCzdz. (25)

The GDB pricing is transformed into

µC − r + σCw ∓ σCzν = 0, (26)
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where ∓ represents lower and upper price boundaries,
respectively. Note that xs = 0.
By applying Ito’s lemma to C(S, δ, I, t), we have

µC = 1

C

{

∂C

∂t
+ (µ − δ)S

∂C

∂S
+ κ(α − δ)

∂C

∂δ
+ 1

2
σ 2
1 S

2 ∂2C

∂S2

+ 1

2
σ 2
2

∂2C

∂δ2
+ ρσ1σ2S

∂2C

∂δ∂S
+ 1

T
F

∂C

∂I

}

,

σCw = 1

C

{

µS
∂C

∂S
+ ρσ2

∂C

∂δ

}

,

σCz =
1

C

{

σ2
√

1− ρ2
∂C

∂δ

}

.

The GDB upper and lower price boundaries of an Asian energy
derivative are given as the solution of the following PDE by
injecting µC, σCw, and σCz into Equation (26):

−rC + ∂C

∂t
+ 1

2
σ 2
1 S

2 ∂2C

∂S2
+ 1

2
σ 2
2

∂2C

∂δ2
+ ρσ1σ2S

∂2C

∂δ∂S
+ dI

dt

∂C

∂I

= (δ − r)S
∂C

∂S
+
(

φρσ2 − κ(α − δ)

+ kνσ2
√

1− ρ2sgn

(

∂C

∂δ

))

∂C

∂δ
, (27)

with the terminal payoff:

C(S, δ, I,T) = f (IT), (28)

where k = −1 and +1 generate the upper and lower price
boundaries, respectively.

To obtain the GDB prices of the Asian call option, we set the
payoff at thematurity to be f (IT) = max(IT−K, 0) and, following

Ingersoll [20], dI
dt

to be

dI = 1

T̄
F(S, δ, t)dt. (29)

4.2. Asian Call Option Price
We computed Asian call option prices written on 1-month WTI
crude oil futures prices assuming that the strike price is 70 USD,
the initial convenience yield is zero, and the interest rate is set to
6 %. The results are reported in Figure 1 and Table 11. Figure 1

TABLE 11 | Asian call option risk premium.

Initial futures prices 70 80 90 100 110 120 130

Upper boundary price 1.47 7.31 17.40 26.36 35.23 44.15 52.71

No risk premium price (NRPP) 1.45 7.25 17.34 26.30 35.15 44.07 52.62

Lower boundary price 1.43 7.20 17.27 26.24 35.08 44.00 52.54

Upper premium (UP) 0.02 0.05 0.07 0.06 0.07 0.08 0.08

Lower premium (LP) 0.02 0.05 0.07 0.06 0.08 0.08 0.08

UP/NRPP (%) 1.08 0.72 0.39 0.24 0.21 0.17 0.16

LP/NRPP (%) 1.07 0.72 0.39 0.23 0.21 0.17 0.16

According to the table, the upper and lower risk premiums take the same value one

another irrelevant to the initial futures prices.

FIGURE 1 | Asian call option prices (K = 70, δ = 0). The figure suggests that both upper and lower risk premiums are small enough comparing with the level of the

option prices because the three price curves are almost seen on the same line.
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suggests that both upper and lower risk premiums are small
enough comparing with the level of the option prices because
the three price curves are almost seen on the same line. It may
be easily used for practitioners in the sense that the option price
is obtained using very small price premiums. Then in order to
examine the detailed risk premiums, the upper and lower risk
premiums are calculated in Table 11. According to Table 11, the
upper and lower risk premiums take the same value one another
irrelevant to the initial futures prices. For example, the upper and
lower premiums are calculated as 0.05 at the 80 USD initial WTI
crude oil futures price. It may imply that both of seller and buyer
of the option request the same risk premium to the WTI crude
oil market incompleteness. Like these, we could show an example
to calculate the risk premium based on the incompleteness of
energy futures market implied from the CY-Based pricing we
proposed.

