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In this paper, we mathematically formalize the concept of improving sequence effect,

which is one of the main anomalies of the discounted utility model [1]. The improving

sequence effect implies a preference for a given sequence of outcomes, which increase

over time, and has been empirically demonstrated for both monetary and nonmonetary

results (hedonic experiences and health-related outputs). Nevertheless, to date, there is

no mathematical treatment of this anomaly in the context of intertemporal choice, which

allows us to relate this paradox to other anomalies, such as the delay and magnitude

effects. In this way, the present manuscript has filled this gap. More specifically, we have

proved that the improving sequence effect for monetary rewards cannot be rationalized

by using a separable discount function but only by considering a non-separable discount

function. Moreover, under certain conditions, we have proved that the delay and

magnitude effects are necessary conditions for the existence of the improving sequence

effect.

Keywords: improving sequence effect, intertemporal choice, discounted utility model, delay effect, magnitude

effect, discount function

1. INTRODUCTION

Generally speaking, the improving sequence effect is an anomaly revealed in the ambit of
intertemporal choice by which individuals prefer sequences of outcomes, which increase over
time, rather than decrease, or flat sequences with equal mean [2]. In other words, people like
improvement in such a way that they would prefer to leave the best outcomes for the last maturities
of the sequence [3–5]. Thus, rather than experiencing the best outcome sooner, people usually
prefer to postpone a good outcome. Obviously, this is a violation of the discounted utility model [1],
since individuals show a negative time preference for sequences of outcomes rather than a positive
time preference, as displayed for single outcomes.

Read and Powell [6] define the improving sequence effect for monetary sequences as follows:
“Given a choice between two ways of distributing a fixed amount of money over time, either as a
falling sequence going from large to small, or a rising sequence going from small to large, a rational
decision maker will choose a falling sequence. This is because at a non-zero rate of interest the
falling sequence dominates the rising one, since any unspent money can earn interest. Despite this,
there is evidence that people often prefer rising to falling sequences.”

More specifically, Loewenstein and Sicherman [7] and Loewenstein and Prelec
[8] define this anomaly for income sequences in the following way: “Given a
positive real rate of interest, a worker presented with alternative income sequences
X = (x1, . . . , xn) and Y = (y1, . . . , yn) for otherwise identical jobs where
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∑n
i= 1 xi =

∑n
i= 1 yi, xi > yi, for i = 1, . . . , j, and yi > xi,

for i = j + 1, . . . , n, should select X over Y . [. . . ] Sequence X
dominates Y ; by selecting X and saving appropriately, workers
could enjoy greater consumption in every period.” However,
empirical evidence shows that workers actually prefer increasing
wage profiles over flat or decreasing wage profiles of greater
monetary present value.

Despite this, many researchers have theoretically and
empirically studied the improving sequence effect, most are cited
in the following section, and none presented a mathematical
analysis of this anomaly. In this way, the main contribution
of this paper is the rationalization of the improving sequence
effect as an anomaly, observed in the context of an intertemporal
choice by using a non-separable discount function. Moreover,
this manuscript finds an interesting result linking the improving
sequence effect to the delay and magnitude effects.

Therefore, the main objective of this paper is to present
an analysis of the improving sequence effect for monetary
sequences. The organization of this paper is as follows. Section
2 provides three mathematical definitions of the improving
sequence effect and the implications between them. On the
other hand, section 3 includes a proof of the present value
maximization principle for decreasing income sequences by
using a separable discount function. Section 4 introduces the
concept of a non-separable discount function to explain the
improving sequence effect in the context of discrete and
continuous distributions of capital. Finally, after demonstrating
the relationship between the improving sequence effect and the
delay and magnitude effects (section 5), section 6 summarizes
and concludes the study.

2. MATHEMATICAL DEFINITIONS OF THE
IMPROVING SEQUENCE EFFECT

Although there are several theoretical definitions of the
improving sequence effect (seen in the Introduction section of
this paper), to the best of our knowledge, no mathematical
definitions have been proposed yet. For this reason, we
provide three mathematical definitions, which support the ideas
previously indicated in the Introduction section. But, before this,
we have to highlight two important observations:

• Our definitions restrict the idea provided by Loewenstein and
Sicherman [8] because we only consider income sequences
variable in (increasing or decreasing) arithmetic progression
and not general income sequences. Even a preference for a
mixed response (increasing-decreasing-increasing) has been
found in the case of nonmonetary outcomes [9].

