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Let H be a separable Hilbert space, let G C H, and let A be an operator on H. Under
appropriate conditions on A and G, it is known that the set of iterations Fg(A) = {Ag | g €
G, 0 <j < L(g)} is a frame for H. We call Fg(A) a dynamical frame for H, and explore
further its properties; in particular, we show that the canonical dual frame of Fg(A) also
has an iterative set structure. We explore the relations between the operator A, the set
G and the number of iterations L which ensure that the system Fz(A) is a scalable frame.
We give a general statement on frame scalability, and study in detail the case when A is a
normal operator, utilizing the unitary diagonalization. In addition, we answer the question
of when Fg(A) is a scalable frame in several special cases involving block-diagonal and
companion operators.
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1. INTRODUCTION

The problem of generating frames by iterative actions of operators [1-3] has emerged within the
research related to the dynamical sampling problem [1, 3-6]. The conditions under which a frame
generated by iterative actions of operators exists for a finite-dimensional or a separable Hilbert
space have been stated in Aldroubi et al. [1, 3]. If we have a frame, then a linear combination of
a dual frame with the dynamically sampled coefficients reproduce the original signal. The natural
follow-up questions to ask in this setup are: whether we can obtain a scalable [7-13] frame under
iterative actions, and if not, whether we can find a dual frame which preserves the dynamical
structure.

Let A be an operator on a separable Hilbert space H. We consider a countable set of vectors G in
H, and a function L : G — Ny, where Ny = N U { 0}. Related to the iterated system of vectors

Fi(G): = {Ag|geG, 0<j=<L(g) (1)

we answer the following two questions:

(Q1) For which matrices A, which sets G, and which limits of iterations L is system (Equation 1) a
scalable frame for H?

(Q2) Assuming that system (Equation 1) is a frame for H, can we obtain a dual frame for Equation
(1), perhaps by iterative actions of some operator?

The motivation for studying systems of type (Equation 1) comes from the dynamical sampling
problem (DSP): Let the initial state of a dynamical system be represented by an unknown element
f € H. Say the initial state f is evolving under the action of an operator A* to the states f; = A*f; 1,
where fy = fandj € Na'. Given a set of vectors G C H], one can find conditions on A, G and
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L = L(g) which allow the recovery of the initial state f from the
set of samples {(AY], g | ge G}jLz(%). In short, the problem of
signal recovery via dynamical sampling is solvable if the set of
vectors (Equation 1) is a frame for H, [1, 3]. In frame theory it is
known that every frame has at least one dual frame; if Fﬁ(G) isa
frame for H, and its dual frame elements are hg, then all f € H
are reconstructed as

L(g)

f=) ") (fAgh;. )

geG j=0

2. PRELIMINARIES

Throughout this paper H denotes a separable Hilbert space.
Given an index set I, a sequence F = {f;};c; of nonzero elements
of H is a frame for H, if there exist 0 < A < B < oo such that

AlfI* <) 166> < BIf|® forallfeH.  (3)

i€l

In finite dimensions, we find it useful to express frames as
matrices, so we abuse the notation of F as follows: when dim H =
n, a frame F = {f;};er for H is often represented by a n x k matrix
F, whose column vectors are f;, 1 < i < k (k > n). The frame
operator S = FF* is then positive, self-adjoint and invertible.
For each frame F there exists at least one dual frame G =

{gi}ic1, satistying

f=> (ff)gi=) (fg)fi forallfeH (4)

i€l i€l

The matrix equation FG* = GF* = I is an equivalent expression
to the frame representation (Equation 4). The set {g; = S i dier
is called the canonical dual frame.

Finding a dual frame can be computationally challenging; thus
it is of interest to work with tight or scalable frames. We say that
a frame is A-tight if A = B in Equation (3). When A = 1, we
call F a Parseval frame. If a frame F = {f;};s is not tight, but we
can find scaling coefficients w; > 0, i € I, such that the scaled
frame F,, = {wfj}ics is tight, then we call the original frame F a
scalable frame. We note that the notion of scalability of a frame
is defined for a unit-norm frame in [10], but in this manuscript
we do not require a scalable frame to be unit-norm. If the scaling
coefficients w; are positive for all i € I, then we call the original
frame F a strictly scalable frame.

