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The present work examines the delay-dependent gain-scheduling feedback control with
guaranteed closed-loop stability and induced L£> norm performance for continuous-time
linear parameter-varying (LPV) systems with arbitrary time-varying delay. An extension of
Lyapunov stability utilizing Krasovskii functionals is considered to derive stability analysis
and synthesis conditions for delay-dependent dynamic output feedback LPV control
design. The main challenges associated with this approach are selecting appropriate
Lyapunov-Krasovskii functionals (LKFs) and finding efficient integral inequalities to bound
the derivative of the LKF. Accordingly, a novel modified parameter-dependent LKF
candidate along with an affine version of Jensen’s inequality bounding technique are
employed leading to the derivation of less conservative sufficient conditions expressed in
terms of convex linear matrix inequalities (LMIs). The proposed methodology is compared
with past work in the literature in terms of conservatism reduction and performance
improvement through a numerical example. Finally, the application of the proposed output-
feedback LPV control design is evaluated on the automated mean arterial blood pressure
(MAP) regulation in critical patient resuscitation via vasoactive drug infusion. Closed-loop
simulation results are presented to illustrate the potential of the introduced LPV gain-
scheduling design to provide MAP set-point tracking in the presence of disturbances and
varying input delays.

Keywords: linear parameter-varying time-delay systems, Lyapunov-Krasovskii functionals, induced L;-norm

performance, affine Jensen’s inequality, linear matrix inequalities approach, mean arterial blood pressure
regulation and control

1 INTRODUCTION

Linear parameter-varying (LPV) systems are linear dynamical systems whose dynamic
characteristics depend on a time-varying measurable scheduling parameter vector. In this
context of the LPV systems framework, the scheduling parameter vector captures the
dynamics of nonlinear or time-varying systems in a systematic fashion (Briat, 2014) and has
found applications in flight control (Lu et al., 2006), automotive systems (Tasoujian et al., 2016;
Salavati et al., 2019), energy (Bianchi et al., 2005), and biomedical systems (Colmegna et al., 2015;
Tasoujian et al., 2019b). Traditional gain-scheduling controllers are designed by interpolation of
separately designed controllers for the system’s operation points. Such design methods suffer from
implementation difficulties and lack of closed-loop stability and performance guarantees (Shamma
and Athans, 1990; Bianchi et al., 2006). In order to tackle these challenges, the LPV gain-
scheduling control approach was introduced to provide a direct, efficient, simple-to-implement,
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and systematic design process to meet closed-loop stability and
performance of nonlinear and time-varying systems (Shamma,
1988).

Time-delay is ubiquitously encountered in numerous
engineering systems, such as automotive systems (Tasoujian
et al, 2016), biomedical systems (Tasoujian et al, 2019b),
network control systems (Witrant et al, 2007), and
manufacturing and chemical processes (Bozorg and Davison,
2006). In the context of feedback systems, time-delay or dead-
time refers to the time that takes for the closed-loop system to
receive the control input, to make the control decision, and to
generate the control action (Fridman, 2014). In control systems,
time-delay is a source of instability and performance degradation.
Time-delay induces a phase lag which generates oscillatory
behavior, diminishes the stability margin of a control system,
and limits the achievable bandwidth (Albertos, 2006). Time delay
systems cannot be treated properly using conventional control
design methods, such as Laplace domain-based methods since the
corresponding transfer function of the time-delay system is not
rational. In this regard, stability analysis and control design of
time-delay systems have been formulated into two main
directions, namely, delay-independent and delay-dependent
approaches (Fridman, 2014). Unlike the former direction,
delay-dependent techniques take the size of the delay into
consideration and result in less conservative results. Generally,
in delay-dependent methods, Lyapunov theory is extended to
either the Krasovskii method of Lyapunov functionals
(Kharitonov, 2004) or Razumnikhin theory of Lyapunov
functions (Jankovic, 2001). The former direction relies on
using Lyapunov-Krasovskii functionals (LKFs) for accounting
for the infinite-dimensionality of the system state in the time-
delay systems and usually leads to less conservative results.

In time-delay systems analysis, frequency domain approaches
are limited to systems with constant delays (Niculescu, 2001;
Michiels and Niculescu, 2007). On the other hand, time-domain
techniques utilizing LKFs have gained significant attention,
primarily because of their potential in addressing the stability
analysis and control synthesis of systems with varying time-
delays. In the Lyapunov-Krasovskii method, the prominent
sources of conservatism are rooted in choosing the LKF, the
use of model transformations, such as Newton-Leibniz
(Kolmanovskii and Richard, 1999) and Padé approximations
(Knospe and Roozbehani, 2006), and the use of bounding
techniques for constraining the quadratic integral terms of the
form _ILT(:) T (s)Rx(s)ds, obtained from the derivative of
the LKF.