• However, our third definition allows for a given income
sequence to be preferred, not only over all decreasing income
sequences but also over the remaining increasing income
sequences.

Before discussing the three definitions of the improving sequence
effect, let us introduce the following definitions from the past.

DEFINITION 1. Let R be a set of money amounts and T a set of
time instants. The pair (R,T) is said to be a distribution of capital
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Chart 1 | Scheme corresponding to Definition 2.

if there is a one-to-one correspondence between the elements of R
and the elements of T.

In our definitions of the improving sequence effect, we will only
consider a special set of money amounts, viz a sequence variable
in an arithmetic progression.

DEFINITION 2. Given an amount S and a period of time n, an
intertemporal choice is said to satisfy the improving sequence effect
if, for every 1 > 0, the sequence

(a, 1), (a+ 1, 2), (a+ 21, 3), . . . , (a+ (n− 1)1, n), (1)

where a = S
n − n−1

2 1 > 0, is preferred over the rest of the
decreasing sequences variable in an arithmetic progression whose
positive terms mature at 1, 2, . . . , n, all terms summing up to S.

Definition 2 can be schematically viewed in Chart 1, where the
arrow+1i −→ −1j (i, j = 1, 2, 3) means that the sequence

(a, 1), (a+ 1i, 2), (a+ 21i, 3), . . . , (a+ (n− 1)1i, n),

is preferred to

(a, 1), (a− 1j, 2), (a− 21j, 3), . . . , (a− (n− 1)1j, n),

both satisfying the conditions displayed in definition 2.
Definition 2, which is called the strong definition of the

improving sequence effect, does not completely fit the idea
underlying this anomaly since, in the empirical studies on
monetary sequences [2, 4, 6, 10–14], there are some decreasing
sequences, which are preferred over other improving sequences,
whose terms sum up to the same amount. Therefore, we provide a
new definition, called the semi-strong definition of the improving
sequence effect.

DEFINITION 3. Given an amount S and a period of time n, an
intertemporal choice is said to satisfy the improving sequence effect
if, for every 1 > 0, the sequence (1) is preferred over the following
decreasing sequence

(a+ (n− 1)1, 1), (a+ (n− 2)1, 2), . . . , (a+ 1, n− 1), (a, n),

all terms summing up to S.

Chart 2 schematizes definition 3.

Despite introducing the former two definitions, the following
one fits the idea of the improving sequence effect provided
by Loewenstein and Sicherman [8] better. In other words, the
conditions imposed on definition 2 and 3, need to be relaxed,
giving rise to theweak definition of the improving sequence effect.
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Chart 3 | Scheme corresponding to Definition 4.

DEFINITION 4. Given an amount S and a period of time n, the
intertemporal choice is said to satisfy the improving sequence effect
if there is a 1 > 0 such that sequence (1) is preferred over the
rest of the sequences whose positive terms mature at 1, 2, . . . , n and
are constant or variable (increasing or decreasing) in an arithmetic
progression, all terms summing up to S.

Chart 3 schematizes definition 4.
These three definitions fit the idea of the improving sequence

effect (and the negative time preference). However, as indicated,
taking into account the results obtained from the empirical
studies on this effect, definition 4 fits the empirically observed
behavior better than the other behaviors and also allows a
computational treatment, when analytically solving the equation,
leading to the preferred sequence.

PROPOSITION 1. Definition 2 implies definition 3, and definition
3 implies definition 4.

Proof. See Appendix in Supplementary Material.

Observe that definitions 2, 3, and 4 involve all values of the
common difference 1 such that the terms of the corresponding
sequences are positive. However, the set of differences could
be restricted to a neighborhood of zero of the form ] − k, k[,
where k > 0, and incremental times to an interval [0, h],
where h > 0, giving rise to the respective “local” concepts of
improving sequence effect. Finally, in the rest of this paper, we
only considered definitions 3 and 4.

