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In this paper, the GM(1,1) model with function arccos(x) transformation and

GM(1,1) model with function transformation are established by using arccosine

function transformation method and aarccos(x) function transformation method,

and the GM(1,1) model with function cos(x2) transformation is established by

using function transformation theory, and GM(1,1) model with function

cos(x2 + c) transformation is established by using translational

transformation theory on the basis of this model. The prediction accuracy of

GM(1,1) model, GM(1,1) model with function arccos(x) transformation, GM(1,1)

model with function aarccos(x) transformation, GM(1,1) model with function

cos(x2) transformation, and GM(1,1) model with function cos(x2 + c)
transformation are compared by modeling with the field pipeline data and

the indoor loop data. The influence of a value in GM(1,1) model with function

aarccos(x) transformation on prediction accuracy is discussed, and the influence

of c value in GM(1,1) model with function cos(x2 + c) transformation on

prediction accuracy is discussed. With the increase of a and c values, the

average relative error show a trend of decreasing and then increasing, by

comparing the average relative errors under different a and c values, the

optimal a value and c value and the optimal prediction accuracy are

obtained. The results show that the GM(1,1) model with function cos(x2 + c)
transformation in the indoor loop has an average relative error of 0.6490%

when c � 0.114, which is theminimum average relative error compared to other

models and achieves the highest prediction accuracy. The GM(1,1) model with

function cos(x2 + c) transformation in the field pipeline has an average relative

error of 1.94156%when c � −0.555, which is theminimum average relative error

compared to other models and achieves the highest prediction accuracy.

Among the five models, only the GM(1,1) model with function cos(x2 + c)
transformation has fitted and predicted values that are closer to the actual

thickness values in the indoor loop experimental data and the field pipeline data,

and the predicted values are more consistent with the actual conditions in the

field pipeline. This paper verifies the feasibility of using the GM(1,1) model with

function cos(x2 + c) transformation to predict the wax deposition thickness of

the pipe wall, and provides a reference for subsequent research on accurate

prediction of wax deposition thickness.
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1 Introduction

When the temperature of crude oil containing wax is lower

than the waxing point, the dissolved wax crystals will be

deposited on the inner wall of the pipe; as the thickness of

wax deposition increases, the pipe diameter decreases, the

transmission capacity decreases, and the energy consumption

increases (Alnaimat et al., 2020; Ridzuan et al., 2020; Zhou et al.,

2016). In order to ensure the efficient and safe operation of the

pipeline, regular pipe cleaning is adopted to reduce the wax

deposition thickness. In the process of developing the pipe

cleaning cycle, mastering the wax deposition law and

accurately predicting the thickness of wax deposition are the

prerequisites for developing the pipe cleaning cycle (Li et al.,

2020; Duan et al., 2016). Over time, the wax deposit thickness will

tend to grow, and shear stripping will occur after the wax deposit

grows to a certain thickness. Lu et al. (Lu et al., 2012) proposed

that there are three effects that affect the increase or decrease of

wax deposition, and the wax deposition decreases with the

increase of flow rate by flow loop device experiments. Jin

et al. (Jin et al., 2018) analyzed the trend of wax deposition

thickness under different time periods, divided the wax

deposition process into three stages: rapid deposition, faster

deposition, and slow deposition, and verified the feasibility of

the model; the model is highly accurate and has good application

value. Wang et al. (Wang et al., 2016) developed a wax deposition

thickness prediction and economic pipe cleaning cycle prediction

program for the Tieling-Xinmin section of the pipeline as an

example, and the prediction effect of this program is more

consistent with the actual thickness value of the pipeline in

the field, and the program can only predict one-quarter at

present. Leporini et al. (Leporini et al., 2019) fitted the

laboratory wax deposition data with a mathematical model,

and to verify the error of the predicted values of the

mathematical model, the data were scaled up and compared

with the field data in the oil field. It is finally concluded that the

shear stripping mechanism must be initiated in the multiphase

flow simulation. Jalalnezhad et al. (Jalalnezhad et al., 2016)

developed the ANFIS model from experimental data, and the

predictions of this model were closer to the experimental data.

The ANFIS model was more accurate than the Halstensen model

in predicting wax deposition thickness at single-phase turbulent

flow rates. Saeedi Dehaghani et al. (Saeedi et al., 2017) developed

an artificial neural network model (ANN) to predict the wax

deposition thickness in single-phase turbulent flow and the ANN

model was compared with the ANFIS model and the predicted

values of the ANN model were closer to the experimental data.