In many practical engineering systems the time-delay is
varying and parameter dependent. In (Niculescu, 1999), the
air fuel ratio control problem in internal combustion engines
is examined using an LPV approach, where the measurement
delay from the sensor downstream the catalyst is a function of the
engine speed. A Padé approximation was used to obtain a rational
approximation of the variable delay. The authors in (Niculescu,
1999) used an LKF with the parametrized Newton-Leibniz model
transformation to obtain sufficient conditions for the stability of
time-delay systems. In (Park, 1999), the same type of LKEF,
together with Park’s inequality, was employed for bounding
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the cross-terms. Although this bounding method has helped to
better address the bounding of cross-terms and hence reducing
the conservatism, it still suffers from the use of model
transformations that has inherent conservatism. The authors
in (Zhang et al, 2002) proposed a parameter-dependent LKF
along with Jensen’s inequality for the integral term bounding, to
derive delay-dependent H, results for LPV time-delay systems.
This approach has avoided any model transformations, and
therefore, no conservatism has been introduced in this regard.
In addition, the resulted conditions have been derived using a
more accurate and tighter bounding technique compared to
previous work in the literature. Nevertheless, the presented
stability and performance conditions are not guaranteed for
fast varying time delays with rates greater than one. In the
same work, due to the use of a simpler version of Jensen’s
inequality, intermediary values of the delay are all neglected,
and only the worst-case delay value is considered, which leads to
conservative results and poor performance, especially when the
actual delay value is small.

In the present work, we consider an improved parameter-
dependent LKF candidate and the affine Jensen’s inequality
(Briat, 2011) is employed for bounding the integral terms that
appears in the LKF derivative. The utilized affine Jensen’s
inequality bounding technique considers intermediary values
of delay instead of just assuming the worst-case delay value.
These choices of LKF and bounding method, and avoiding model
transformations enables the derivation of less conservative
conditions for the synthesis of delay-dependent dynamic
output-feedback controllers for the LPV time-delay systems
with large and fast-varying time delays. The proposed control
guarantees closed-loop stability and a specified performance level
of induced £,-norm disturbance attenuation. The obtained
synthesis conditions are formulated in terms of tractable
parameter-dependent linear matrix inequ-alities (LMIs),
representing convex optimization problems that are solved
using efficient numerical algorithms. The conservatism and
performance of the proposed approach have been assessed and
compared with the results of previous work in the literature
through a numerical example.

Mean arterial blood pressure (MAP) control and regulation
via the administration of vasopressor drugs is essential in
hypotensive critical emergency-care situations, such as,
resuscitation of patients with severe hemorrhage, septic shock,
maternal cesarean hypotension treatment, and traumatic brain
injury, during which the human physiology fails to maintain
homeostasis and to regulate the blood pressure to its normal
limits (Kee et al, 2005). Vasopressor medications, such as
phenylephrine (PHP), epinephrine, and norepinephrine, are
administered to elevate blood pressure by stimulating the
depressed cardiovascular system and causing vasoconstriction
(Neves et al., 2010). The precise dosage of the administered
vasopressor drug is essential to accomplish fast resuscitation
and reliable MAP recovery, and therefore, sustain perfusions
of vital organs without overdosing. Traditional drug
administration methods are performed using a syringe or
infusion pump with manual titration. Such MAP regulation
approaches are time-consuming, labor-intensive and
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inaccurate, and can lead to under- or over-resuscitation with
undesirable or potentially fatal consequences, such as cardiac
arrest. Automated and computer-aided drug administration via
feedback control strategies has been investigated to overcome the
challenges of manual drug delivery and operator monitoring.
Various feedback control paradigms have been used for the
automated closed-loop blood pressure regulation in emergency
care (Malagutti et al., 2013; Ahmed and Ozbay, 2016; Sandu and
Popescu, 2016; Tasoujian et al., 2019b; Urooj and Singh, 2019). In
the present work we consider an LPV time-delay model to
represent the MAP response to PHP drug infusion dynamics,
as a benchmark example to evaluate the proposed delay-
dependent LPV control design method for MAP regulation.
Closed-loop simulations using a patient simulation model
demonstrate the superiority and effectiveness of the proposed
LPV control to achieve desired MAP reference tracking, transient
response performance, disturbance rejection and noise
attenuation.

The notation used in the paper is as follows. R denotes the set
of real numbers, R, is the set of non-negative real numbers, and
R" and R®™™ are used to denote the set of real vectors of
dimension #n and the set of k x m real matrices, respectively.
S" and S, represent the set of symmetric and symmetric
positive definite #n x n real matrices, respectively. M >0 and
M>0 (M <0 and M <0) denote the positive (negative)
definiteness and semidefiniteness of the matrix M. The
transpose and inverse of a real matrix M are designated by
M" and M, respectively. In a symmetric matrix, % in the (i, /)
element denotes the transpose of the (j, i) element. C(J, K)
stands for the set of continuous functions mapping a set J to a
set K.

In the present work, we will take advantage of the following
lemma, which plays a central role in deriving the proposed results
for the delay-dependent LPV time-delay control design
framework.

Lemma 1: (Affine Jensen’s inequality) (Briat, 2011): Given a
matrix J € SY,, a vector function g : Ryo — R" integrable over
[a, b], where 0 < a < bb, and a vector function w: R X
R.o— R™™ satisfying fug(s)ds =Mw(a,b) for a constant
matrix M € R™"™_ the following inequality

- jbg(S)TIg(S)dSSW(a, b)" Qw(a,b), (1)

holds for all N € R™ ™™ yith

Q=N'M+M'N+ (b-a)NJ'N. )
The rest of paper is organized as follows. Section 4 introduces
the problem statement and the general LPV time-delay system
representation. Design objectives, as well as the proposed delay-
dependent LPV control synthesis is presented in Section 5.
Section 6 provides a numerical example to assess the
capability of the proposed method in reducing the
conservatism compared to a prior work. In Section 7, an
LPV formulation of the MAP response to a vasoactive drug
infusion is introduced as a case study. Subsequently, the
closed-loop validation study of the proposed control
design method is demonstrated in a simulation
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environment and compared to prior control designs in the
literature. Concluding remarks and future research directions
are provided in Section 8.