3. PRESENT VALUE MAXIMIZATION
PRINCIPLE FOR INCOME SEQUENCES

Loewenstein and Sicherman [7] proved through a numerical
example that the present value of a decreasing sequence is

greater than the present value of the constant and the improving
sequences, provided that their terms total the same amount
($150,000). This statement can be generalized to mean that the
present value of a sequence variable in an arithmetic progression,
whose terms total a fixed amount, is decreasing with respect to
the difference of the progression. This result is consistent with
the financial principles: the smaller the difference, the higher
the amount of the first term, which consequently is discounted
using a shorter period of time than the others. Moreover, it
is relevant to note that Loewenstein and Sicherman [7] used
the exponential discount, which is characterized by the use of
a constant instantaneous discount rate. If the instantaneous
discount rate [15] is constant (exponential discounting), it is
intuitive to see that the discount function cannot explain the
improving sequence effect. Now, we wonder if this result can
be generalized to any separable discount function, regardless
of whether its instantaneous discount rate is increasing or
decreasing [16]. The answer to this question is affirmative, but
before that, we will introduce some formal nomenclature and
notation.

Let F(t) be a (separable) discount function and let a, a+1, a+
21, . . . , a + (n − 1)1 be an ordinary annuity variable in an
arithmetic progression, where a > 0 is the first term and 1 is
the common difference, such that the sum of all terms is constant
and equal to S:

a+ (a+ 1)+ (a+ 21)+ · · · + [a+ (n− 1)1] = S.

Next, the following result can be stated.

PROPOSITION 2. The present value of the ordinary annuity whose
terms are variable in arithmetic progression:

a, a+ 1, a+ 21, . . . , a+ (n− 1)1

such that

a+ (a+ 1)+ (a+ 21)+ · · · + [a+ (n− 1)1] = S,

using any separable discount function, is decreasing with respect to
1.

Proof. See Appendix in Supplementary Material.
Proposition 2 can also be shown if a, a + 1, a + 21, . . . , a +

(n− 1)1 is an annuity due variable in arithmetic progression.

COROLLARY 1. The present value of the ordinary annuity
variable in arithmetic progression

a, a+ 1, a+ 21, . . . , a+ (n− 1)1

such that

a+ (a+ 1)+ (a+ 21)+ · · · + [a+ (n− 1)1] = S,

using the exponential discounting F(t) = (1 + i)−t , with i > 0, is
decreasing with respect to 1.
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4. THE CASE OF NON-SEPARABLE
DISCOUNT FUNCTIONS

Proposition 2 shows that, in order to explain the improving
sequence effect, it is not possible to consider a separable discount
function [17]. So, our first task was to define a non-separable
discount function. See, for example, Lisei’s paper [18].

DEFINITION 5. A non-separable discount function is a real-
valued function

F : R × R
+ → R

such that

(x, t) 7→ F(x, t),

satisfying the following conditions:

1. F(x, 0) = x, for every x ∈ R.
2. F(0, t) = 0, for every t ∈ R

+.

3. F is increasing with respect to x. If F is differentiable, ∂F(x,t)
∂x > 0.

4. F is decreasing (respectively, increasing) with respect to t, if

x > 0 (respectively, if x < 0). If F is differentiable, ∂F(x,t)
∂t < 0

(respectively, ∂F(x,t)
∂t > 0), if x > 0 (respectively, if x < 0) .

As an immediate consequence of conditions 1 and 3, it can be
deduced that

F(x, t) < x, if x > 0, and F(x, t) > x, if x < 0.

F(x, t) represents the amount at time 0, which is indifferent to the
amount x at time t.

4.1. Improving Sequence Effect With
Discrete Distributions of Capital
In order to verify the existence of the improving sequence effect
by using a given non-separable discount function, we had to solve
the following problem: to maximize the present value

PV =

n−1
∑

t= 0

F(a+ 1t, t + 1).

This optimization problem is equivalent to solving the following
equation in 1:

dPV

d1
= 0,

that is to say,

n−1
∑

t= 0

(

t −
n− 1

2

)

∂F(x, t + 1)

∂x

∣

∣

∣

∣

x=a+1t

= 0, (2)

where

a =
S

n
−

n− 1

2
1.

