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Whereas reticulated domes (i.e., domes composed of bars) are very material-efficient
in general, the geodesic dome is claimed to be superior according to its patent holder,
Richard Buckminster Fuller. Recent studies on the optimal design of reticulated domes
do not allow a direct comparison between the geodesic dome and other dome types
because the test cases are not subjected to the same loads. This paper aims to
determine which type of reticulated dome is superior in terms of material efficiency by
comparing the minimized weight of different dome types, taking into account stress and
buckling constraints. The study includes hemispherical Schwedler, Kiewitt, and geodesic
domes with a diameter of 16 m, and a gravity load of 2 kNm~2. Full enumeration is used to
optimize the discrete variables (humber of rings, subdivisions along each ring, ...), while
a gradient-based algorithm is used for the continuous variables (member sections). The
results show that the claim of uniform stressing in a geodesic dome is legitimate: if all
members are assigned the same size, a geodesic dome is generally more evenly stressed
and up to 28% lighter than other dome types of similar size. However, if all members are
sized individually, the Schwedler dome is the lightest.

Keywords: reticulated domes, structural optimization, Schwedler dome, Kiewitt dome, geodesic dome, material
efficiency

1. INTRODUCTION

Reticulated domes (i.e., domes composed of bars) with various patterns (Figure 1) have been built
to span large surfaces, demonstrating their material efficiency. The geodesic dome is often assumed
to be superior because its patent holder, Richard Buckminster Fuller, claimed that the resulting
framework will be characterized by more uniform stressing of the individual members than is possible
with any construction heretofore known (US patent 2,682,235A). This -unverified- claim implies that
it is a fully stressed design, which is a measure for optimal material use under certain conditions
(Patnaik and Hopkins, 1998).

In the past decades, several authors have studied the optimal design of reticulated domes: Liu
and Ye (2014) applied a metaheuristic algorithm (GASA) to optimize the stiffness distribution of
hemispherical domes subjected to a seismic load such that the domes would not collapse due to
material failure without clear prior warnings. Saka (2007a,b) minimized the weight of a geodesic
dome under a vertical point load, Kaveh and Talatahari addressed the optimization of Kiewitt
(Kaveh and Talatahari, 2011), Schwedler and ribbed domes (Kaveh and Talatahari, 2010a), Kaveh
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FIGURE 1 | Three commonly built dome types are compared in this paper: (A) the Schwedler dome, (B) the Kiewitt dome, (C) the geodesic dome. Each type is
described parametrically as a repetition of one subdivided module, which is highlighted in the figure.

and Razaei optimized different types of single (Kaveh and Razaei,
2016a,b) and double layer (Kaveh and Razaei, 2018) domes, both
Carbas and Saka (2012) as well as Kaveh and Talatahari (2010b)
performed a comparative study of different types of reticulated
domes. However, these studies are not fully conclusive because
the different types of dome were not subjected to the same
loads. Moreover, often unrealistic loads were applied: distributed
loads were not considered in most studies, although they are the
predominant load for reticulated domes.

This paper aims to determine which type of reticulated dome
is superior through a comparative study of the minimized weight
of Kiewitt, Schwedler and geodesic domes with a span of 16 m
and a gravity load of 2 kNm 2. The number of rings, subdivisions
along each ring, and the sections of all bars are varied to minimize
the total weight of each variant, taking into account stress and
buckling constraints. Full enumeration is used for the discrete
variables (number of rings, subdivisions along each ring, ...),
while a gradient-based algorithm is used for the continuous
variables (member sections).

This paper is structured as follows: in the second section,
the structural models are discussed, specifying which topologies,
boundary conditions and loads are considered. In the third
section, the optimization problem is formulated. In the
fourth section, the result are presented, followed by some
concluding remarks.

2. STRUCTURAL MODELS

The test case structures in this comparative study are all
hemispherical domes with a diameter of 16 m. The domes consist
of hollow circular bars with a variable outer diameter d° and a
wall thickness equal to f x d°, where f is a fixed ratio of 0.04. The
material is modeled as steel with an elastic modulus E = 210 GPa,
ayield stress f, = 235 MPa, and a density p = 7,850 kgm>.

2.1. Layout
Three common dome types are compared in this paper: the
Schwedler, Kiewitt and geodesic dome.

2.1.1. Schwedler Dome

The pattern of a Schwedler dome is characterized by meridional
ribs and circumferential rings, which are braced by diagonal
bars (Figure 1A). Consequently, the pattern is described by
two subdivision frequencies: sy determines the number of
subdivisions along the meridional ribs, and hence the number of

horizontal rings, and s. determines the number of segments along
each circumferential ring. Figure 1A shows a Schwedler dome
with subdivision frequencies s, = 5 and sc = 10, highlighting
one segment.