Alnaimat et al. (Alnaimat et al., 2020) comprehensively evaluated

different techniques for wax deposition thickness prediction and

compared with other models, the Matzain model gave better

results for wax deposition thickness prediction, therefore, the

optimized Matzain model can be studied in more depth. Gray

system theory is the study of the exploitation of a small sample of

partially known information to achieve the correct description

and effective monitoring of evolutionary laws in the presence of a

large lack or disorder of information (Julong., 1989). Scholars

often refer to the GM(1,1) model in the gray model to predict the

wax deposition thickness. While the traditional GM(1,1) model

has some limitations, if the smoothness of the original series is

low or there are extreme values, it will have a serious impact on

the prediction accuracy.

In order to improve the prediction accuracy of the GM(1,1)

model, researchers have improved the traditional GM(1,1)

model. Wang et al. (Wang et al., 2014) established a new

model by optimizing the background values in the gray

model, and compared with the traditional GM(1,1) model, the

new model has higher prediction accuracy. Xu et al. (Xu et al.,

2021) used the function cot(x2 + c) transformation to build a

new GM(1,1) model, and verified that the model has higher

prediction accuracy than the function cot(x2) transformation

model. Jin et al. (Jin et al., 2022) introduced logarithmic function

transformation and translation transformation in the modeling

steps of traditional GM(1,1) model to establish a new model. The

accuracy of the improved model is higher than that of the

traditional GM(1,1) model, and the reasonable translation

variables make the improved GM(1,1) model have higher

prediction accuracy. Literatures (Xu et al., 2021; Jin et al.,

2022; Zhang et al., 2016; Huanyong et al., 2007; Liu et al.,

2013; Shao et al., 2010; Yao-guo et al., 2009) proposed the

cotangent function transformation, logarithmic function

transformation, inverse cotangent function transformation,

exponential logarithmic function transformation, cosine

function transformation, sine function transformation, and

linear transformation to improve the smoothness of the

original sequence and thus improve the model prediction

accuracy, respectively.

In order to make the prediction of wax deposition thickness

more accurate, new function transformations are proposed

in this paper. The GM(1,1) model with function arccos(x)
transformation and the GM(1,1) model with function aarccos(x)

transformation are established by using the arccosine

function transformation method and the aarccos(x) function

transformation method, and the GM(1,1) model with

function cos(x2) transformation is established by using

the function transformation theory, and the GM(1,1) model

with function cos(x2 + c) transformation is established by

using the translational transformation theory on the basis of

this model.
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2 Establish the model

The prediction principle of GM(1,1) model is to generate a

new set of data series with obvious trend for a certain data series

by accumulation, build a model for prediction according to the

growth trend of the new data series, and then reverse

the calculation by accumulation and subtraction to recover

the original data series, and then get the prediction result.

2.1 Establish GM(1,1) model

1) Original data sequence:

X 0( ) � x 0( ) 1( ), x 0( ) 2( ),/, x 0( ) n( ){ } (1)

Where: x(0)(k)> 0, k � 1, 2,/n.

2) Accumulate the data sequenceX(0) to generate sequenceX(1):

X 1( ) � x 1( ) 1( ), x 1( ) 2( ),/, x 1( ) n( ){ } (2)

Where: x(1)(k) � ∑n
k�1

x(0)(k), k � 1, 2,/, n.

3) Generate mean sequence:

Z 1( ) k( ) � ax 1( ) k( ) + 1 − a( )x 1( ) k − 1( ) (3)

Where: 0≤ a≤ 1, a is generally taken as 0.5, k � 2, 3,/, n.

4) Establish the GM(1,1) model whitening differential equation:

dx 1( )

dt
+ ax 1( ) � b (4)

5) Establish the GM(1,1) model gray differential equation:

x 0( ) k( ) + aZ 1( ) k( ) � b (5)

Where: k � 2, 3,/, n.a is the system development coefficient, b is

gray action quantity.

a, b is obtained by the following least squares method:

φ � a
b

[ ] � BT B[ ]−1BTY (6)

Where: B �
−Z 1( ) 2( )
−Z 1( ) 3( )

..

.

−Z 1( ) n( )

1
1

..

.

1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, Y �

x 0( ) 2( )
x 0( ) 3( )

..

.

x 0( ) n( )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.