Among all solutions of equation (2), we had to dismiss those such
that some a + 1t (t = 0, 1, . . . , n − 1) was negative. Taking into
account that all solutions are relative extremes, we had to choose
the value of 1 corresponding to the greatest present value. To do
this, if 10 is a solution of equation (2), we had to verify that

d2PV

d12

∣

∣

∣

∣

x0=a0+10t

< 0, (3)

where

a0 =
S

n
−

n− 1

2
10,

that is to say

n−1
∑

t= 0

(

t −
n− 1

2

)2
∂2F(x, t + 1)

∂x2

∣

∣

∣

∣

x0=a0+10t

< 0.

EXAMPLE 1. The non-separable discount function F(x, t) =

x exp{−kt/xα}, with k > 0 and α > 1 [19], satisfies the improving
sequence effect for k = 0.10, n = 3, α = 2, and S = 6. In effect, in
this case,

∂F(x, t)

∂x
=

(

1+
ktα

xα

)

exp{−kt/xα}

and

∂2F(x, t)

∂x2
=

ktα

xα+1

(

1+
kt

xα
− α

)

exp{−kt/xα}.

To solve equation (2), we obtained the value 10 = 0.536. In
other words, this value of 1 maximizes the present value, as
represented in Figure 1. Proposition 2 proved that if the discount
function depends on time t and linearly on the reward x

F(x, t) = xF(t),

it is not rational that the improving sequence effect can hold. In
other words, the improving sequence effect can occur when the
discount function depends on time and is not linear with respect
to the discounted outcome

F = F(x, t),

as confirmed by example 1.
Next, we wondered if alternatively this calculation could be

easier if we worked with continuous distributions of capital.
Before continuing with the development of the next section, we
are going to introduce the following definition.

DEFINITION 6. A distribution of capital D = (R,T) is said to be
continuous if T is a real interval and R(t) is a continuous function
[20], where R(t)dt is the elemental amount corresponding to
time t.
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FIGURE 1 | Present value as a function of the common difference 1

(Example 1).

4.2. Improving Sequence Effect With
Continuous Distributions of Capital
The objective of this subsection is to use continuous annuities
for the analysis and description of the improving sequence effect.
In this case, as indicated, we can not use separable discount
functions. Therefore, we have to introduce the expression of the
present value of a continuous annuity by using a non-separable
discount function, F(x,t):

PV = lim
n→∞

n
∑

k= 1

F

[

R

(

k

n
l

)

,
k

n
l

]

l

n

or, equivalently,

∫ l

0
F(R(t), t)dt.

Obviously, in the treatment of the improving sequence effect, we
will work with linear continuous annuities. More specifically, we
will work with the family of continuous annuities defined by a
straight line, R(t) = mt + n, such that R(t) > 0, for every t
in [0, l], and where the area defined by R(t), the x-axis, and the
vertical lines t = 0 and t = l is constant and equal to S. From
this, there are two important remarks:

1. The slope m can be positive or negative as long as the
condition R(t) > 0, for every t in [0, l], holds.

2. The values of l and S are given as constants.

In this context, the expression of the present value of the
continuous annuity R(t) = mt+n, valued with the non-separable
discount function F(x, t), is

PV =

∫ l

0
F(mt + n, t)dt. (4)

Before going further, it is necessary to show the relationship
between m and n. To do this, we took the following condition
into account:

∫ l

0
(mt + n)dt = S,

from where

(

m
t2

2
+ nt

)∣

∣

∣

∣

l

0

= S,

or, equivalently,

m
l2

2
+ nl = S,

and finally,

n =
S

l
−

ml

2
.

Therefore,

R(t) = m

(

t −
l

2

)

+
S

l
.

Now, we formulate the following question: Is there any value of
m which maximizes the present value? If this valuem0 is positive,
the improving sequence effect would hold. To do this, let us
calculate the first derivative of the present value with respect to
m:

dPV

dm
=

∫ l

0

∂F(x, t)

∂x

∣

∣

∣

∣

∣

x=mt+n

dR(t)

dm
dt.

Hence,

dR(t)

dm
= t −

l

2

and consequently

dPV

dm
=

∫ l

0

∂F(x, t)

∂x

∣

∣

∣

∣

∣

x=
(

t− l
2

)

m+ S
l

(

t −
l

2

)

dt. (5)

Observe that, in equation (5), it is satisfied that

•
∂F(x,t)

∂x

∣

∣

∣

x=
(

t− l
2

)

m+ S
l

> 0, by the definition of F(x, t).