Let I denote a finite or countable index set, let G = {f;}sc; C H
and let A : H — H be a bounded operator. We call the collection

FE(A) = Use{Af, 1 j=0,1,..., L} (5)

a dynamical system, where Ly > 0 (L; may go to co) and L =
(Ls)ser is a sequence of iterations related to the set G. The operator
A, involved in generating the set Equation (5), is referred to as a
dynamical operator. If A is fixed, then we use the notation F&, and
if G = {f} and L = {L}, then we label (Equation 5) by FfL

Note that in Aldroubi et al. [1], f; are chosen to be the standard
basis vectors, while in this manuscript, we allow the use of any

nonzero vector f; € H. If Equation (5) is a frame for H, then we
call F5(A) a dynamical frame, generated by a dynamical operator
A, set G and sequence of iterations L.

3. NEW RESULTS ON DYNAMICAL
FRAMES

Theorem 1. Let G = {f};c; C H, where I is a countable index
set, and assume that FL(A) is a frame for H, with frame operator S.
The canonical dual frame of F&(A) is the dynamical frame FIG“, (B),
generated by operator B = S7IAS, G = (g, = S )ser, and
sequence of iterations L.

In addition, every f € M can be reconstructed from the
dynamical samples {(AYE £)]0 < j < Lg}ser via the frame
reconstruction formula

Ls

f= XI: > (AYE £)Bg.. (6)

j=0

Proof: Let F]é(A) be a frame for H, where G = {f;}sc; C H and
I is countable, and assume that S is the frame operator for F]G“ (A).
Then Sis an invertible operator, and for any Alf, e F]é (A) we have
that $~! (Ajfs) is a canonical dual frame element, where s € I,
0 <j < L. If we choose

g :=S"f,seland B: = S"!AS, 7)

then for all j > 0 we have
Big, = (ST'AS)...(ST'AS)g, = ST1A/ (Sg.) = ST (AE). (8)
O

Theorem 2. Let H; and H, be two separable Hilbert spaces. Let A
be a bounded operator on H; and let B: H; — H, be an invertible
operator. Let I be a countable index set, and fix G = {f;}se; C Hj.
Set g = Bfy; € Hy, s € I, and C: = BAB~'. For any set of
iterations L = (L), Ls > 0, TFAE:

(i) ThesetF = Usd{Ajfs}jL;O is a frame for Hj,
(ii) The set BF = USGI{ngS}jL;O is a frame for H.

Proof: Letgs = Bf; € Hy,s € I, and set C = BAB~!. Note that
C = BA/B7!, due to B~'B = I. For any A/f; € F C H, we have

BA/f, = BA/B™'Bf, = BA/B"'g, = Ug, € BFC Hy.  (9)

The operator B is invertible, thus BF is a frame if and only if F is
a frame, so (i) and (ii) are equivalent. O

If the operator B occurring in Theorem 2 is unitary and H; = H,
then the property of scalability is preserved. We have:

Corollary 1. Let f; € H, and set vy = U*f; for all s € 1,
where I is a countable index set. Let A,R be two operators on a
separable Hilbert space H, and let U be a unitary operator on H. If
A = URU*, then TFAE:
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(i) User{A'f; J-Lio is a scalable frame for H,
(ii) UseI{ijs}]]?;O is a scalable frame for H.

In the next section, we exploit the simplicity of the unitary
diagonalization of normal operators to give more explicit
conditions on the normal operator A in order to ensure scalability
of a frame of type Fé(A).

3.1. Normal Operators

Let A be a bounded operator on a separable Hilbert space H, and
assume there exists a unitary operator U, and a diagonal operator
D such that A = UDU*. Let G = {f;}c; and set vy = U*f, s € I,
where I is countable. Since A/ = UD/U*, it follows that for each
j € Ny we have

Af, = UD'U*f, = UDlv, = U(D'v,) forallf, e G.  (10)

By Corollary 1, Uscr{Af; };‘;0 is a scalable frame for H if and only
if User{Dlvs }jL;O is a scalable frame for H.