2 LPV TIME-DELAY SYSTEMS

Consider a general time-delayed LPV system with the state-space
representation

() =A(pM)x()+A, (p()x(t-7(p(1) + By (p()w () + B, (p()u(t),
2(t) =G (p(0)x(1) + Cir (p()x(t =7 (p(1))) + D1t (p ()W () + Dz (p ()u (1),
Y1) =C (p(1)x(£) + Cor (p(D)x(t =T (p(1))) + Doy (p (D)W (1),

x(ty+0)=¢(0), VOe[-1, 0], (3)

where x(t) € R»™ is the state vector, w(t) € R™ denotes the
exogenous input vector with bounded £;-norm, u(t) € R™ is
the control input vector, z(t) € R™ stands for the vector of
controlled outputs, y(t) € R” is the vector of measured
OUtPUtS; and A()> A‘r(')’ Bl(')’ BZ(')’ Cl(')) Cl,‘r(')) Dll(')’
Dy,(-), Cy(-), Cy.(-), and Dy, (-) are real-valued matrices
that are continuous functions of the time-varying
scheduling parameter vector p(-) € #),. The scheduling
parameter vector is assumed to be measurable or estimated
in real-time and the set &, denotes the set of allowable
trajectories defined as

F,20p(t) eC(R,R™): p(t) € 2,1p, (D <vi=1,2,...,1),
(4)

where #; is the number of parameters and & is a compact subset
of R™. Moreover, in (3), ¢(6) € C([-T 0], R") is the functional
initial condition, and 7(p(f)) is a differentiable scalar function
representing the parameter-varying time delay which is
considered to be dependent on the scheduling parameter
vector and lies in the set #* defined as

F2r(p(t) € C(P,R,):0<t()<T<00,7()<ul.  (5)

In the next section, we investigate the stability and He
performance specification for the LPV time-delay system.

3 OUTPUT-FEEDBACK LPV CONTROL
DESIGN FOR TIME-DELAY SYSTEMS

A gain-scheduled dynamic LPV controller is considered to
accomplish the following design objectives:

e Asymptotic stability of the LPV system (3) in the presence
of parameter and delay variations,

e Minimization of the worst case amplification of the controlled
output, z, to a disturbance signal, w, with bounded energy.
That is, solution of the upper-bound minimization problem of
induced £,-norm (energy-to-energy gain) of the closed-loop
mapping T,,: w — z given by

(6)

z
min||Tyll;; = min sup I "2.
pe7, Iwh#0wes, Wl
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However, instead of the optimal objective (6) we are interested in
the upper bound suboptimal problem

llzll, <yliwl,, @)

where y is a positive scalar.
A full-order dynamic output-feedback LPV controller is
considered in the following form

Xk (t) = Ag (p (1))xk (£) + Ark (p())xk (t = 7 (p (1)) + Bk (p(£))y (1),
u(t) = Cx(p(0)xk (t) + Cox (p(1)xk (£ — T(p (1)) + Dk (p ()y (1),
(8)

where xx (t) € R" is the controller state vector and xx (f —
7(p(t))) € R" is the delayed state of the controller, which is
included in the controller structure to improve the closed-loop
results compared a the memoryless controller. It should be noted
that, in order to obtain convex conditions, the controller is
assumed to be full order, ie. the order of the controller is
equal to n. Considering Eq. 3, 8, and defining the closed-loop
state vector as x5 (1)=[x" () xg(t)], the final closed-loop
dynamics results in following representation

Xcl(t) = Acl Xl (t) + Ar,cl Xl (t - T(P(t))) + Bcl W(t),

2(1) = Caxa (1) + Couxa(t —7(p(1) + Dyw(t), )

where
A A+B,DxC, B,Cx A= A, +B,DrC,; B,Crk
TOBG Ax T BGy, Ak |
B, +B,DD
B, = ! 2K cl—[C1+D12DKC2 DIZCK]
BxDy,
Cra= [C +D, DG, D12C1K] D, =D, +D;,DgD;y,

(10)

and the dependence on the scheduling parameter has been
dropped for brevity.

3.1 Closed-Loop Stability and Induced

L2-Norm Performance Analysis

In order to achieve less conservative control synthesis results for
time-delay LPV systems, we take advantage of the Lyapunov-
Krasovskii approach by employing a new extended-state based
quadratic LKF candidate with modified integral terms, which
depend explicitly on the time delay. The utilized approach avoids
a model transformation; hence, it leads to further conservatism
reduction. Additionally, the affine Jensen’s inequality is used to
bound the LKF derivative’s cross-terms. In order to derive
tractable LMI-based results, other conservative bounding
approaches, such as the rational Jensen’s inequality, consider
the worst-case time-delay value to upper-bound the rational term.
On the other hand, this paper’s utilized inequality is affine with
respect to the time-delay (hence convex), so it provides a tighter
bound of the integral terms of the LKF derivative by taking all the
possible intermediate time-delay values into account. The
following theorem provides sufficient conditions for the
synthesis of a delayed dynamic output-feedback LPV
controller to meet the control design objectives, namely,
closed-loop asymptotic stability and a specified level of
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disturbance attenuation performance Eq. 7 for the closed-loop
system Eq. 9.

