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The determination of overflow boundary is a prerequisite for the accurate solution of the
seepage field by the finite element method. In this paper, a method for solving overflow
boundary according to the maximum value of horizontal energy loss rate is proposed,
which based on the analysis of the physical meaning of functional and the water head
distribution of seepage field under different overflow boundaries. This method considers
that the overflow boundary that makes the horizontal energy loss rate reach the maximum
value is the real boundary overflow. Compared with the previous iterative computation
method of overflow point and free surface, the method of solving overflow boundary based
on the maximum horizontal energy loss rate does not need iteration, so the problem of
non-convergence does not exist. The relative error of the overflow points is only 1.54% and
0.98% by calculating the two-dimensional model of the glycerol test and the three-
dimensional model of the electric stimulation test, respectively. Compared with the
overflow boundary calculated by the node virtual flow method, improved cut-off
negative pressure method, initial flow method, and improved discarding element
method, this method has a higher accuracy.

Keywords: seepage field finite element calculation, overflow boundary, functional, horizontal energy loss rate,
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INTRODUCTION

Seepage is an influencing factor that must be considered in civil engineering, such as the instability of
banks and dams caused by seepage (Fox et al., 2006; Chu-Agor et al., 2008; Midgley et al., 2013); the
anti-seepage of dams, channels, and buried sites (Mishra and Singh, 2005; Charles et al., 2010; John
and Michael Duncan, 2010; Xu et al., 2013); and the problems related to seepage encountered in
specific engineering (Kobayashi and de los Santos, 2007; Lu and Chiew, 2007; Hung et al., 2009;
Batool and Brandon, 2013). The solution to these problems depends on the calculation of the seepage
field. Therefore, finding a reasonable way to calculate the seepage field has always been an important
research topic (Healy and Laak, 1974; Bhagu, 2007; Lai and Liang, 2008; Kazumasa and Kaneda.,
2010; Chen, 2017; Li, 2017; Peng, 2017). The finite element method is widely used in the calculation
of seepage fields because it can be applied to complex boundaries and complex soil layers. In past
studies, the virtual element method (Wu and Zhang, 1994; Cui and Zhu, 2009), element penetration
matrix adjustment method (Huang et al., 2001; Zhu and Liu, 2001), initial flow method (Pan et al.,
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1998; Wang, 1998), and some other finite element calculation
methods of seepage field (Wang et al., 2003; Zhang, 2004; Xie and
Zhang, 2005) are reasonable calculation methods of seepage field
under known boundary conditions. However, the overflow
boundary of the seepage field is usually unknown, so it is
impossible to define the boundary before finite element
calculation. For the determination of overflow boundary,
scholars have proposed some solutions. Wu and Zhang
(1994) proposed that within the possible overflow boundary,
a row of lower points is assumed to be overflow points. The
nodes below the overflow point are known nodes, and the
nodes above are unknown nodes. The water head of each node
of the seepage field is calculated and the free surface is iterated
until it converges. The water head of the upper point of the
overflow point is compared with its elevation. If the water head
is less than the elevation, the assumed overflow point position
is reasonable. Otherwise, the upper point shall be taken as the
overflow point and recalculated until the requirements are met.
Zhu and Liu (2001) pointed out that the overflow boundary can
be regarded as the second type of boundary condition. After
calculating the flow, it can be transformed into the first type of
boundary condition by adjusting the free term. When dealing
with the overflow boundary, Huang et al. (2001) define the
points on the overflow boundary as fixed points and active
points according to the relationship between the water head
and elevation and finally finds the location of the overflow
point through iteration and linear interpolation. In the
equivalent permeability coefficient method, Xie and Zhang
(2005) iterated the overflow point with the free surface
according to the difference between the water head and
elevation until the absolute value of the difference between
the water head and elevation is less than the convergence value.
There are two problems in the above method: firstly, the
overflow point and the free surface need to be iterated
together in the calculation of the overflow boundary, and
the initial overflow point assignment is based on empirical
estimation, so there will be a problem of non-convergence;
secondly, the basis for determining the overflow boundary is
usually only when the local element or node meets a certain
condition, and it is not analyzed from the perspective of the
whole seepage field.

Li et al. (2016) proposed a method to solve the overflow
boundary based on the principle of minimum global total
potential energy. By analyzing the water head distribution
trend of the seepage field under different overflow boundary
conditions, this method identified the boundary that minimizes
the global total potential energy as the real overflow boundary.
Hou and Sun (2019) put forward the concept of total potential
energy in the real area on this basis, eliminated the influence of
seepage virtual area, and considered that the overflow
boundary that minimizes the total potential energy in
seepage real area is the real overflow boundary. The above
two methods make up for the problems existing in the previous
overflow point, which do not need an iterative calculation and
determination method from the perspective of the energy of
the whole calculation area. However, the total potential energy
is a scalar index, and the directionality of the hydraulic

gradient in the boundary conditions of the overflow point
cannot be considered. Therefore, the method of considering
the total potential energy is not sufficient. If we can investigate
the directional index, it is an improvement to this kind of
method.