By the spectral theorem, a compact self-adjoint operator on a
Hilbert space can be unitarily diagonalized. Thus, we can deliver
a more precise statement on dynamical frames scalability when a
normal operator is involved; we note that the following result in
the finite dimensional case can be generalized when working in a
separable Hilbert space with a countable orthonormal basis:

Theorem 3. Let A = UDU* be a normal n x n matrix, where U
is unitary, and D is diagonal, with diagonal entries ay, . . . ,a, € C.
Let f, € H, and set vy = U*f, = (x,(1),...,x(n)T, 1 <s < p-

The set Ule{Ajfs | 0 <j < L} is a scalable frame of H if and
only ifthere exists a positive solution wsp, W1, ..., Wsr, 1 <s <p
to the system of equations

P (i) 2 [wgo a2 4+ wf’lea,-|2LS] -1,

Zle x5(1)%s(f) [Wio + wilaidj +...+ wf’Ls(aidj)Lk] =0,
(11)
foralli,j=1,...,n,i#].
Proof: Let D be the unitary diagonalization of A, with diagonal
entries aj,...,a, € C, and let vy = (x:(1),...,x(n)T e C",
se{l,---,phLp=>1
The set Ule{Divs | 0 < j < L} is a scalable frame for H
if and only if there exist scaling coefficients wsg, Ws1,. .., WsL,,
1 < s < p, which satisfy f = ZSJ(f, ws,ijvs)ws,ijvs for
all f € H. Restating the last equality in matrix product form
illuminates the fact that w? J need to be the positive solutions to
the weighted system of Equation (11).
By Corollary 1 the conclusion of the theorem holds true for a
finite dimensional Hilbert space H.
O

Theorem 4. If n > 3, then a normal operator on R" can not
generate a strictly scalable dynamical frame from a single vector
in R".

Proof: The Equation (11) implies that for the first three ajs, we
always have the relation aja,, ajas, and azasz are all negative

numbers assuming w; # 0, i = 1, 2, 3, which is not possible. Thus
any diagonal operator for R” can not generate a strictly scalable
frame from a single vector in R”. O

Although a normal operator on R” can not generate a strictly
scalable dynamical frame from a single vector, there do exist
normal operators on C” which generate scalable dynamical
frames, for example harmonic tight frames.

The problem of finding specific conditions under which the set
in item (ii) in Corollary 1 is a scalable frame for H is still open for
operators which do not possess a unitary diagonalization. For this
reason, we further study several operators with special structures,
such as block-diagonal operators (section 4) and companion
operators (section 5).

4. BLOCK-DIAGONAL OPERATORS

In this section, we explore the case when the operator A is of
block-diagonal form. Block-diagonal operators give us a chance
to offer a partial answer to (Q1) in the case when we don’t have a
unitary diagonalization.

Let A;:H; — H be an operator on Hj, with dimH; = n,,
1 <s < p.Let A:H — H be a block-diagonal operator on
H = @_, Hj, constructed as follows:

A ... 0
A= . (12)
0 ... 4

Letv € H; for some 1 < s < p. If H is the direct sum of a family
(Hj)s of Hilbert space, for each index s there exists a canonical
inclusion i; of H into H. We say that v is well-embeded in f € H
with respect to operator (Equation 12) if f = is(v).

Theorem 5. Let A;:H; — H; be an operator on H,, with
dimH; = n, 1 <s < p. Let A:H — H be a block-diagonal
operator on H = @leHs, constructed as in Equation (12). Let

Vol...>Vsm, € H, 1 <s < pbewell-embedded inf,, ... £, €
H1<s<p
b L
Theset | J{Af | 1<k < m (13)
s=1
Ls,k

is a (scalable) frame of H if and only if {A];vs’k | 1 <k <mg
are (scalable) frames of Hj forall1 <s < p.

j=0

Proof: We assume that all m; = 1, ie, £ = £, vy = v,
and Ly = L;, 1 < s < p, to simplify the presentation of the
proof. The matrix representation of U‘f:l{Ajfs}jL;O with scaling
coefficients wsj, 0 < j < Ls for each s = 1,...,p is of
block-diagonal form:

L
w101 ... WI,L1A1 Vi

L
WpoVp - .- Wp,LPAppr
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If F is a tight frame, then row vectors of F are orthogonal and
have the same norm and so does (wsVs. . . ws,LSASLSVS) for each
s = 1,...,p. This implies that the system {AJ;VS}]»Lio is a scalable
frame for Hj forall 1 <s < p.

Now, suppose that for each 1 < s < p, the system {Ajvs}f;O is
a scalable frame for Hj. Then, there exist some scaling coefficients
wsjy 1 <'s < p,0 < j < L, such that {wyjAlv]0 < j < Li} isa
Parseval frame for eachs = 1,...p. O

Block operators we can employ in Theorem 5 include:

Example 1. Let a, b, ¢, d be real numbers.