• t − l
2 ≤ 0, for every t in

[

0, l
2

]

, and t − l
2 ≥ 0, for every t in

[

l
2 , l

]

.

Therefore, the sign of the integral depends on the increase or

the decrease of the factor ∂F(x,t)
∂x

∣

∣

∣

x=
(

t− l
2

)

m+ S
l

with respect to t.
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Finally, in order to prove that the obtained value of m, denoted
bym0, is a maximum, it is necessary that

d2PV

dm2

∣

∣

∣

∣

m=m0

< 0.

Therefore, the use of continuous distributions of capital can
facilitate the resolution of equation (2), which arises in the case
of a discrete distribution of capital, and it is presented as an
alternative of easy calculation.

5. IMPROVING SEQUENCE EFFECT AND
THE DELAY AND MAGNITUDE EFFECTS

Before analyzing the relationship between the improving
sequence effect and the delay andmagnitude effects, the following
statement can be enunciated:

PROPOSITION 3. A non-separable discount function F(x, t)
describes the semi-strong improving sequence effect, for every
period length h ≤ h0, where h0 > 0, and every amount difference

−10 ≤ 1 ≤ 10, with 10 > 0, if and only if ∂2F(x,t)
∂x∂t ≥ 0 and,

moreover, the set

M : =

{

(x, t) ∈ R × R
+

:

∂2F(x, t)

∂x∂t
> 0

}

is dense in the set

N : =

{

(x, t) ∈ R × R
+

:

∂2F(x, t)

∂x∂t
≥ 0

}

in the usual topology of R
2.

Proof. See Appendix in Supplementary Material.

In what follows, our aim was to mathematically relate the
increasing sequence effect to the delay and magnitude effects
but, before this, we had to define them. Delay effect consists of
using higher discount rates for short intervals than for large ones.
This way, discount rates decrease as waiting time (to obtain the
reward) increases.

In the experiment conducted by Benzion et al. [21], the
inferred (mean) discount rates for postponing the receipt of a
200-dollar amount were 42.8, 25.5, 23.0, and 19.5% for delays
of 6 months, 1, 2, and 4 years, respectively. In other words, they
obtained higher average discount rates for shorter time intervals.

More specifically, Prelec and Loewenstein [22] formalized this
effect in the following way: (x, t1) ∼ (y, t2) implies (x, t1 + h) ≺
(y, t2 + h), for x < y and h > 0.

On the other hand, some researchers found that the rates used
to discount large amounts were lower than the rates used to
discount small ones, which was labeled as the magnitude effect
[5]. Thaler [23] carried out an experiment where the participants
were indifferent between receiving $15 right away and $60 in a
year, $250 now and $350 in a year, and $3,000 immediately and
$4,000 in a year, implying discount rates of 139, 34, and 29%,
respectively.

This effect was expressed formally by Prelec and Loewenstein
[22] as follows: (x, t1)∼(y, t2) implies (αx, t1)≺(αy, t2), for α > 1
and 0 < x < y (which implies t1 < t2). Moreover, Gerber
and Rohde [24] proposed this definition: preferences exhibit the
magnitude effect at date t if the outcomes x, y, X, and Y are
given with 0 < x < X and 0 < y < Y , then (x, 0)∼(y, t) and
(X, 0)∼(Y , t) implies X/Y > x/y. In the same way, Read [25]
mathematically defined themagnitude effect: imagine that a small
outcome (xs1) and a large outcome (xl1) are respectively equated

with outcomes xs2 and x
l
2 available at different times in the future,

such as u(xs1) = u(xs2) and u(xl1) = u(xl2), then xl1/x
l
2 > xs1/x

s
2.

However, we will use a stronger definition of the magnitude
effect: (x, t1)∼(y, t2) implies (x + k, t1)≺(y + k, t2), for k > 0
and 0 < x < y.

There are two behavioral explanations for this anomaly:

1. Individuals perceive and are influenced not only by relative
differences but also by absolute differences in monetary
amounts. The difference between $100 now and $150 in a year
seems to be greater than the difference between $10 now and
$15 in a year; for this reason, a lot of people are willing to wait
for $50 but not for $5 [22].

2. Mental accounting [26] affects the amount entered into a
mental checking. Large amounts are considered as savings and
small amounts as consumption. Thus, the cost of waiting for
a small reward may be perceived as a foregone consumption,
whilst the opportunity cost of waiting for a large amount is
perceived as a foregone interest [27].