6) The time response sequence equation is obtained by solving:

x
� 1( )

k( ) � x 0( ) 1( ) − b

a
[ ]e−a k−1( ) + b

a
(7)

Where: k � 2, 3,/, n.

7) Reduction yields the model prediction sequence equation:

x
� 0( )

k( ) � x
� 1( )

k( ) − x
� 1( )

k − 1( ) � 1 − ea( ) x 0( ) 1( ) − b

a
[ ]e−a k−1( ) (8)

Where: k � 2, 3,/, n. When k � 1 the GM(1,1) model predicted

values are consistent with the original data.

2.2 Establish the GM(1,1) model for the
transformation of function arccos(x) and
function aarccos(x)

The function arccos(x) transformation method can improve

the sequence smoothness and make the prediction accuracy of this

model more accurate. The specific modeling process is as follows:

1) Set the original sequence A(0) � a(0)(1), a(0)(2),{
/, a(0)(n)}, a(0)(k)> 0, k � 1, 2,/, n. Standardize the

original data sequence, the new sequence is shown in Eq. 9:

X 0( ) � x 0( ) 1( ), x 0( ) 2( ),/, x 0( ) n( ){ } (9)

Where: x(0)(k) � a(0)(k)/c, c is a constant number,

0< x(0)k< 1, k � 1, 2,/, n.

2) The sequence X(0) is transformed by the function arccos(x)
to obtain the sequence Y(0) as shown in Eq. 10:

Y 0( ) � y 0( ) 1( ), y 0( ) 2( ),/, y 0( ) n( ){ } (10)

Where: y(0)(k) � arccos x(0)(k), k � 1, 2,/, n.

3) The sequencey(0)(k) is obtained and thenmodeled according to

the GM(1,1) model to obtain the final predicted sequence

x
�(0)(k), and the predicted sequence x

�(0)(k) is reduced:
x
� 0( )

k( ) � cosy
� 0( )

k( ) (11)
Where: k � 1, 2,/, n.

4) Then reduce x
�(0)(k) to a(0)(k) , and a(0)(k) is the final

predicted value.

5) The modeling process for the GM(1,1) model with function

aarccos(x) transformation is the same as above, and the reduced

formula of this model is shown in Eq. 12 and Eq. 13:

y 0( ) k( ) � aarccosx
0( ) k( ) (12)

x
� 0( )

k( ) � cos log ŷ 0( ) k( )
a( ) (13)

2.3 Establish the GM(1,1) model for the
transformation of function cos(x2) and
function cos(x2 + c)

In the literature (Liu et al., 2013), it was demonstrated

theoretically that the smoothness of the original data series

can be elevated when the function cos(x2) is transformed in

the 1< x<
���
π/2

√
interval, which makes the prediction accuracy of
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this model more accurate. The specific modeling process is as

follows:

1) Set the original sequence

A(0) � a(0)(1), a(0)(2),/, a(0)(n){ }, y(0)(k)> 0, k �
1, 2,/, n. The original data series is normalized to obtain

the new series as shown in Eq. 14:

X 0( ) � x 0( ) 1( ), x 0( ) 2( ),/, x 0( ) n( ){ } (14)

where 1<y(1)(k)< ���
π/2

√
, k � 1, 2,/, n.

2) The sequence Y(0) obtained by performing function cos(x2)
transformation on the sequence X(0) is shown in Eq. 15:

Y 0( ) � y 0( ) 1( ), y 0( ) 2( ),/, y 0( ) n( ){ } (15)

TABLE 1 Standardized data for the GM(1, 1) model with function arccos(x) and aarccos(x) transformations in the indoor loop.

Time/h Thickness/mm Thickness standardization Time/h Thickness/mm Thickness standardization

1 0 7 0.82 0.6833

2 0 8 0.97 0.8083

3 0 9 1.08 0.9

4 0 10 1.19 0.9917

5 0.33 0.275 11 1.30

6 0.65 0.5417 12 1.42

TABLE 2 Prediction sequence formula for GM(1,1) model and GM(1,1) model with function arccos(x) and aarccos(x) transformations in the indoor loop.