To sum up, based on the principle of global total potential
energy minimization, through the analysis of the water head
distribution of seepage field under different overflow boundaries,
this paper puts forward a method to solve the overflow boundary
based on the maximum of horizontal energy loss rate. It is
considered that the overflow boundary that makes the
horizontal energy loss rate of the seepage field reach the
maximum is the real overflow boundary. This method not
only retains the advantages of the original method but also
considers the directionality of water flow and makes the
physical meaning more clear.

THE APPLICATION OF VARIATIONAL
PRINCIPLE IN FINITE ELEMENT
CALCULATION OF SEEPAGE FIELD
In the two-dimensional seepage field, a rectangular coordinate
system is established with the bottom of the upstream slope as the
origin of coordinates, the horizontal direction from upstream to
downstream as the positive axis direction, and the vertically
upward direction as the positive axis direction. According to
Darcy’s law and seepage continuity conditions, regardless of the
compressibility of soil and water, the steady seepage of
homogeneous anisotropic soil satisfies the following partial
differential equations:

kx
z2h

zx2
+ kz

z2h

zz2
� 0 (1)

In Eq. 1, kx and kz are the permeability coefficients in x and z
directions, and h is the water head function.

According to the variational principle, the solution of the
above differential equation can be transformed into finding the
extreme value of the function, and a function shown in Eq. 2 can
be constructed:
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Ω

1
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[kx(zh
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)
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zz
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]dxdz (2)

Substitute Eq. 2 into Euler’s equation and its boundary
condition, it can be obtained that:

z

zx
(kxzh

zx
) + z

zz
(kzzh

zz
) � 0 (3)

(kxzh
zx

dz − kz
zh

zz
dx)

Γ

� 0 (4)

It is easy to know that Eq. 3 is equivalent to Eq. 1, that is, when
h canmake the functional Eq. 2 reach an extreme value, this h can
satisfy the governing equation of seepage, thus transforming the
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original differential equation problem into the extreme value
problem of function.

Eq. 4 is the boundary condition that naturally forms in the
process of variational differentiation, and all unknown boundaries
will be given such boundary conditions. Let n be the outer normal

vector of the boundary Γ, then dx/dΓ � cos (n,z) � lz, dz/dΓ � −cos
(n,x) � −lx, so after dividing Eq. 4 by dΓ, we can get:

kx
zh

zx
lx + kz

zh

zz
lz � kn

zh

zn
� 0 (5)

FIGURE 1 |Model information. (A) Distribution of the water head on different overflow boundaries. (B) The relationship between horizontal hydraulic gradient and
the height of overflow point. (C) A block diagram of calculation program.
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Eq. 5 indicates that the flow across the boundary is zero. That
is, when applying the variational principle to solve the seepage
field, if the boundary is not assigned, the unknown boundary will
be given impervious boundary conditions.

SOLVING OVERFLOW BOUNDARY BASED
ON THE MAXIMUM HORIZONTAL ENERGY
LOSS RATE

The Physical Significance of Solving
Seepage Field Based on the Variational
Principle
The hydraulic gradient in the x and z directions at any point in the
seepage field is ix � zh/zx and iz � zh/zz. According to the
formula of permeability, jx � cwix � cwzh/zx and jz � cwiz �
cwzh/zz are the components of osmotic force in x and z
directions, respectively (cw is the unit weight of water);
according to Darcy’s law, vx � kxzh/zx and vz � kzzh/zz are
the seepage velocity in x and z directions, respectively. Analyze
the integrand function in Eq. 2:

kx(zh
zx

)
2

+ kz(zh
zz
)

2

� kxixix + kziziz � (vxjx + vzjz)/cw (6)

The part in parentheses on the right side of the Eq. 6 is a
manifestation of power, and its physical meaning is the work
done by water to unit soil in unit time. By integrating Eq. 6, the
work done by water to the soil per unit time in the whole seepage
area can be obtained, so the function defined in Eq. 2 is
proportional to the energy loss rate in the whole seepage area.
According to the principle of minimum work, when the variation
of function is zero by the water head function, the energy loss rate
of the whole seepage area reaches the minimum, that is, the
obtained head function does not depend on the instantaneous
balance of a certain physical quantity but represents the
distribution of the water head in a stable state where the
energy loss rate reaches the minimum.