Delay effect is equivalent to expecting that the instantaneous
discount rate

δ(x, t) = −

∂F(x,t)
∂t

x ∂F(x,t)
∂x

is decreasing with respect to the time t, that is to say,

∂δ(x, t)

∂t
< 0.

Analogously, magnitude effect is equivalent to expecting that
the instantaneous discount rate is decreasing with respect to the
amount x, that is to say,

∂δ(x, t)

∂x
< 0.

Once the delay and magnitude effects are characterized, the
following two corollaries demonstrate that they are necessary
conditions for the existence of the semi-strong improving
sequence effect in terms of proposition 3.

COROLLARY 2. If a non-separable discount function F(x, t)
describes the semi-strong improving sequence effect for every period
length h ≤ h0 and every amount difference −10 ≤ 1 ≤ 10 and
∂2F(x,t)

∂t2
≥ 0, then it satisfies the delay effect.

Proof. See Appendix in Supplementary Material.

EXAMPLE 2. Let us consider the so-called hyperbolic discount
function deformed by the amount [28], that is to say, the following
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non-separable discount function:

F(x, t) =
x

1+ it/x
=

x2

x+ it
,

defined for every x ∈ R
+, where i > 0. Thus, one has

•
∂F(x,t)

∂t = − ix2

(x+it)2
.

•
∂F(x,t)

∂x = x2+2ixt
(x+it)2

.

Therefore, as

∂2F(x, t)

∂t2
=

2i2x2

(x+ it)3
> 0

and

δ(x, t) =
ix2

x3 + 2ix2t
=

i

x+ 2it
,

F(x, t) satisfies the condition involved in the statement of corollary
2 and the delay effect (observe that δ(x, t) is strictly decreasing with
respect to t).

However, as

∂2F(x, t)

∂x∂t
= −

2i2xt

(x+ it)3
< 0,

F(x, t) does not satisfy the local semi-strong definition of the
improving sequence effect.

COROLLARY 3. If a non-separable discount function F(x, t)
describes the semi-strong improving sequence effect for every period
length h ≤ h0 and every amount difference −10 ≤ 1 ≤ 10 and
∂2F(x,t)

∂x2
≥ 0, then it satisfies the magnitude effect.

Proof. See Appendix in Supplementary Material.

These results fit the experimental findings from Duffy and
Smith [14] who found a positive relationship between the
preference for increasing payments (sequence effect) and the size
of those payments (magnitude effect). Nevertheless, the converse
statement of corollary 3 is not true, as shown in example 3.

EXAMPLE 3. With the same non-separable discount function of
example 2, one has

∂2F(x, t)

∂x2
=

2i2t2

(x+ it)3
> 0.

Thus, F(x, t) satisfies the condition involved in the statement of
corollary 3 and the magnitude effect (observe that δ(x, t) is strictly
decreasing with respect to x). However, as indicated in example 2,
F(x, t) does not satisfy the local semi-strong definition of the
improving sequence effect.

Summarizing, under the same hypothesis of corollaries 2 and
3 some additional conditions are required in the instantaneous

discount rate so that the converse statements holds. This task will
be left for further research.

6. CONCLUSION

This paper contributes to the existing literature on the improving
sequence effect by presenting a mathematical analysis of this
anomaly. First of all, in order to relate this effect with
other effects, we proposed three mathematical definitions of
this paradox. These three definitions fit the idea of the
improving sequence effect (negative time preference); however,
based on the results from the empirical studies, definition
4 fits the empirically observed behavior better than the
others and allows a computational treatment to find the
best sequence.

Moreover, it has been mathematically proven that the present
value of a sequence variable in an arithmetic progression,
whose terms total a fixed amount, decreases with respect to
the difference of the progression either using the exponential
discount function or any other discount function. Additionally,
we introduced a new methodology to detect and explain
the improving sequence effect with discrete distributions
of capital by using non-separable discount functions
(see Example 1).

Finally, a relationship between the improving sequence effect
and the delay and magnitude effects was presented. More
specifically, we proved that, under certain hypotheses, the semi-
strong improving sequence effect is a sufficient (but not a
necessary) condition for both the delay and magnitude effects.
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