Theorem 1. There exists an output-feedback LPV controller
of the form Eq. 8 to asymptotically stabilize the LPV system Eq.
3 and satisfy the induced L,-norm bound performance
specification Eq. 7 with parameter trajectories p € ¥, and
T € ZF, if we can find a continuously dijferentiable parameter
dependent positive-definite matrix functions P (p (1)) : Siﬁ
X(p(t)) Yp): #,-8", pos1t1ve deﬁmte matrzces Q,
ReS +’i, symmetric real matrices W, T € S*, real matrices
Nl, Nz, N3 € R¥P2n, parameter dependent real matrices
Alp®),  Ac(p(t)): 75, - R™,  B(p(1): 7, >R,
Clp®), C:(p(t)) : 7 _>RW", D (p (1) : ’;HR"M a
positive scalar vy, gzven scalars A5, A3, and Ay such that the
following LMI condition

[E, P-V+do/" = 1-DtW+Aom 2 4 0 N, ]
TP . ~ - -
xR SWo2LV A/ -4V LV LB 0 0 0
* * &, Apot? L2 ' 0 N,
* * * A-HE +N,-W) LZ 0 N, o0 |<0,
* * * * i A 0
* * * * * -1 0 0
* * * * * *x T 0
L * * * * * * *x -7R]

(11)
Is feasible and in the given LMI Eq. 11

Z aP(p)
ZI ( op; )]

'z ( >]( NN+ Al

[m

1

(oL +.T)+ [1— 5 i<v,§1>]<ﬁ}-+ﬂll —TZW>+TT,
i=1 P,

[

1

[

0,
Y I:|) e [AY+BZC‘ A+BZDKCZ} .
X

{A,Y+ B,C: A, + BZDKCZ,T}
I

A XA+BG LA XA, +BC,, |
B, +B,DyDy,

XB, +BD,,

v
A =

-
-

- = [1-2 ( aT)](—NZ—I:IZ>—Q+/\3(,%/,+&/;F),
|
|

] %=[C,Y+DiC C +DpDC, ],

o ns Jt
%, = [CL.Y+DyC: Cp,+DpDiCy; |, 2= [Dyy + DDk Dy |, # Z ( >

op,
(12)

Remark 1: Due to the affine presence of the derivative of the
: 9P (p(1)
scheduling parameter, we may replace Y= p;(t) and

ap; (1)
5 ot (t B IP(p(t) or
XiEpi(D) a,;((t)) by Yt (”t app(t) ) and ¥t + <Vtap)

respectively, where the notation Y, + () indicates that every
combination of + (-) and — (-) should be included in the LMI
condition (e.i. all combinations of lower and upper bounds of p;).
Consequently, this leads to 2" LMIs that must be checked
simultaneously.

Proof. The proof relies on employing an LKF candidate of the
form

=Vi(xap,pot) + Va(Xgppo t) + V3 (Xg, po )
+ V4 (Xclp P> t) + VS (Xclp P> t)

V(Xclp XclpP; t) (13)
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with
Vi (xa, s 1) = X5 (P (p (1)xa (1),
Vi (xappot) = [, X5 ()Qxa (1)dn,
ViGepp )= [ [1 X5 () R%a ()dde,

ViGapps )= [ [0 X5 () Txa ()dnde,

. N
Vs Gaops 0= 7 [0 [1,0%i (1) = Wa () dnd6da,

The notation x., (0) refers to x.; (t + 0) for 6 € [-T 0] where
X, € C([-7T 0], R") is the infinite-dimensional state vector of
the system.Our next task is to establish the asymptotic stability
and £;-gain performance of the LPV system, based on
Lyapunov stability theory. Accordingly, our aim is to
evaluate the time derivative of the LKF Eq. 13 along the
trajectories of the closed-loop LPV system Eq. 9. After
applications of Leibniz integral rule, the time derivative of
LKF is obtained as follows

Vl (XCI’ P: t) + VZ (Xcl¢>P> t) + V} (XCIHP) t)
+V4 (Xcl,) P) t) + VS (Xclp P» t)> (14)

V (Xclp XCI,) P> t) =

where

V1 (50,6 = 26 (0P (P (D)5 () + ¥ () [Z b2 ””]xd ,

9p; (1)

i=

Va (X po ) =x5(t)Qxd(t)—< Z ((t)> Xy (t = 7())Qxa (t = (1),

V3<xd,p,t)r(t):'«EI(t)Rxd(t)< A0 a’”)j KODR O

i=1 i(t)

. o f
74 (s = 70X (0T (1) - (1 YAC a;(:)) | s

i=1

P30 == W0 ( Saos)

p; (1)
8 Ji(z) J; Cl(ﬂ)