Modeling method Model prediction sequence

GM(1,1) model x
�(0)(k) � 0.484826e0.181082(k−1)

GM(1,1) model with function arccos(x) transformation x
�(0)(k) � −0.377954e−0.3206(k−1)

GM(1, 1) model with function aarccos(x) transformation, a takes different values a � 38 x
�(0)(k) � −0.924083e−0.654450(k−1)

a � 39 x
�(0)(k) � −0.932000e−0.658556(k−1)

a � 40 x
�(0)(k) � −0.939736e−0.662552(k−1)

a � 41 x
�(0)(k) � −0.947298e−0.666443(k−1)

a � 42 x
�(0)(k) � −0.954697e−0.670235(k−1)

TABLE 3 Comparison of wax deposition thickness prediction results of GM(1,1) model and GM(1,1) model with function arccos(x) and aarccos(x) transformations
in the indoor loop.

Time/h Actual
value/
mm

GM(1,1)
model

GM(1,1) model with
function arccos(x)
transformation

GM(1, 1) model with function aarccos(x) transformation, a takes
different values

a � 38 a � 39 a � 40 a � 41 a � 42

Predicted
value

Predicted value Predicted
value

Predicted
value

Predicted
value

Predicted
value

Predicted
value

11 1.3 1.4370 1.1734 1.19481 1.19473 1.19465 1.19458 1.19450

12 1.42 1.7222 1.1860 1.19547 1.19556 1.19565 1.19573 1.19581

Average relative error (%) 15.9091 13.1032 11.95158 11.95148 11.95144 11.95146 11.95152
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Where: y(0)(k) � cos[(x(0)(k))2].

3) The sequence y(0)(k) is obtained and then modeled

according to the GM(1,1) model to obtain the final

predicted sequence x
�(0)(k), and the predicted sequence

x
�(0)(k) is reduced:

x
� 0( )

k( ) �
������������
arccosy

� 0( )
k( )

√
(16)

4) Then reduce x
�(0)(k) to a(0)(k) , and a(0)(k) is the final

predicted value.

5) The modeling process for the GM(1,1) model with

function cos(x2 + c) transformation is the same as

above, and the reduction formula of this model is

shown in Eq. 17 and Eq. 18:

y 0( ) k( ) � cos x 0( )(k))2 + c([ ] (17)

x
� 0( )

k( ) �
��������������
arccosy

� 0( )
k( ) − c

√
(18)

FIGURE 1
Comparison of predicted and actual values of wax deposition
thickness for GM(1,1) model and GM(1,1) model with function
arccos(x) and aarccos(x) transformations in the indoor loop.

TABLE 4 Standardized data for GM(1,1) model with function cos(x2) and cos(x2 + c) transformations in the indoor loop.

Time/h Thickness/mm Thickness standardization Time/h Thickness/mm Thickness standardization

1 0 7 0.82 1.0732

2 0 8 0.97 1.0892

3 0 9 1.08 1.1009

4 0 10 1.19 1.1119

5 0.33 1.0049 11 1.30

6 0.65 1.0513 12 1.42

TABLE 5 Prediction sequence equation for GM(1,1) model and GM(1,1) model with function cos(x2) and cos(x2 + c) transformations in the indoor loop.

Modeling method Model prediction sequence

GM(1,1) model x
�(0)(k) � 0.484826e0.181082(k−1)

GM(1,1) model with function cos(x2) transformation x
�(0)(k) � 0.423507e−0.078920(k−1)

GM(1, 1) model with function cos(x2 + c) transformation, c takes different values c � 0.100 x
�(0)(k) � 0.407853e−0.108827(k−1)

c � 0.113 x
�(0)(k) � 0.395768e−0.114234(k−1)

c � 0.114 x
�(0)(k) � 0.394847e−0.114671(k−1)

c � 0.115 x
�(0)(k) � 0.393902e−0.115110(k−1)

c � 0.150 x
�(0)(k) � 0.360893e−0.132723(k−1)
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3 Calculation example

To verify the accuracy of the models, GM(1,1) model, GM(1,1)

model with function arccos(x) transformation, GM(1,1) model

with function aarccos(x) transformation, GM(1,1) model with

function cos(x2) transformation, and GM(1,1) model with

function cos(x2 + c) transformation were established with indoor

loop waxing experiments and field pipeline data, and the average

relative errors of the five models were analyzed.