5. POST-CRISIS ANALYSIS

One may think that it would be interesting to apply this
market incompleteness analysis in Section 3 to the post-crisis
periods after 2009. This section tries to conduct further empirical
studies of the commodity futures prices using the data periods
from January 2, 2009 to March 30, 2012. The results for
the parameter estimations for the models of WTI crude oil,
heating oil, and natural gas futures prices are reported in
Tables 12–14.

The parameters except m3 and m5 for WTI are statistically
significant according to Table 12. Since ρ is estimated as 0.742
which is different from 1, it is shown that the fluctuation from
the incompleteness is partly driven by the fluctuation from the
convenience yield in Equation (5). In addition, the positive ρ is
consistent with the view for a convenience yield as an embedded
timing option to the commodity as discussed in Geman [1].
Then, according to Cochrane [19], negative ν generates the
price upper boundary for the relevant derivative products. It
implies that the market incompleteness due to the futures trading
including illiquid delivery months may request the additional
positive risk premium for WTI crude oil derivatives comparing
to the spot market price of risk. While the futures market

evolution increased the Sharpe ratio by negative ν in the
orthogonal direction to dwt , the absolute value regarding ν is
relevant because the incompleteness due to the illiquidity can
produce positive and negative risk premium. In this case, the
incompleteness of WTI crude oil market is calculated as |ν| =
0.640 using the market data. It is found that the incomplete
market price of risk in post-crisis periods is smaller comparing
to the result in pre-crisis periods in Table 7 (|ν| = 1.404). Then,
we examine the results for heating oil. The parameters except
m3 and m5 are statistically significant according to Table 13.
Since ρ is statistically significant as 0.692, it is also shown that
the fluctuation of the incompleteness partly stems from the
fluctuation of the convenience yield in Equation (5). Since ν

is statistically significant, the incompleteness of the heating oil
market could be obtained as |ν| = 0.518 using the market data. It
is also demonstrated that the incomplete market price of risk in
post-crisis periods is smaller comparing to the result in pre-crisis
periods in Table 8 (|ν| = 1.041). Finally examining the results
for the natural gas in Table 14, the parameters exceptµ, α, ν, and
m5 are statistically significant. Contrary to the result in pre-crisis
periods inTable 9, we could not obtain the statistically significant
incomplete natural gas market price of risk using themarket data.

In summary, comparing to the results for pre-crisis periods,
the incomplete market prices of risk are obtained as smaller or
negligible values in post-crisis periods. This may be interpreted
as the shrink of the market incompleteness of commodity futures
after 2008 financial crisis due to the increase of the market
liquidity seen as the financialization of commodity markets5. In
addition, the natural gas market price of risk is smaller than the
otherWTI crude oil and heating oil market prices of risk, which is
different from the results for pre-crisis periods in Section 3. This
may be explained by the increases of the liquidity in natural gas
markets after 2008 financial turmoil because of the price drops

5One may think this argument self-contradictor because the paper has claimed

earlier that commodity futures prices do not tend to be affected by financial

markets. However, this financialization implies the increase of liquidity in

commodity futures trading transacted by financial market participants including

hedge funds, not the increase of price correlations between financial assets and

commodities. In this sense, the word “financialization” used here is in the first

order approximation.

TABLE 12 | Parameter estimation of WTI crude oil futures (post-crisis periods).

Parameters µ σ1 κ α σ2 ρ ν

Estimates 0.202 0.619 3.800 –0.160 1.280 0.742 –0.640

(Std. Err.) 0.000 0.000 0.000 0.000 0.000 0.000 0.000

Parameters m1 m2 m3 m4 m5 m6

Estimates 2.762× 10−4 1.541 × 10−5 1.000 × 10−7 4.359 × 10−7 1.000 × 10−6 3.681 × 10−6

(Std. Err.) 2.183× 10−5 1.260 × 10−6 1.901 × 10−7 1.940 × 10−8 1.513 × 10−6 8.300 × 10−7

Loglike 2.311× 104

AIC −4.618× 104

SIC −4.621× 104

The parameters except m3 and m5 for WTI are statistically significant.
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TABLE 13 | Parameter estimation of heating oil futures (post-crisis periods).

