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Unfrozen water content is a significant hydro-thermal property in numerical

modeling in cold regions. Although numerous models have been developed to

mimic the variation of unfrozen water content with subzero temperature,

comprehensive evaluation of unfrozen water content models is scarce. This

study collected a total of 29 models and divided them into four categories,

namely, theoretical models, soil water characteristic curve (SWCC)-based

models, empirical models, and estimation models. These models were

evaluated with 1278 experimental points from 16 studies covering multiple

soil types, including 24 clays, 18 silty clays, 7 silts, 19 sands, and 10 sandstones.

Root mean square error and average deviations were applied to judge the

performance of these models. Most unfrozen water content models can well

simulate the relationship between unfrozen water content and subzero

temperature. Among the aforementioned four categories of unfrozen water

content models, Lizhm et al. model, Fredlund and Xing (C=1)-Wen model,

Kozlowski empirical model, and Kozlowski estimation model performed best in

their respective categories. Compared to the rest three categories, estimation

models can be applied to predict the variation of unfrozen water content with

subzero temperature by some easy-to-obtain soil physical parameters and

provide guidance for the development of unfrozen water content models.
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1 Introduction

At subzero temperatures, not all water freezes into ice, causing unfrozen water, air,

and ice to co-exist in soil pores. Unfrozen water content describes the ability of soil to

retain liquid water at a subzero temperature (Wang et al., 2017; Zhang et al., 2018). The

relationship between unfrozen water content and subzero temperature in frozen soils can

be termed as soil freezing characteristic curve (SFCC), which is similar to the soil water

characteristic curve (SWCC) in unfrozen soils (Bai et al., 2018; Wen et al., 2020).

Unfrozen water content is a significant hydro-thermal property widely used in

numerical modeling of heat and water transfer in engineering projects in cold

regions, such as embankments (Yang et al., 2022), canals (Li et al., 2019), tunnels
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(Tan et al., 2013), oil pipelines (Zhao et al., 2014), and shafts

(Yang et al., 2022). Therefore, understanding the unfrozen water

content in freezing soils becomes a hot topic in recent years.

Many experimental technologies have been developed to

measure unfrozen water contents at different subzero

temperatures, such as low-field nuclear magnetic resonance

(Chen et al., 2021), pulsed nuclear magnetic resonance (Kruse

et al., 2018), differential scanning calorimetry (Kozlowski, 2004),

time domain reflectometry (Liu and Yu, 2013), and frequency

domain reflectometry (Lu et al., 2017). Each technology has

strength and limitation. For example, frequency domain

reflectometry can be applied to continuously measure the

unfrozen water content during a freezing-thawing process, but

it is significantly affected by salt content and soil types

(Yoshikawa et al., 2004; Li et al., 2020). Over the past few

decades, many attempts have shown that three distinctive

stages can be applied to model the variation of unfrozen

water content with subzero temperature. In Stage 1, unfrozen

water content remains unchanged when the temperature

decreases. In Stage 2, decreasing temperature leads to sharply

decrease of temperature. The border between Stage 1 and Stage

2 refers to the freezing point (Zhang et al., 2018). When the

temperature continues to decrease, the rate of change in unfrozen

water content will gradual decrease in Stage 3. Extensive

experimental efforts have shown that the unfrozen water

content is strongly affected by initial water content (Tang

et al., 2018), dry density (Li et al., 2020), plasticity (Kong

et al., 2020), soil type (Zhang et al., 2018), and confining

stress (Mu et al., 2019).

Many models have been proposed to calculate the

unfrozen water content, which can be divided into four

categories, namely, theoretical models, SWCC-based

models, empirical models, and estimation models. The

theoretical models have physical basis and most of them

have complicated formulas (Chai et al., 2018; Li et al.,

2020; Teng et al., 2021). These models are developed based

on the pore size distribution or the microscopic geometry

arrangements of solid particles. The SWCC-based models are

obtained by the combination of Clapeyron equation and

SWCC model or by replacing the matric suction in the

SWCC model with subzero temperature (Ren et al., 2017;