The affine Jensen’s inequality (introduced in Lemma 1) can now
be used to bound the derivative terms with the negative integral
cross term. This direct bounding technique enables us to provide
a delayed-scheduled tight upper bound on the time derivative of
the LKF and therefore obtain less conservative results. In this
context, the third derivative term is bounded as follows

" Wik (16,

. 0 - .
V, G o ) < T (DR (t)R&z(t)+< -3 50 T(t’>[xg,(t)xgl(tf<t))]

i=1 9, (t) w(t-r(6,07
N/ +N, -N] +N,
<[N§ N -NoN, | T NT

x ()
w>[xd(t— T(t)} (15)
N'TM+M'N NT

w(t-1(t),t)

where by considering the affine Jensen’s inequality (1), we choose
the function g (t) 2 %, (¢), integrable over [t — 7(£), ] and verifying

[\ 2 % (Dde =Mw(t =7 (8),0), [1,-T] €

and w(t-7(t),1)= [x (Xtd (?(t))] eR*. Also, J=Re S, and

A
where M= [R2m<dn
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= [N}, N3] € R4 where R, N; € R?™?" and N, € R?™?" are
additional matrix variables to be determined to hold the
inequality. By employing the same bounding technique on the
next derivative terms we obtain

Vi (X p5 1) < T ()X ()Tx4 (1)

<L cor(e)\ (! T
+<1 B ;pi 2 9p; (t)>Lr(r> xa ()

w(t-1(),t)"

)j sl (16

(NT+N3+T(t)N T! N;

NTM+M'N NT I’ N
w(t-T(t),t)
and
. . (t)‘[ T
VS (Xcll’P> t) < (t)wxcl (t)
ar() | 2 , !
< Z (£) ap,.m) Tz(t)[ﬂt)xd(t) - Lm) xd(n)dn]
W[T(t)xcl(t)_ J7 ()Xcl(rl)dﬂ]’ (17)
where we choose M=2IeR*™? and w(t-7(),H2

Jt xcl(q)dn eR™ J=T €S>, and N = N; € R*?" where
t T(l’) ++
WeS fi, and N3 are matrix variables to be determined.
The remaining task is to formulate the results in an LMI
form. To this end, the descriptor technique (Fridman, 2014) is
used, which introduces slack variables V,, V,, V3, and V, as
follows

t

T2 [xd (l‘)VT +X, (l‘)VT + xLl (t- T(t))VT J xCTl (ﬂ)di’]VZ]
t-7(t)

(Aclxcl (t) + Ar,clxcl (t - T(t)) + Bclw(t) - Xcl (t)) =0

(18)
By considering the derivative of the utilized LKF Eq. 14 and
adding the terms 27 and — ysz(t)w(t) +25(D)z(¢) to establish the
prescribed closed-loop performance level y given in Eq. 7, we
obtain the following inequality

V(XClt’ Xflt’ P’ t) + ZI - ysz (t)W(t)
+Z2 (D2 (1) < T (HOQL (1) <0, (19)

where the augmented state vector {(¢) is defined as:

T Al T T T t
HOE Xd(i’) Xd(i’) Xd(t_T(t)) L ) 51(’7)d’7 w' |
(20)
with
[En P-VI+ALV, B3 (1-9TW+ALV,  VIBy]
v T yT T
* R4 =W-Vo-V) ViA-Vs -V, VIB,
Q=1 * Es ATV, VB,
* * * (1-7)(N] +N; - W) ViBy
L * * * * -y |
+I'T+ ("' + ®'R ' @),
(21)
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Z P
Euz[ + (v,-a ”)>]+Q+VIA£1+AE,V1
: P

< or
+[1—' i<va—p):|(NT+N1 T"W)+1T,

ng a
1-Y + <vi—1>:| (-NT+N,) + VIA, 4 + ATV,

i

Ccl 0 CT,cl
N, 0 N,

0 Dy,I=[0 0 0 N; 0],
0 0] (22)

ns a
533 = |:1 - + (VI—T>:| (—N; - NZ) - Q + V;,FAT,cl + AI,C]V.?,,
[
[

The slack variables in relation Eq. 18 are chosen as
MViZVeS™ V, £ L,V, V; £ LV, and V, = 1,V,
where A, = 1, A,, A3, and A, are real constants and V is a
real-valued symmetric matrix which is partitioned as
X N vial YoM

N x| M' x|
XY + NM?T = I Next, substituting the closed-loop matrices
Eq. 10 into Eq. 21 and then applying the Schur complement

A= such that

formula to Qin Eq. 21, we obtain a 8 x 8 block matrix. Finally,

by defining Z2 /\flT (I)j|, and performing a congruence

transformation diag(ZT, zt 2T zT 11, 27, ZT) on the 8 x 8

block matrix and redefining the matrix multiplications as
£ 2" 2, the LMI Eq. 11 is obtained and the proof is
complete.

3.2 Output-Feedback LPV Gain-Scheduled

Controller Synthesis

Utilizing the LMI decision variables X, Y, A, AT, B,C,Cr,and D 0o
obtained by solving the LMI condition Eq. 11, the matrices of the
delayed output-feedback controller Eq. 8 are computed with the
following steps (Wu et al., 1996):

3.2.1 Determine M and N From the Factorization
Problem

I-XY=NM", (23)

where the obtained M and A matrices are square and invertible
in the case of a full-order controller.