2.1.2. Kiewitt Dome

The pattern of a Kiewitt dome consists of a series of subdivided
triangles along the circumferential direction, which have a
common vertex at the crown of the dome (Figure 1B). The
pattern is therefore also characterized by two subdivision
frequencies: s. determines the number of triangles along the
circumferential direction, and s; determines the number of
subdivisions along each edge of its triangles. Figure 1B shows
a Kiewitt dome with subdivision frequencies s = 5 and sy =
4, and highlights one of the triangles that are repeated along
its circumference.

2.1.3. Geodesic Dome

The pattern of a geodesic dome is generated by subdividing the
faces of a regular polyhedron, and projecting the subdivided
polyhedron onto the surface of its circumscribed sphere
(Figure 1C). The polyhedron that was used in this study is an
icosahedron (a regular polyhedron with 20 triangular faces),
as was the case in the aforementioned patent of Richard
Buckminster Fuller. This pattern is characterized by only one
subdivision frequency s;, which determines the number of
subdivisions along each edge of the triangular faces. Figure 1C
shows a geodesic dome with a subdivision frequency s; of 4,
highlighting one of its original triangular faces.

2.2. Boundary Conditions
The boundary conditions simulate common support conditions
from building practice: the domes are supported by pinned
supports along their perimeter. Hence, all translations at the base
of the domes are restricted (Figure 2).

2.3. Loading

All loads acting on the domes are combined into a single gravity
load of 2kNm™2, measured per unit area of the triangulated
surface of the domes (Figure 3). To allocate this distributed load
to the nodes, triangular shell elements with zero stiffness are
defined along the surface of the domes. The shape functions of
these shell elements are then used to determine equivalent nodal
loads (Bathe, 1996).
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FIGURE 2 | The boundary conditions prevent all translations of the nodes at
the base of the domes.

FIGURE 3 | A gravity load of 2 kNm~? is assigned to the nodes using the
shape functions of triangular shell elements.

3. METHODOLOGY

To determine which dome type is superior in terms of material
efficiency, the minimized weight of each variant is compared
for various subdivision frequencies. Full enumeration is used to
assess all subdivision frequencies within a realistic range, whereas
a gradient-based algorithm is used to identify the lightest member
sections, given stress and buckling constraints. The optimization
problem consists of finding the member sizes that minimize
the total weight W of the structure, while satisfying stress and
buckling constraints. As the domes consist of circular bars, the
diameters d° of the bars serve as design variables. These diameters
are treated as continuous variables and can have any value within

a predefined range. This range is limited by a lower bound dpin
to prevent numerical instabilities (singular or ill-conditioned
stiffness matrices), and an upper bound dp,y to ensure that the
results are realistic. The buckling constraints prescribe that the
axial force N¢ in each member should not exceed the critical
Euler bucking load N¢,., while the stress constraints limit the
stresses 0 to an upper and lower limit value, omax and Omin,
respectively. The limit values considered here are equal to the
yield stress (235 MPa), divided by a safety coefficient of 1.15. The
optimization problem is formulated as follows:

Melem
min W= E pCACL?
de
e=1
(4 (4
s.t. —N* < N, e=1,..., s 1)
0° < Omax e=1,...,Npars
e
—0~ =< Omin e=1,...,Npars
and  dmin < d° < diax e=1,...,Npars

The optimization problem is implemented in MATLAB and
solved using the Interior Point method (IP) for problems
where all members are restricted to have the same size, and
Sequential Quadratic Programming (SQP) for problems where
different member sizes are considered, as clarified below. Both
IP and SQP are gradient-based solvers that are available in the
MATLAB toolbox Fmincon. The solvers require the sensitivities,
the derivatives of the objective and constraint functions, to
efficiently update the design variables at each iteration of the
optimization process. Analytical expressions are obtained for
all sensitivities to exclude truncation errors and other types of
error commonly associated with numerical and semi-analytical
methods (Barthelemy and Haftka, 1988). The sensitivities have
been validated by comparing the analytical expressions to a finite
difference approximation for a representative test case.

4. RESULTS

All results were generated using the default values for the
parameters of the optimization algorithm, except for the
constraint tolerance and the maximum number of iterations. The
latter two parameters were set to 1070 and 50, respectively, to
limit the overall computation time without affecting the results.
In the initial structure, all bars have an outer diameter of 50 mm,
although the exact value of this starting point has no appreciable
effect on the results.