Wen et al., 2020; Zhou, 2020). Most SWCC-based models are

developed by the Fredlund and Xing SWCC model and van

Genuchten SWCC model. The empirical models are

developed based on the empirical analysis of experimental

data between unfrozen water content and subzero

temperature (Michalowski, 1993; Osterkamp and

Romanovsky, 1997; McKenzie et al., 2007; Westermann

et al., 2011; Nicolsky et al., 2017). The formulas of

empirical models are simple, but their parameters have no

physical meanings. The estimation models are developed by

relating the curve-fitting parameters of the SWCC-based

models and empirical models with some easy-to-obtain

physical properties, such as specific surface area (SSA),

plastic index (Ip) (Anderson and Tice, 1972; Kozlowski,

2007; Kong et al., 2020). The main difference between the

estimation models and other models in the first three

categories is that the estimation models can be applied to

estimate the unfrozen water content. Although these

unfrozen water content models have good performance in

modeling the relationship between unfrozen water content

and subzero temperature, most models have only been tested

or calibrated with a limited number of soils. Therefore, it is of

critical importance to comprehensively compare and evaluate

the available unfrozen water content models with a large

number of experimental points from a variety of soil types.

The study aims to 1) conduct an extensive review of unfrozen

water content models, 2) investigate the maximum and

minimum values of the unfrozen water content models, and

3) evaluate the unfrozen water content models with a wide range

of soil types.

2 A review of unfrozen water content
models

29 unfrozen water content models from literature were

selected and divided into four categories: 1) theoretical models

(3 models), 2) SWCC-based models (10 models), 3) empirical

models (13 models), and 4) estimation models (3 models). The

volumetric unfrozen water content can be determined by the

formula below.

θu � wuρd
ρw

� Sup (1)

where θu is volumetric unfrozen water content, wu is gravimetric

unfrozen water content, ρd is dry density, ρw is density of water,

Su is saturation degree of unfrozen water content, and p is

porosity.

2.1 Theoretical models

2.1.1 Chai et al. model
Chai et al. (2018) divided water into three parts, namely, bulk

water, capillary water and bound water. They assumed that once

the temperature was below 0°C, the bulk water was totally frozen

and the capillary water and bound water made up the unfrozen

water. The unfrozen water content was thereby taken as the sum

of unfrozen capillary water and unfrozen bound water at a

subzero temperature of Ti, which is given as,

θu(Ti) � θcu(Ti) + θbu(Ti) (2)
where θcu (Ti) is the unfrozen capillary water content at a subzero

temperature of Ti, and θbu is the unfrozen bound water content at

a subzero temperature of Ti.
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θcu(Ti) � ∑
d
vdθcu(Ti)d (3)

where vd is proportion of soil particles with size d, and θcu (Ti)d is

the unfrozen capillary water content that surrounds the soil

particles of size d at a subzero temperature of Ti.

θcu(Ti)d �
8
⎧⎨⎩xy − ⎡⎣π(Rd + h)2sin

−1( y
Rd+h)

2π − 1
2y(Rd + h + a − x)⎤⎦ − (πr2 sin−1(x

r)
2π − 1

2 x

r2 − x2

√ )⎫⎬⎭
4(Rd + h + a)2

(4)

where a is a variable used for describing the distance between two

soil particles, Rd is radius of soil particle of size d, r is meniscus

radius of capillary water, h is thickness of the bound water film, x

and y are coordinate values of contact point of the meniscus.

θbu(Ti) � ρd⎛⎝yw − awiMw∑sηsys

(1 − awi)Ms

⎞⎠ (5)

where awi is activity at a subzero temperature of Ti, yw is mass

fraction of water, ys is mass fraction of solute, Mw is molar mass

of water,Ms is molar mass of solute (dissociation number of salt).

2.1.2 Lizhm et al. model
Li et al. (2020) suggested that the total unfrozen water

content can be calculated by the summation of unfrozen

water in unfrozen water pores (θuu) and in frozen pores (θuf),

which is given as,

θu � θuu + θuf (6)

where θuu is volumetric unfrozen water content in unfrozen

water pores, and θuf is volumetric unfrozen water content in

frozen pores.θuu can be developed by integrating the pore-size

probability density distribution.

θuu � θr + θ0 − θr

1 + exp[b(T0 − T) − c(T0 − T)d] (7)

where θ0 is initial volumetric water content, θr is residual

volumetric unfrozen water content, T0 is freezing point of

bulk water and equal to 273.15 K or 0°C, and b, c, and d are

curve-fitting parameters related to the soil properties.

θuu can be calculated by integrating the product of SSA and

thickness of unfrozen water film.

θuf � −(9HT0SSA3

16πρwLf
)1/3

(T − T0)2/3 (8)

whereH is Hamaker constant, which ranges from -10–20 to -10–19

J, and Lf is latent heat of fusion of water.