3.2.2 Compute the Following Parameter Matrices

A =XAY + XB,DxC,Y + NBxG,Y + XB,Cx M"
+NAKMT>

A,=XA,Y + XB,DxC,,Y + NBxC,,Y + XB,C, x M"
+NA1,KMT,

B = XB,Dx + N'Bg,

Improved Delay-Dependent LPV Control

C=DxCY + CeM',
C, = DxC,, Y + CTKMT (24)

3.2.3 Finally, the Controller Matrices Are Computed in
the Following Order

Cik = (€ - DG, YM T,
Cx = (C-DxCYIMT,
Bx = N ' (B - XB,Dy),
A.x = -N" (XA Y + XB,DxC,. Y + NBC,,.Y + XB,C, x M* —A )M,
A = -N"" (XAY + XB,DxC,Y + NB¢C,Y + XB,Cxe MT — A )M ™.
(25)

4 NUMERICAL EXAMPLE

A numerical example is examined to assess the performance and
the conservatism reduction capability of the proposed control
design methodology compared to previous work in the literature.
We consider an LPV state-delayed system with the following
state-space representation (Zope et al., 2012)

(0 :[ 0 1+0.2p(t) ]X(t)

-2 =3+0.1p(t)
0.2p ()
[—0.2+0.1p(t) 03] (t=7(p ()
0.2 0.2p(t)
' [O-Z]d(t)+[0.1+0.1p(t)]u(t)’ (26)
¢ 0 0
z(t) = lo f]x(t)+[0]u(t),
0 0 v
y()y=[1 0]x(1),

where p(f) = sin(f) is the LPV system scheduling parameter,
7(p(t)) = T|sin(at)| is the parameter-dependent time-varying
delay with 0<7(#)< 7 and |7|<v = Ta. Weighting scalars ¢, &,
and v are selected to construct the desired controlled output vector,
z(t), by penalizing the states of the system and the control input.
Based on the results of Theorem 1, an output-feedback controller
of the form Eq. 8 is designed to minimize the induced £,-norm (or
Heo-norm) of the closed-loop LPV time-delay system Eq. 9. The
design objective is to guarantee closed-loop stability and minimize the
effect of the disturbance using the measurement information of state
x1, while maintaining the control input within reasonable limits over
the entire range of the scheduling parameter and delay variations.
The condition in Theorem 1 leads to an infinite-dimensional
convex optimization problem with an infinite number of LMI
constraints. To tackle this issue, we take advantage of the
gridding approach to convert the infinite-dimensional problem to
a finite-dimensional convex optimization problem (Apkarian
and Adams, 1998). In this regard, a quadratic parameter
dependence is adopted for the parameter dependent

matrices as follows: G(p(t)) = Go + Z p; (G, +3 Z P2 (HG;

where G(p(t)) represents any of the 1nvolved LMI decision
variables. Finally, gridding the scheduling parameter space at

iy
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appropriate intervals leads to a finite set of LMIs to be solved for the
unknown LMI variables and y. Also, in order to improve the results,
a 3-dimensional search over the three scalar variables A, 13, and A4 is
performed to obtain the minimum value of y. The MATLAB®
toolbox YALMIP is used to solve the corresponding LMI
optimization problems (Lofberg, 2004).

In the considered numerical example Eq. 26, the weighting
scalars are chosen as ¢ = 1, £ = 10, and y = 1. The time delay is
considered to be 7(f) = 3|sin (0.37)| (ie. T=3 and a = 0.3). The
results of the proposed LPV control design approach are compared
with prior results of an LPV time-delay control design with simpler
LKF candidate with a conservative bounding technique (Tasoujian
etal.,, 2019a). Figure 1 demonstrates the closed-loop responses of Eq.
26 for the proposed control and the one in (Tasoujian et al., 2019a).
As illustrated, the proposed control scheme outperforms the one in
(Tasoujian et al., 2019a) by regulating both system states to zero by
minimizing the effect of the disturbance. We consider a simulation
scenario where a pulse disturbance d(f) = 5 for ¢ € [5 8] sec and zero
elsewhere, is assumed to affect the system. It should be noted that the
same weighting scalars, parameter-dependence basis function, and
the scheduling parameter grid points are considered for both
approaches. The obtained optimal energy-to-energy performance
levels y are 1.1786 and 3.1546 for the proposed control and the one
in (Tasoujian et al., 2019a), respectively. Accordingly, Theorem 1
provides better disturbance attenuation, faster regulation, and
improved induced £,-norm performance levels compared with
the prior results.

Table 1 compares the obtained performance level y for both
control design methods and for different maximum delay values, T.
It is noted that the control synthesis condition in (Tasoujian et al,
2019a) is not feasible for T> 3.5. On the other hand, the proposed
LPV delay-dependent control scheme, which utilizes the improved
LKF candidate and the efficient use of the affine Jensen’s inequality
bounding technique, can handle much larger allowable maximum
delay values and provides considerably less conservative results for a
larger delay range and delay variation rates v > 1.