Water Head Distribution Under Different
Overflow Boundaries
Suppose the real seepage field is shown in Figure 1A-1, BC and
DE are the upstream and downstream boundaries; BF is the free
surface boundary, which divides the seepage field into two parts:
upper h < z and lower h > z; F is the overflow point and EF is the
real overflow boundary; AB, AG, GF, and CD are all impermeable
boundaries. Taking the seepage field under the real overflow
boundary as the initial state, the horizontal hydraulic gradient
that makes the water head decrease in the positive direction along
the x-axis is defined as positive. When part of the real overflow
boundary is suddenly defined as an impervious boundary (FFL in
Figure 1A-2), the horizontal rightward hydraulic gradient that is
originally existing at FFL is defined as zero, which reduces the
total value of the hydraulic gradient in the horizontal direction of
the whole seepage field. When the seepage field reaches stability

according to the principle of minimum energy disappearance
rate, the horizontal rightward hydraulic gradient of the seepage
field will be smaller than that in the initial state. When part of the
original impermeable boundary is suddenly defined as the
overflow boundary (as FFH in Figure 1A-3), the part
originally satisfying h < z is defined as h � z, so that there is a
horizontal leftward hydraulic gradient in this area, and when the
seepage field reaches stability according to the principle of
minimum energy disappearance rate, the horizontal hydraulic
gradient of seepage field will also be smaller than the initial state.
Therefore, the horizontal hydraulic gradient of the seepage field
will reach its maximum value under the real overflow boundary.

Selection of Calculation Indexes and
Calculation Steps
In previous studies, two methods, global and real domain total
potential energy, were used to calculate the overflow point.
However, the total potential energy selected by this method is
a scalar index, and the water flow on the overflow boundary has
the directionality pointing out of the domain. Therefore, it is not
completely accurate to control the overflow boundary only with
the total potential energy (when adjusting the overflow point, the
vertical hydraulic gradient will also affect the total potential
energy and the position of the extreme point). Therefore, the
directional index should be selected to control the overflow point
calculation. Since the physical significance of horizontal hydraulic
slope is not clear, the horizontal energy loss rate proportional to
the square of the horizontal hydraulic slope is selected as the
calculation index. Dividing the global domain into finite
elements, and the horizontal energy loss rate We in any
element is as follows:

We � ∭
e
cwkx(zhzx)

2

dxdz (7)

The horizontal energy loss rate in the whole seepage field is as
follows:

W � ∑We (8)

It is worth noting that when the horizontal energy loss rate is
selected as the consideration index, due to the existence of the
square term, the hydraulic gradient that is originally negative
(horizontally leftward) will also increase the horizontal energy
loss rate and cause errors. Therefore, for elements with a negative
total hydraulic gradient, the horizontal energy loss rate should be
defined as negative. Combined with the above theoretical
analysis, when the overflow point is the true value, the
horizontal energy loss rate of the seepage field will reach a
minimum value (as shown in Figure 1B).

Specific Fortran program calculation steps are as follows:

Step (1): Compile data files according to element division,
including the total number of elements, element node number
information, coordinate information of main nodes, number
of soil types, element number occupied by each type of soil, the
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permeability coefficient of each type of soil, upstream and
downstream water level values, number of upstream and
downstream water level nodes, number of nodes that may
overflow boundaries, and node numbers that may overflow
boundaries.
Step (2): Read all the information in the data file.
Step (3): Make b � 0. Construct the element permeability
matrix based on the element information and feed it into the
overall permeability matrix according to the node number of
the seepage field.
Step (4): Adjust the overall infiltration matrix and free terms
according to the upstream and downstream boundary
conditions, and the existing overflow point (the highest
node downstream is used as the overflow point when b �
0). Calculate the linear equation system to obtain the nodal
water head of the seepage field.
Step (5): Determine whether b is greater than 0. If yes, perform
step 6; if no, perform step (7).
Step (6): Based on the element node-water head and element
information, solve the horizontal energy loss rate of each
element and record the horizontal energy loss rate Wb of the
seepage area with water flowing through it. Compare Wb-1 and
Wb, ifWb >Wb-1, execute step (7); ifWb <Wb-1, execute step (8).

Step (7): Raise the overflow point by one node, b � b + 1, and
return to step (4).
Step (8): SelectWb,Wb-1,Wb-2,Wb-3, and their corresponding
overflow point heights; apply the least square method to fit the
cubic curve; and take the extreme value point where Wb is
closer to the corresponding overflow point height value as the
overflow point height (when b < 3, take the overflow node
corresponding to Wb-1 as the overflow point height).

The block diagram of the calculation procedure is shown in
Figure 1C.

NUMERICAL EXAMPLES

To verify the correctness of this method, two models with
experimental solutions are calculated.