4.1. Single Bar Sections

In this subsection, the case is considered where all members
of a dome are required to have the same size. The optimized
designs obtained for the dome configurations from Figure 1 are
shown in Figure 4, together with the normal forces acting in all
their members. Due to the restriction that all bars must have the
same section, all members are assigned the size of the largest
element, i.e., the bar with the highest buckling or yield load, as is
clearly visible in Figure 4. Consequently, domes with a uniform
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FIGURE 4 | Optimized design (top) and member forces (bottom) of (A) the Schwedler dome, (B) the Kiewitt dome, and (C) the geodesic dome if all members are
restricted to have the same size. Compressive member forces are shown in red, tensile member forces in blue.
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FIGURE 5 | Minimized weight of Schwedler, Kiewitt, and geodesic domes if all their members are restricted to have the same cross-sectional size.

distribution of forces are less affected by this constraint than
domes with a non-uniform force distribution.

As Figure 4 illustrates, the internal forces of the optimized
structures allow for a clear distinction in two groups: structures
with an orthogonal grid like the Schwedler dome, and structures
with a three-way grid like the Kiewitt and geodesic dome. The
orthogonal grid of meridional and circumferential bars of a
Schwedler dome resembles the principal stress orientations in a
continuous dome, and the forces act accordingly: the meridional
ribs experience a compressive force that increases from crown
to base, while the circumferential rings are under compression
near the top, and in tension at the base (Figure 4A). The Kiewitt

and geodesic dome have a three-way grid pattern, which results
in a more complex and uniform distribution of forces. The
highest compressive and tensile member forces in the Kiewitt
and geodesic domes are of similar magnitude, whereas the
highest compressive member forces in a Schwedler dome are
up to 3 times as high as the highest tensile member forces.
This supports the claim of uniform stressing stated by Richard
Buckminster Fuller.

Next, a large number of domes with different subdivision
frequencies is considered. Figure 5 shows the minimized weight
of each dome configuration as a function of the total bar length
of the domes. The total bar length of a dome is obtained
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FIGURE 6 | Optimized design (top) and member forces (bottom) of (A) the Schwedler dome, (B) the Kiewitt dome, and (C) the geodesic dome if each member is
sized individually. Compressive member forces are shown in red, tensile member forces in blue.
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FIGURE 7 | Minimized weight of Schwedler, Kiewitt, and geodesic domes if each member is sized individually.

by adding the lengths of all its members. The weight of all
dome types generally decreases for an increasing total bar
length, which corresponds to more elements and thus higher
subdivision frequencies. A higher number of elements will reduce
the buckling length of each member, hence the improvement in
performance. For almost all subdivision frequencies, the Kiewitt
and geodesic domes perform best because their internal forces
are more uniform than those in a Schwedler dome (Figure 4).
Moreover, under a strictly vertical load, the diagonal members
of a Schwedler dome are redundant in the sense that they carry
no internal forces. Hence, by assigning the same section to
the whole structure, these elements contribute significantly to
the overall structural weight, without providing any structural
benefit. Whereas, Figure 5 only shows the minimized weight for

domes with a radius of 8 m, similar results have been obtained for
domes with different radii.

4.2. Variable Bar Sections

In this subsection, the case is considered where the diameter of
each member is allowed to vary independently. Figure 6 shows
the optimized designs for the same dome configurations that
were shown in Figures 1, 4. The Schwedler dome has a very
distinct pattern in which the meridional ribs increase in size
from crown to base, and the circumferential bars have the largest
sections near the crown and base. Elements that carry small
member forces, such as the diagonal bars, have significantly
smaller sizes. Contrarily, the Kiewitt and geodesic dome have a
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more uniform layout and distribution of forces due to their three-
way grid pattern, as discussed above. A comparison of the layout
and the member forces indicates that the sizing of each member
is proportionate to the internal forces present in that member, as
should be expected.

Figure 7 shows the minimized weight of each dome
configuration as a function of the total bar length of the domes.
The Schwedler dome now performs significantly better than the
two other dome types. However, Schwedler and Kiewitt domes
with a low meridional/triangular subdivision frequency perform
poorly, even if the circumferential subdivision frequency is high.
Such domes have fewer circumferential rings, and thus longer
meridional bars, which makes them susceptible to buckling.
Similar results have been obtained for domes with different radii,
as was the case for the single bar problem described above.

5. CONCLUSION

In his patent, Richard Buckminster Fuller claimed that a
geodesic dome will be characterized by more uniform stressing
of the individual members than is possible with any construction
heretofore known (US patent 2,682,235A). This claim suggests
that the geodesic dome is a fully stressed design, which is a
measure for optimal material-efficiency under certain conditions.

This paper verified which type of reticulated dome is the most
material-efficient through a comparative study of the minimized
weight of hemispherical Kiewitt, Schwedler and geodesic domes
with a span of 16 m and a gravity load of 2kNm~2. The number
of rings, subdivisions along each ring, and the sections of all bars
were varied to minimize the total weight of each variant, taking
into account stress and buckling constraints. Full enumeration
was used for the discrete variables (number of rings, subdivisions
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