5 LPV CONTROL DESIGN FOR MAP
REGULATION IN HYPOTENSIVE PATIENTS

5.1 MAP Response Dynamics

To assess the capability of the proposed LPV control, we consider
the problem of automated MAP regulation in critical hypotensive
patients using vasoactive drug infusion. The following model is
utilized to characterize the MAP response dynamics subject to
PHP drug infusion (Luspay and Grigoriadis, 2015; Sandu and
Popescu, 2016; Tasoujian et al., 2020a; Cao and Grigoriadis, 2020)

T (t) - AMAP(t) + AMAP(t) = K () - u(t — 7(t)), (27)

where AMAP(t) denotes the MAP variations in mmHg from its
baseline value, i.e. AMAP(t) = MAP(t) — MAP(t), u(f) is the drug
infusion rate in ml/h, K(t) is the patient’s sensitivity to the drug, T(f)
is the lag time representing the uptake, distribution, and
biotransformation of the drug (Isaka and Sebald, 1993), and =(f)
represents the time delay for the drug to reach the circulatory system
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from the infusion pump. Figure 2 shows an experimental MAP
response to a step PHP infusion versus a matched simulated
response of Eq. 27. The experimental data shown correspond to
a swine experiment performed at the Resuscitation Research
Laboratory at the University of Texas Medical Branch (UTMB),
Galveston, Texas (Luspay and Grigoriadis, 2015). The figure also
shows the interpretation of the model parameters K(¥), T(¢t), 7(t),
MAP(f) obtained using a least-squares optimization method to fit
the actual MAP response.

It is noted that due to the patient’s physiological response
variability, the model parameters and the delay could vary
significantly from patient-to-patient (inter-patient variability),
as well as, for a given patient over time (intra-patient
variability) (Isaka and Sebald, 1993; Rao et al., 2003). Based on
clinical observations (Tasoujian et al, 2019b), the model
parameter variations can be approximated for simulation
purposes as nonlinear functions of the drug injection rate as
follows.

aK (1) + K (t) = koexp{—k, % (1)}, (28a)
T (t) = sat (1, 1,0 {br [ % (1) dt}, (28b)

{ Aat () +ap i () +7(8) = bW () + U (),  t>to,
7(t) =0, otherwise,
(28¢)

where ay, ko, k1, by, a;5, a.1, and b, are uniformly distributed
random coefficients given in Table 2 and % denotes the injection
rate in mm/h (Craig and Stitzel, 2004). Consequently, the
parameters variation ranges considered in our work are K(¢) €
[0.2,0.8]mmHg - h/ml, T(t) € [100,400]sec, and 7(t) € [0,70]
sec. Also, the MAP baseline value, MAP,(t), is assumed to stay
at a constant 70 mmHg value. For more details regarding the
MAP response dynamics under drug infusion and the real-
time model parameter estimation algorithm see (Tasoujian
et al., 2020b) and the references therein.

5.2 MAP Response LPV Modeling

To design the proposed delay-dependent LPV control synthesis
for the MAP regulation problem, we first formulate the MAP
response dynamics Eq. 27 into an LPV time-delay model
representation. Considering the state variable as x(f) =
AMAP(t), the state space representation of the MAP response
model is rewritten as follows

1 K (1)
—mx(t)+mu(t—T(t)), (29)

y (&) =x(£) +do (1),

where y(t) is the patient’s measured MAP response and d,(t)
denotes output disturbances. In Eq. 29, the varying time delay,
7(t), is appearing in the input signal. In order to utilize the
proposed time-delay LPV system control design framework, we
transform the input delay system into a state-delay LPV
representation. To this end, we introduce a low-pass input
dynamics as follows

x(t)=
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TABLE 1 | Performance levels y of both methods for different time-delay maximum

values T
Method =1 =3 1=32 =35 =10 7=50
Proposed 059 1.18 1.44 1.45 3.92 5.37
(Tasoujian et al., 2019a) 0.46  3.15 8.39 Inf Inf Inf
Q
u(s) =——u,(s), (30)
s+ A

where () and A are positive scalars that are selected based on the
bandwidth of the actuators. Then, the state-space state-delay LPV

representation of the MAP response dynamics takes the following
form

%, (8) = A(p ()X, (2) + A; (p(£))x, (t — 7())
+ B (p(D)w (1) + By (p(8))u, (1),
z(t) = G (p(1))x(2) + Cir (p())x(t = 7(2)) + Dy (p(£))w (t)
+Dy, (P(t))”a(t))
Ya () = Co(p(£))x, (2) + Cor (p (£))%, (£ — 7 (1)) + Doy (p(£))W (1),

(31)
where x,(t) = [x(t) u(t) x.(8)]" is the augmented state
vector and x,(t) is defined for command tracking purposes,
ie. X (DZe(t)=r(t)—y) =r()— (x()+d, (1), p(t)=
[K() T(t) 7()]" denotes the scheduling parameter
vector, w(t)=[r(t) d,(t)]" stands for the exogenous
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FIGURE 2 | Closed-loop MAP response and control effort (PHP injection rate) of LPV controller against fixed structure Pl controller for disturbance and noise
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TABLE 2 | Probabilistic distributions of the nonlinear patient coefficients in (28).