3.1 Wax deposition thickness prediction
model for indoor loop experiments

The indoor loop device can simulate the wax deposition

phenomenon in the field pipeline more realistically. In the

literature (Chen et al., 2015), an indoor loop experimental

device was used to simulate the wax formation in the pipeline

at different inlet fluid temperatures, and then the wax formation

thickness of the pipe wall was calculated using the static

differential pressure method. The wax deposition thickness

data in the pipe at the inlet fluid temperature of 50°C in the

literature (Chen et al., 2015) was taken as an example, and since

the thickness was 0 for the first 4 h, the wax deposition thickness

from 5 h to 10 h was used as the base data for modeling and

prediction of the thickness within 11 h to 12 h. The standardized

data for the GM(1,1) model with function arccos(x)
transformation and the GM(1,1) model with function aarccos(x)

transformation are shown in Table 1:

After obtaining the standardized data, GM(1,1) model,

GM(1,1) model with function arccos(x) transformation, and

GM(1,1) model with function aarccos(x) transformation are

established respectively, and the specific prediction sequence

equations are shown in Table 2, and the predicted results of

wax deposition thickness are shown in Table 3, and the

comparison between the predicted and actual values is shown

in Figure 1.

According to the results in Table 3, it can be found that the

average relative errors of all three models are relatively large. In

the GM(1,1) model with function aarccos(x) transformation,

although the average relative error is the smallest at a � 40,

different a values have almost no effect on the average relative

error. In Figure 1, 5–8 h are the fitted values and 11–12 h are the

predicted values. From Figure 1, it can be found that the fitted

values of the GM(1,1) model with function arccos(x)
transformation and the GM(1,1) model with function aarccos(x)

transformation are closer to the actual thickness values, while the

predicted values have a large deviation from the actual thickness

values. The accuracy of wax deposition thickness prediction of

these three models in the indoor loop experiments is poor, and

the predicted values of wax deposition thickness deviate from the

experimental data, so it is not recommended to use these three

models for predicting wax deposition thickness in the indoor

loop experiments.

TABLE 6 Comparison of wax deposition thickness prediction results of GM(1,1) model and GM(1,1) model with function cos(x2) and cos(x2 + c)
transformations in the indoor loop.

Time/h Actual
value/
mm

GM(1,1)
model

GM(1,1) model with
function cos(x2)
transformation

GM(1, 1) model with function cos(x2 + c) transformation, c takes
different values

c � 0.100 c � 0.113 c � 0.114 c � 0.115 c � 0.150

Predicted
value

Predicted value Predicted
value

Predicted
value

Predicted
value

Predicted
value

Predicted
value

11 1.3 1.4370 1.3307 1.3190 1.3168 1.3166 1.3164 1.3090

12 1.42 1.7222 1.4472 1.4243 1.4201 1.4197 1.4194 1.4056

Average relative error (%) 15.9091 2.1385 0.8822 0.6497 0.6490 0.6519 0.8532

FIGURE 2
Comparison of predicted and actual values of wax deposition
thickness for GM(1,1) model and GM(1,1) model with function
cos(x2) and cos(x2 + c) transformations in the indoor loop.
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The standardized data for the GM(1,1) model with function

cos(x2) transformation and the GM(1,1) model with function

cos(x2 + c) transformation are shown in Table 4:

After obtaining the standardized data, GM(1,1) model,

GM(1,1) model with function cos(x2) transformation, and

GM(1,1) model with function cos(x2 + c) transformation were

TABLE 7 Standardized data for the GM(1,1) model with functions arccos(x) and aarccos(x) transformation in the field pipeline.

Time/d Thickness/mm Thickness standardization Time/d Thickness/mm Thickness standardization

1 21.16 0.50381 11 37.25 0.88690

2 23.07 0.54929 12 38.52 0.91714

3 24.91 0.59310 13 39.73 0.94595

4 26.68 0.63524 14 40.88 0.97333

5 28.37 0.67547 15 41.98 0.99952

6 30.00 0.71429 18 45.96

7 31.57 0.75167 19 47.80

8 33.08 0.78762 20 50.85

9 34.53 0.82214 21 52.13

10 35.92 0.85524

TABLE 8 Prediction sequence equation for GM(1,1) model and GM(1,1) model with function arccos(x) and aarccos(x) transformations in the field pipeline.