(a) The operator A = <Z 2) in R? generates a tight frame
2 _ %1 [a’(atd)* 4 (a+d)’+a?
Fe, ifa # —d b = a+d 1+(a+d)?
1+(a-+d)>
(a+d)?>+a?(a+d)?>+a? "

,and ¢ =

Ta(ad + a®> + 1)

(b) The operator A = ( Z 2) in R? generates a tight frame Fgl if
2
a>0and0 < —1(2“(;2‘:)) 1

(c) The operator A = <(1) Z) generates a strictly scalable frame
Fg’l ifa+b*<0.

000
(d) The operator A = | 1 a ¢ | generates a strictly scalable
0bd
. 2 4b
frame F} ifa > 0and0 < —‘Z(z”(aidc)) 1

The conditions for Example 1(b) are obtained from the following
proposition:

Proposition 1. Let a, b, ¢, d be real numbers such that a > 0 and
abed # 0. Then the following two statements are equivalent:

() 0<—p7 <L
(2) The system

lac
F=<0bd>

is a strictly scalable frame for R2.

Proof: We first note that the condition 0 < —75 < 1is

equivalent to (a > 0, —% > 3> 0)or(a>0, —g >4 > 0).

(1) = (2): The conditions a > 0, —% > % > 0 imply that
ac
d>0,ad—bc>0, — > —1
>0, a c > o >

. d .
and the conditionsa > 0, —% > 7 > 0 imply that

ac
d<0,ad—0 0, — > —1.
<0,a c<0, 5>

Then

Y [T A R
“Vod T TV Shad— b0’ TV dlad — bo)

are positive numbers and

_(xya z
F_<0ybzd>

is a Parseval frame for R2.
(I) < (2): If the system F is strictly scalable, then the
normalized system

_a __¢c
O 7w Terd

is a unit-norm scalable frame. The Gramian matrix of diagram
vectors of F’ has positive scalings in its null space:

a*cd — abc? + abd? — b*cd

0, 14
ab(c + d?) (14)
—cd(a® + b?)
— > 0. 15
ab(c? + d?) ~ (15)
Inequality (Equation 15) implies that —7% > 0. Next we show
that — 7% < 1.

In case b > 0, inequality (Equation 14) implies that
a*cd + abd® > be(ac + bd).

If (c > 0and ac+bd > 0)or (¢c < 0and ac + bd < 0),

then a?cd 4 abd®> > 0, which implies —pq < LIfc > 0and
bd

ac + bd < 0, then ac < —bd, which implies 1 < —2% since
ac > 0. Similarly, if ¢ < 0 and ac+bd > 0, then ac > —bd, which
implies 1 < —% since ac < 0. This is equivalent to — 75 < 1.

In case b < 0, suppose that —;5 > 1. Multiply both sides
by the positive number —abd?. On one hand we have a%cd >
—abd? and on the other hand, from inequality (14), we have
a*cd — abc? < —abd® + b*cd. Since a*cd > —abd?, we have
—abd® — abc® < —abd® + b*cd, which implies — 5 < 1. This
contradicts our assumption. O

Proposition 2. Let i,j,k,] € N be such thatp < k < n,q <
I < n, and let N € N. For each m = 1,...,N, we define
Ai?(m) = [atj(m)];szl as

apq(m) = am> apl(m) = b, akq(m) = Cm, ag(m) = dp.

If foreachm = 1,...,N, am, by, ¢y and dy, satisfy the conditions
of Proposition 1, and the system

fer} UUN_ (AR (m)ey, (AT (m))%er} (16)

spans R", then Equation (16) is a strictly scalable frame for R".
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4.1. Generalization

The problem of generating a frame by iterative actions of a block-
diagonal operator (Equation 12) is equivalent to the problem
of generating a frame by iterative actions of multiple operators.
So, we pose the question: Given operators A;, s € N, on
a separable Hilbert space H, and fixed vectors v € G C
H, when is the collection {Asv|s € N,v € G} a (scalable) frame
for H?

Such frames would naturally arise in applications; for instance,
let f € H be the initial state of a physical system that evolves
through time, and let the sequence of bounded operators {A}[s €
N} describe the evolution of that physical system i.e., f; = A}f1is
the sth state of the system at time #,. Assume there are several
fixed sampling locations v. € G < H, where samples of the
evolved state are taken:

(A*,v) = (£, Ag).

Clearly, f can be recovered from the set of samples {(Af, v)|v €
G} if and only if {Agvlv € G,s € N} is a frame for H.
Note that this type of a frame is a generalization of frames of
iterative actions of operators, when one or more operators are
involved.