Parameter Distribution
ay U (500, 600)
ko U(0.1,1)

k4 14(0.002,0.007)
br U04,3x10™)
a1 U(5,15)

ap U(5,15)

bz 1 U(80,120)

disturbance vector including the reference command and
output disturbance signal. Thus, the state space matrices of
the augmented LPV system Eq. 31 are obtained as

roo 1 K(t)
Ap® =| o _p ol AW=l, o o
L -1 0 0 0 0 0
o o0 0
00 ¢
Bi(p() = |0 0 [B.(p() =0 ,cl(p(t»:[ ]
1 -1 0 000

CI,T (P (t)) = 02><3>
Dy, (p(£))= 0y, Dy (p (1)) = [ f;]

Cp()) =[1 0 0],Cor(p(t) =013, Dy (p(1) =0 1].
(32)
The scheduling parameters K(¢), T(t), and 7(t) are assumed to
be estimated in real-time. In a practical scenario, a Bayesian-
based square-root cubature Kalman filtering algorithm can be

Improved Delay-Dependent LPV Control

used to estimate the scheduling parameters (Tasoujian et al,
2020b).

5.3 Closed-Loop MAP Control Simulation

Results

In the MAP dynamics LPV model Eq. 31, the performance
controlled  output  vector is defined as z(¥)=
[¢-x.(t) w- u(8)]" where the tracking error, x.(t), and the
control effort, u(t), are penalized by the weighting scalars ¢
and v, respectively. The choice of these scalars determines the
relative weighting in the optimization scheme and depends on
desired performance objectives. Following the controller
synthesis steps in Section 5.2, the output-feedback delay-
dependent LPV controller Eq. 8 is designed to provide
asymptotic stability for the closed-loop LPV time-delay system
Eq. 9 and to minimize the worst-case disturbance amplification
over the entire range of the model parameter variations. Theorem
1 is employed to design a robust LPV output-feedback controller
for the MAP regulation case study. We utilize the patient MAP
response simulation model Eq. 27 with parameter and time-delay
variabilities based on the relations in (28), to evaluate the
proposed control design method.

For comparison purposes, we also evaluate the proposed
controller performance against a fixed structure PI controller,
see (Wassar et al., 2014), in an hour-long simulation scenario with
a piecewise constant commanded reference MAP. Given the
following nominal values of the model parameters and time-
delay, K = 0.55, T = 150, and T = 40, the tuned PI controller
transfer function is selected as follows

0.017
G.(s)=3+——, (33)
s

120~ ;
o0 —LPV
E —PI
E 100 ----Command
& 8OI
P
60 -
150
100

PHP injection [ml/h]

FIGURE 3 | Typical MAP response due to step vasopressor drug infusion.
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which is calculated based on the prescribed gain and phase
margin control design constraints (Zhong, 2006). In the
absence of disturbances and measurement noise, the MAP
reference tracking profile and the control effort are shown in
Figure 3, where the objective is to regulate the MAP
response to track the commanded MAP with minimum
overshoot, rise time, settling time, and zero steady-state
error. According to these results, the closed-loop response
overshoot remains within the acceptable range, and the
delay-dependent LPV controller provides faster response

with a smaller settling time compared to the conventional PI
controller.

Subsequently, we assume that the closed-loop system is subject
to measurement noise and output disturbances. These
disturbances could result from medical interventions and
physiological response variations due to hemorrhage or other
administered medications like lactated ringers. Figure 4 shows a
typical profile of such disturbances. Figure 5 depicts the
performance of the LPV and PI controllers, where the
measurement noise is a white noise signal with intensity of
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107>, As expected, the proposed LPV controller outperforms the
fixed structure PI controller with respect to the response’s rise
time and speed due to its scheduling structure. The results
demonstrate that the proposed time-delay LPV gain-
scheduling control methodology provides desirable closed-loop
performance in terms of commanded MAP tracking and
disturbance rejection in the presence of model parameter
variations, varying time-delay, and output disturbances.

6 CONCLUSION

In the present study, a Lyapunov-Krasovskii based approach has
been used to derive delay-dependent LPV control synthesis
conditions for LPV time-delay systems. In this regard, an
improved  parameter-dependent  Lyapunov  Krasovskii
functional (LKF) candidate was proposed, followed by an
efficient bounding technique wusing the affine Jensen’s
inequality, for the design of output-feedback LPV controllers.
This choices of LKF and integral inequality constraints reduced
the conservatism of the method by limiting the bounding gap in
the integral cross-terms of the LKF derivative. By introducing
appropriate slack variables, the final relaxed synthesis conditions
have been formulated in terms of tractable convex linear matrix
inequalities (LMIs). A numerical example compared the
performance of the proposed scheme to past work in the
literature. It is shown that the proposed delay-dependent LPV
control that utilizes an improved LKF formulation and a more
general Jensen’s inequality results in less conservative design and
larger values of allowable delay. Finally, the mean arterial blood
pressure (MAP) regulation in critical hypotensive patients was
examined to evaluate the proposed control design in a challenging
practical control problem. Closed-loop simulation results
demonstrated the ability of the proposed time-delayed LPV
control to regulate MAP in the presence of varying input delays
and disturbances in comparison with past results in the literature.
In the present work, the time-varying delay is considered to be a
known quantity that can be estimated or evaluated in real time.
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