Modeling method Model prediction sequence

GM(1,1) model x
�(0)(k) � 23.829887e0.042820(k−1)

GM(1,1) model with function arccos(x) transformation x
�(0)(k) � −0.106035e−0.198377(k−1)

GM(1, 1) model with function aarccos(x) transformation, a takes different values a � 33 x
�(0)(k) � −0.219422e−0.198377(k−1)

a � 34 x
�(0)(k) � −0.221316e−0.199929(k−1)

a � 35 x
�(0)(k) � −0.223157e−0.201436(k−1)

a � 36 x
�(0)(k) � −0.224948e−0.202899(k−1)

a � 37 x
�(0)(k) � −0.226692e−0.204321(k−1)

TABLE 9 Comparison of wax deposition thickness prediction results of GM(1,1) model and GM(1,1) model with function arccos(x) and aarccos(x) transformations
in field pipeline.

Time/h Actual
value/
mm

GM(1,1)
model

GM(1,1) model with
function arccos(x)
transformation

GM(1, 1) model with function aarccos(x) transformation, a takes
different values

a � 33 a � 34 a � 35 a � 36 a � 37

Predicted
value

Predicted value Predicted
value

Predicted
value

Predicted
value

Predicted
value

Predicted
value

18 45.96 49.3469 41.02979 41.8461 41.8441 41.8422 41.8403 41.8385

19 47.80 51.5058 41.20634 41.9825 41.9817 41.9810 41.9803 41.9796

20 50.85 53.7591 41.35085 41.9837 41.9845 41.9851 41.9858 41.9864

21 52.13 56.1111 41.46910 41.8499 41.8523 41.8545 41.8567 41.8588

Average relative error (%) 7.1199 15.9132 14.56947 14.569,442 14.569,437 14.569,461 14.56951
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established respectively, and the specific prediction sequence

equations are shown in Table 5, and the predicted results of

wax deposition thickness are shown in Table 6; the comparison

between the predicted and actual values is shown in Figure 2.

According to the results in Table 6, it can be found that the

average relative error of wax deposition thickness shows a trend

of decreasing and then increasing for different values of

translation c in the GM(1,1) model with function cos(x2 + c)
transformation, indicating that the interval series is first

standardized and then translation transformed, which finally

improves the smoothness of the interval series. The average

relative error of this model is 0.6490% when the translation

c � 0.114, which is the minimum average relative error value.

The average relative error of the model suddenly becomes larger

when the translation c � 0.2, because x2 + c> π/2, which does

not meet the specified interval 1< x2 + c< π/2. The interval

1< x2 + c< π/2 needs to be satisfied when the value of the

translation c is taken, and it is meaningless if the interval is

exceeded. The average relative error of the GM(1,1) model with

function cos(x2) transformation is 2.1385%, while the average

relative error of the GM(1,1) model is 15.9091%. Therefore, it is

concluded that the GM(1,1) model with function cos(x2 + c)
transformation has small average relative error and high

prediction accuracy, the GM(1,1) model with function cos(x2)
transformation has the second highest prediction accuracy, while

the GM(1,1) model has the lowest prediction accuracy. In

Figure 2, 5 h~8 h are the fitted values and 11 h~12 h are the

predicted values. The actual thickness values are closer to the

fitted and predicted values of the GM(1,1) model with function

cos(x2 + c) transformation, which indicates that the model is

effective, has high prediction accuracy and is more in line with

the actual situation. In contrast, the fitted and predicted values of

the GM(1,1) model and the GM(1,1) model with function

cos(x2) transformation compared to the actual thickness

values have large deviations, and the model effect is not

satisfactory. The model based on the experimental data of the

indoor loop can provide a reference for the theoretical study of

predicting wax deposition thickness.

3.2 Wax deposit thickness prediction
model for field pipelines

In order to make the predicted wax deposition thickness of

the improved model more consistent with the actual situation in

the field pipeline, the wax deposition thickness data of a field

pipeline in the literature (Xu et al., 2021) is taken as an example in

FIGURE 3
Comparison of predicted and actual values of wax deposition
thickness for GM(1,1) model and GM(1,1) model transformed by
functions arccos(x) and aarccos(x) in the field pipeline.

TABLE 10 Standardized data for the GM(1,1) model with function cos(x2) and cos(x2 + c) transformations in the field pipeline.