For a frame generated by actions of a sequence of
operators, we find that its canonical dual frame has similar
structure:

Theorem 6. Let A, s € I be a sequence of operators on a separable
Hilbert space H, and let G C H. Suppose F(A,I): = {Av]s €
I,v € G} is a frame for H, with frame operator S. Then its canonical
dual frame is

{(Bf|sel, feSTHG)), where B, =S'AS,sel. (17)

Proof: If S denotes the frame operator of the frame F(A,I)
for H, then its canonical dual frame elements are S™'Av,
veGQG.

Since SS! is the identity operator, and B, =
obtain that the dual frame elements are

S7LALS, we

ST1Av = S71ASS™ v = STLASf = Bf, where f € ST(G).

O
5. COMPANION OPERATORS AND
GENERALIZATIONS
Letay,...,a, € R which are not all zeros; then
(18)

is called a companion operator [14].

Proposition 3. Let the dynamical operator A be a companion
operator (18) in R", then we have

(1) Fl=1
(2) for any orthogonal matrix U, the operator UAU™! generates
an orthonormal basis U.

It is known that the standard orthonormal basis B can not be
extended to a scalable frame by adding one vector f € H \ B, [8,
11]. Thus, we explore when one can generate a dynamical frame
by adding two vectors. Although a companion operator A does
not generate a scalable frame Fy , it can generate a scalable frame
Fy* ! under certain conditions. Using the companion operator A,
we have

1
F, =(er...e, f), F;‘f =(ey...e, fg), (19)
where

ap ayan

a ai + azay

as ay + azay
f= . andg =

an—1 ap—2 + an—1an

ay an—1 + af,

Proposition 4. [11] Let {e1,...e,} be the standard orthonormal
basis in R" with n > 2. Let f and g be two unit-norm vectors in
R",

If either system {ey, . ..epn, £, g} or {e1,...e,—1,f, g} is scalable,
then f and g have only two nonzero elements in the same entries.

We now assume that F/*! is scalable. Then by Proposition 4,
am = 0 implies that a,,—; = 0 for m > 2. This implies that
a; = ... = ay— = 0. A consequence of this is the following

result.

Proposition 5. Let a and b be real numbers such that a > 0 and

0<— a_‘f_zhz < 1. Then the companion operator A in R",
00..000
10..000
A= e (20)
00..10a
00..015b
generates a strictly scalable frame F:fH
Proof: We have
I
Fitl = 10a ab |, (21)
0l1ba+t?
which is strictly scalable. O

We note that the operator A in Equation (20) is not
diagonalizable.
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Example 2. Let a and b be real numbers such that 0 <

—% < land a > 0. Then the operator
000...0
1 00...0
010...0
e (22)
0...1 a ¢
0...0 b d

generates a strictly scalable frame Fy, for R".

Proof: We have

I
Fg‘l = laa*+0bc|. (23)
0bab+bd
The strict scalability follows by Example 1. O

Example 3. Let 2sin(¢) — 1 > 0 and let

+1 0 0 0 ... 0
0 £1 0 0 ... 0
A= : M : : (24)
0 0 .E1 0 0
0 0 0 cos¢ —sing
0 0 0 sin¢g cos¢
The set
n—2
{en-1,Aes—1,A%e,-1) U | Jler Aer,...,AMe)  (25)
I=1

is a strictly scalable frame of R".
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6. CONCLUDING REMARKS

We have studied the scalability of dynamical frames in a separable
Hilbert space H. Given an operator A on H and a (at most
countable) set G C H, we have explored the relations between A,
G and the number of iterations that make the system (1) a scalable
frame. In section 3.1 we have fully answered question (Ql) in
finite dimensions, when working with a normal operator. We
have also studied operators with specialized structures, such as
block-diagonal operators (section 4), and companion operators
(section 5), which are not necessarily normal; for instance, note
that the block-diagonal matrix A in Theorem 5 cannot be normal
if one of its blocks is not normal.

In adition, we have established the canonical dual frame for
frames of type F(A); in particular, we showed that the canonical
dual frame has, as anticipated, an iterative set structure; in
section 4.1, we had generalized the notion of dynamical frames
to the notion of frames generated by sequences of operators,
and verified that the canonical dual frame result is generalized as
well (Theorem 6); this type of result holds true in any separable
Hilbert space H.
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