Parameters µ σ1 κ α σ2 ρ ν

Estimates 0.295 0.482 0.001 0.516 0.215 0.692 –0.518

(Std. Err.) 0.000 0.000 0.000 0.000 0.000 0.000 0.000

Parameters m1 m2 m3 m4 m5 m6

Estimates 8.546× 10−5 1.226 × 10−5 1.000 × 10−6 2.167 × 10−6 1.000 × 10−6 1.311 × 10−5

(Std. Err.) 1.902× 10−5 4.928 × 10−6 1.334 × 10−5 1.925 × 10−7 8.113 × 10−6 6.967 × 10−6

Loglike 2.292× 104

AIC −4.582× 104

SIC −4.584× 104

The parameters except m3 and m5 are statistically significant.

TABLE 14 | Parameter estimation of natural gas futures (post-crisis periods).

Parameters µ σ1 κ α σ2 ρ ν

Estimates −0.030 0.834 1.990 0.129 2.109 0.770 0.725

(Std. Err.) 0.413 0.001 0.003 0.586 0.053 0.021 0.698

Parameters m1 m2 m3 m4 m5 m6

Estimates 2.785×10−3 4.558 × 10−5 6.340 × 10−4 5.334 × 10−4 1.000 × 10−6 1.202 × 10−3

(Std. Err.) 4.329×10−4 1.883 × 10−5 3.871 × 10−5 4.132 × 10−5 1.625 × 10−5 6.363 × 10−5

Loglike 1.395×104

AIC −2.787×104

SIC −2.790×104

The parameters except µ, α, ν, and m5 are statistically significant.

through the US Shale gas revolution, which make the natural gas
prices relatively cheap.

6. CONCLUSION

This paper has proposed a convenience yield-based pricing
for commodity futures, which embeds the incompleteness
of commodity futures markets in convenience yields. The
characteristics of the pricing representation stem from splitting
the market price of convenience yield risk into complete and
incomplete market parts orthogonal each other, which can easily
treat the incompleteness of commodity markets. In addition,
by using the pricing method we have conducted empirical
analyses of the prices of WTI crude oil, heating oil, and
natural gas futures traded on the NYMEX in order to assess
the incompleteness of energy futures markets. We have shown
that the fluctuation from incompleteness is partly driven by
the fluctuation from convenience yields. In addition, it was
shown that the incompleteness of natural gas futures market
is more highlighted than the incompleteness of WTI crude oil
and heating oil futures markets. We applied the market price of
risk embedded in the NYMEX data to the pricing of an Asian
call option written on WTI crude oil futures. Finally, we tried
to apply the market incompleteness analysis to the post-crisis
periods after 2009. We found that the incompleteness profiles

of the commodity futures markets for post-crisis periods are
different from the profiles for pre-crisis periods in two senses: the
incompleteness is shrunk partly because of the financialization of
commodity markets and natural gas market price of risk becomes
negligible partly because of the increases in the liquidity from the
US Shale gas revolution.

This paper only dealt with energy futures due to the
availability of data. The concept in this paper can be extended
to other commodity futures like agricultural futures. More
importantly, we assume that commodity spot markets consist
of complete markets. However, one has to carefully choose a
set of underlying assets including financial assets and other
energy products from which the stochastic discount factor is
obtained. For example, the other energy spot products including
crude oil spot products may consist of an underlying asset of
natural gas futures in the sense of better hedging. Moreover,
we recognize the concern whether it is reasonable to use the
part of the diffusion term of the convenience yield that is
due to the diffusion term of the spot prices as the complete
part. If the spot markets are illiquid, then this part of the
diffusion term of the convenience yield cannot be hedged in
spot markets (because trading may be rare or prohibitively costly
due to illiquidity). These discussions are quite important and
insightful to consider commodity futures price modeling, which
may result in the possibility of the model restriction. These
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studies must be considered as the next direction for our future
researches.
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