Time/d Thickness/mm Thickness standardization Time/d Thickness/mm Thickness standardization

1 21.16 1.0394 11 37.25 1.1422

2 23.07 1.0545 12 38.52 1.1486

3 24.91 1.0681 13 39.73 1.1545

4 26.68 1.0804 14 40.88 1.1600

5 28.37 1.0915 15 41.98 1.1652

6 30.00 1.1017 18 45.96

7 31.57 1.1111 19 47.80

8 33.08 1.1198 20 50.85

9 34.53 1.1278 21 52.13

10 35.92 1.1353
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this paper, and the wax deposition thickness of 1 day~15 days is

used as the base data for modeling to predict the wax deposition

thickness of 18 days~21 days. The standardized data for the

GM(1,1) model, the GM(1,1) model with function arccos(x)
transformation, and the GM(1,1) model with function aarccos(x)

transformation are shown in Table 7.

After obtaining the standardized data, the GM(1,1) model,

GM(1,1) model with function arccos(x) transformation, and

GM(1,1) model with function aarccos(x) transformation were

established respectively, and the specific prediction sequence

equations are shown in Table 8, and the predicted results of

wax deposition thickness are shown in Table 9, and the

comparison between the predicted and actual values is shown

in Figure 3.

According to the results in Table 9, the average relative error

of the GM(1,1) model is 7.1199%, which is the minimum average

relative error value. In the GM(1,1) model with the function

aarccos(x) transformation, the average relative error tends to

decrease and then increase when different a values are taken.

When a � 35, the average relative error is 14.569,437%, while the

average relative error of the GM(1,1) model with function

arccos(x) transformation is 15.9132%. Therefore, it is

concluded that the GM(1,1) model has a small average

relative error and high prediction accuracy, the GM(1,1)

model with function aarccos(x) transformation has the second

highest prediction accuracy, and the GM(1,1) model with

function arccos(x) transformation has the minimum

prediction accuracy. In Figure 3, 1 day~15 days are the fitted

values and 18 days~21 days are predicted values. The fitted and

predicted values of the GM(1,1) model are closer to the actual

thickness values, which indicates that the GM(1,1) model works

well. The predicted values of the GM(1,1) model with function

arccos(x) and aarccos(x) transformations have large deviations

from the actual thickness values, indicating that the prediction

accuracy of the GM(1,1) model with function arccos(x) and

aarccos(x) transformations is poor; the model effect is not ideal and

does not match the actual situation.

The standardized data for the GM(1,1) model with function

cos(x2) transformation and the GM(1,1) model with function

cos(x2 + c) transformation are shown in Table 10:

TABLE 11 Prediction sequence equation for GM(1,1) model and GM(1,1) model with function cos(x2) and cos(x2 + c) transformations in the field pipeline.

Modeling method Model prediction sequence

GM(1,1) model x
�(0)(k) � 23.829887e0.042820(k−1)

GM(1,1) model with function cos(x2) transformation x
�(0)(k) � −0.750186e−0.057140(k−1)

GM(1, 1) model with function cos(x2 + c) transformation, c takes different values c � −0.500 x
�(0)(k) � 0.471145e−0.017362(k−1)

c � −0.554 x
�(0)(k) � 0.538405e−0.015545(k−1)

c � −0.555 x
�(0)(k) � 0.539595e−0.015513(k−1)

c � −0.556 x
�(0)(k) � 0.540780e−0.015481(k−1)

c � −0.600 x
�(0)(k) � 0.591033e−0.014124(k−1)

TABLE 12 Comparison of wax deposition thickness prediction results of GM(1,1) model and GM(1,1) model with function cos(x2) and cos(x2 + c)
transformations in the field pipeline.

Time/d Actual
value/
mm

GM(1,1)
model

GM(1,1) model with
function cos(x2)
transformation

GM(1, 1) model with function cos(x2 + c) transformation, c takes
different values

c � −0.500 c � −0.554 c � −0.555 c � −0.556 c � −0.600

Predicted
value

Predicted value Predicted
value

Predicted
value

Predicted
value

Predicted
value

Predicted
value

18 45.96 49.3469 45.3789 46.7841 46.7795 46.7791 46.7788 45.3761

19 47.80 51.5058 46.3584 48.1309 48.1268 48.1265 48.1262 46.7292

20 50.85 53.7591 47.2949 49.4659 49.4627 49.4624 49.4621 49.4037

21 52.13 56.1111 48.1895 50.789 50.7870 50.7867 50.7865 50.7252

Average relative error (%) 7.1199 4.7076 1.9449 1.94157 1.94156 1.94160 2.8151
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After obtaining the standardized data, GM(1,1)model, GM(1,1)

model with function cos(x2) transformation, and GM(1,1)

model with function cos(x2 + c) transformation were established

respectively, and the specific prediction sequence equations are

shown in Table 11, and the predicted results of wax deposition

thickness are shown in Table 12, and the comparison between the

predicted and actual values is shown in Figure 4.