A Model With a Glycerol Experimental
Solution
For the rectangular earth dam with a 6-m upstream water level, 1-
m downstream water level, and impervious bottom, the
glycerolysis at the overflow point is 3.25 m (Mao et al., 1999).
It is divided by isosceles right-angle six-node triangular element
with a right-angle side length of 1 m, and the finite element model
with 48 elements and 117 nodes is obtained. Under different
overflow points, the horizontal energy loss rate is shown in
Table 1. After fitting the cubic curve with the least square
method, the extreme value is 3.304. The difference with the
experimental solution of glycerol is 0.054 m, and the relative
error is only 1.64%. To verify the impact of element division on
the accuracy of the method, it is divided by isosceles right-angle
six-node triangular element with a right-angle side length of
0.2 m, and the finite element model with 1,200 elements and
2,501 nodes is obtained. Under different overflow points, the
horizontal energy loss rate is shown in Table 1. After fitting the
cubic curve with the least square method, the extreme value is
3.292 m. The difference with the experimental solution of glycerol

TABLE 1 | Horizontal energy loss rate with different number of elements.

Number of elements Ordinate (m) Horizontal energy loss
rate (J/s)

48 2 18.13766
2.5 19.12579
3 19.23039
3.5 19.23019

1,200 2.6 14.56768
2.8 14.72884
3 14.84662
3.2 14.94394
3.4 14.92728

According to the theory of this paper, the overflow point is the point corresponding to the
maximum horizontal energy loss rate, and the bold value is the maximum horizontal
energy loss rate calculated under the grid division.

FIGURE 2 | Three-dimensional (3D) model division and calculation results of energy loss rate.
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is 0.042 m, and the relative error is only 1.28%. The calculation
accuracy is improved.

A Model With an Experimental Solution of
Electrical Simulation
The size of the three-dimensional electric simulation model is
10 m × 10 m × 1 m; the permeability coefficient k is the same in x,
y, and z directions; and the water level at the upstream and
downstream of soil is 10 and 2 m, respectively. Its bottom is an
impervious boundary, and the electrical simulation solution of
the seepage overflow point is 4.74 m. Divided into hexahedron
elements with a side length of 0.5 m, there are 800 elements and
1,323 nodes. The 3D calculation model and the calculation results
are listed in Figure 2.

The cubic curve fit to the node vertical coordinates and the
corresponding energy loss rate is performed by the least square
method, and the resulting cubic curve equation with a cubic term
coefficient of −0.15763, a quadratic term coefficient of −2.49713, a
primary term coefficient of 13.07164, and a constant term of
5.91232 is calculated as the extreme value point of 4.787 m. The
difference with the actual overflow point location was 0.047 m
and 0.98%. The comparison with other methods is shown in
Table 2.

CONCLUSION

Based on the analysis of functional physics meaning in variational
principle and the characteristics of the water head distribution
under different overflow boundary conditions, this paper puts
forward a method to solve overflow boundary based on the
maximum value of horizontal energy loss rate, expounds the
theoretical basis, calculates the three-dimensional electrical
simulation experimental model, and obtains the following
conclusions:

According to the physical meaning of function and the
characteristics of the water head distribution under different
overflow boundary conditions, this paper considers that the
overflow boundary with the maximum energy loss rate is the
real overflow boundary. When determining the overflow

boundary, it is not necessary to iterate the overflow point and
the free surface together, so the calculation is simple, and there is
no problem of non-convergence. Selecting horizontal energy loss
rate as a comparison index is more explicit than the physical
meaning of total potential energy. By calculating the model with
glycerol experimental solution under different mesh densities, the
relative error of overflow point is only 1.64% and 1.28%. The finer
the mesh is, the smaller the relative error is, which verifies the
rationality of the method. Compared with the results of overflow
points calculated by the three-dimensional electrical simulation
solution model, the relative error of overflow points calculated by
this method is only 0.98%. Compared with the overflow points
calculated by node virtual flow method, initial flow method,
improved initial flow method, improved cut-off negative
pressure method, and improved discharging element method,
this method has a small relative error and superiority accuracy. It
can be used as a method to determine seepage overflow points.
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TABLE 2 | Accuracy comparison of overflow points with published results.

Computing method Overflow
point location (m)

Relative error

Electrical simulation solution (Zhang and Xiao, 2005) 4.740 –

This paper 4.787 0.98%
Node virtual flow method (Cui and Zhu, 2009) 4.330 −8.64%
Initial flow method (Pan et al., 1998) 4.373 −7.74%
Improved initial flow method (Pan et al., 1998) 4.375 −7.70%
Improved cut-off negative pressure method (Zhang and Wu, 2005) 4.344 −8.35%
Improved discarding element method (Zhang and Xiao, 2005) 4.620 −2.53%
Total potential energy minimum method (Li et al., 2016) 4.550 −4.01%
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