According to the results in Table 12, the average relative error

in the GM(1,1) model with function cos(x2 + c) transformation

is 1.94156% when the translation c � −0.555, which is the

minimum average relative error value. The average relative

error of the model suddenly becomes larger when the

translation c � −0.8, because x2 + c< 1, which does not meet

the prescribed interval 1< x2 + c< π/2; When the translation c is

taken, the interval 1< x2 + c< π/2 needs to be satisfied, and it is

meaningless if the interval is exceeded. The average relative error

of the GM(1,1) model with function cos(x2) transformation is

4.7076%, while the average relative error of the GM(1,1) model is

7.1199%. Therefore, it is concluded that the GM(1,1) model with

function cos(x2 + c) transformation has the minimum average

relative error and the highest prediction accuracy, the GM(1,1)

model with function cos(x2) transformation has the second

prediction accuracy, and the GM(1,1) model has the

minimum prediction accuracy. In Figure 4, 1 day~15 days are

the fitted values and 18 days~21 days are the predicted values.

The fitted and predicted values of the GM(1,1) model with

function cos(x2 + c) transformation are closer to the actual

thickness values, which indicates that the model has high

prediction accuracy and matches the actual situation, while

the predicted values of the GM(1,1) model and the GM(1,1)

model with function cos(x2) transformation deviate more from

the actual thickness values, which indicates that the model has

low prediction accuracy and does not match the actual situation.

4 Conclusion and outlook

In this paper, the GM(1,1) model, the GM(1,1) model with

function arccos(x) transformation, the GM(1,1) model with

function aarccos(x)(a≥ e) transformation, the GM(1,1) model with

function cos(x2) transformation and the GM(1,1) model with

function cos(x2 + c) transformation are established by using the

indoor loop pipeline data and field pipeline data respectively.

1) The GM(1,1) model with function cos(x2 + c) transformation

achieves the highest prediction accuracy compared with other

models in the indoor loop. When the translation c � 0.114, the

average relative error is 0.6490%, which is the minimum average

relative error compared to other models, and the predicted value

is more consistent with the simulation of indoor loop

experiments. The model based on the experimental data of

the indoor loop can provide a reference for the theoretical

study of predicting wax deposition thickness.

2) The GM(1,1) model with function cos(x2 + c)
transformation achieves the highest prediction accuracy

when compared with other models in the field pipeline.

When the translation c � −0.555, the average relative error

is 1.94156%, compared with other models for the minimum

average relative error, and the predicted value is more in line

with the actual situation in the field pipeline.

3) In the GM(1,1) model with the function cos(x2 + c)
transformation, the value of the translation c needs to satisfy

the interval 1< x2 + c< π/2. Because the average relative

error shows a trend of decreasing and then increasing as the

translation |c| increases, it is not the case that the larger of the
value c is, it is meaningless beyond this interval.

4) The GM(1,1) model with function cos(x2 + c)
transformation is simple and practical, and the prediction

accuracy of this model is higher than that of other models in

the paper, indicating that this model can be applied to the

prediction of wax deposition thickness in the field pipelines.

This paper verifies the feasibility of the GM(1,1) model with

function cos(x2 + c) transformation to predict wax

deposition thickness, which greatly improves the prediction

accuracy of wax deposition thickness after translational

transformation, and provides a reference for subsequent

research on accurate prediction of wax deposition thickness.

5) As theoretical research continues, the results of different wax

deposition thickness prediction models vary. At present,

many experimental data are based on the indoor loop

experimental simulation, and amplifying loop data to solve

field pipeline problems has certain errors. Therefore, how to

reasonably amplify the parameters and establish more

FIGURE 4
Comparison of predicted and actual values of wax deposition
thickness for GM(1,1) model and GM(1,1) model with function
cos(x2) and cos(x2 + c) transformations in the field pipeline.
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accurate prediction models for application in actual pipelines

is the direction of future research in this field.
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Nomenclature

X(0) original sequence of n elements

Y(0) sequence of function transformations

X(1) accumulated generating operation sequence

Z(1) adjacent neighbor mean generation sequence

a development coefficient

b gray action quantity

x
�(1)(k) calculated result of time response formula

x
�(0)

final prediction result of original sequence
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