2.1.3 Teng et al. model
Teng et al. (2021) developed a theoretical unfrozen water

content model that took account of the effect of adsorption and

capillarity. They considered two kinds of monodisperse particle

arrangements (simple cubic (SC) arrangement and tetrahedral

(TH) arrangement). The unfrozen water content can then be

expressed as the linear combination of unfrozen water content

from SC and TH.

Su � DrSu,TH + (1 −Dr)Su,SC (9)

where Su,TH is saturation degree of unfrozen water content of TH

arrangement, Su,SC is saturation degree of unfrozen water content

of SC arrangement, and Dr is relative density.

Su,TH �

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

6y0R − 6 arctan(y0

R
)R2 − [3π − 6 arctan(y0

R
)]r2

+[π − 6 arctan(y0

R
)](2Rdf + d2

f )(2 
3

√ − π)R2 y0 ≤
R
3

√

6y0R − 6(y0 − R
3

√ )R − 6[r − (y0 − R
3

√ )](R − x) − πR2

(2 
3

√ − π)R2

R
3

√ <y0 ≤
(6 − 

3
√ )(6 

3
√ − 6)R

1 y0 >
(6 − 

3
√ )(6 

3
√ − 6)R

(10)

where y0 is the length of line segment used to distinguish different

calculation intervals, R is particle radius, and df is water film

thickness.

Su,SC �
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

4y0R − 4 arctan(y0

R
)R2 − [2π − 4 arctan(y0

R
)]r2 + [π − 4 arctan(y0

R
)](2Rdf + d2

f )
(4 − π)R2 y0 ≤R

4y0R − 4(y0 − R)R − 4[r − (y0 − R)](R − x) − πR2

(4 − π)R2 y0 >R

(11)

2.2 SWCC-based models

2.2.1 van Genuchten-Bittelli model
Bittelli et al. (2003) neglected the overburden pressure in the

generalized Clapeyron equation, and assumed that the pore water

pressure was equivalent to the negative matric head in the van

Genuchten SWCCmodel. The van Genuchten-Bittelli model can

be expressed as,

θu � (θs − θr)[1 + ( − av
LfT

gT0
)nv]−mv

+ θr (12)

where av, mv, and nv are curve-fitting parameters of van

Genuchten SWCC model, and θs is saturated volumetric water

content.

2.2.2 van Genuchten-Nishimura model
Nishimura et al. (2009) proposed a Clausius-Clapeyron

equation to model the equilibrium between liquid water and

ice and then substituted this Clausius-Clapeyron equation into

the van Genuchten SWCC model, yielding a new unfrozen water

content model containing the temperature and ice pressure.

Compared with the temperature, the effect of ice pressure on

the unfrozen water content is negligible. Therefore, a simplified

unfrozen water content model was adopted as (Nishimura et al.,

2009; Vitel et al., 2016; Mu et al., 2018).
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Su � ⎡⎢⎢⎢⎣1 +⎛⎝ − Lfρw ln(T+273.15273.15 )
av

⎞⎠ 1
1−mv⎤⎥⎥⎥⎦−mv

(13)

2.2.3 van Genuchten-Ren model
Ren et al. (2017) assumed that the pore ice pressure in a

frozen soil was equal to atmospheric pressure and the solute

effect was ignored. Based on the two assumptions, the Clapeyron

equation was applied to transform subzero temperature to

suction, yielding the SWCC-based model. The combination of

van Genuchten SWCC model and Clapeyron equation leads to

the following unfrozen water content model.

θu � θr + (θs − θr)[1 + ( − avLfρw ln
T + 273.15
T0 + 273.15

)nv]−mv

(14)

2.2.4 Fredlund and Xing-Ren model
By substituting the Clapeyron equation into Fredlund and

Xing SWCC model yielded (Ren et al., 2017).

θu � θs{ln[2.718 + ( − Lf ρw
af

ln( T+273.15
T0+273.15))nf ]}mf

(15)

where af,mf, and nf are curve-fitting parameters of Fredlund and

Xing SWCC model.

2.2.5 Pham-Zhou model
Zhou (2020) suggested that SFCC was similar with SWCC,

and replaced the matric suction in Pham SWCC model with

temperature (-T), yielding the Pham-based SFCC model.

θu � θsα + θr(−T)m
α + (−T)m (16)

TABLE 1 Overview of the compiled unfrozen water content dataset.

Soil no. Sources Soil type Dry density/
g/cm3

Liquid
limit/%

Plastic
limit/%

Plastic
index

Tested
method

1 Liu et al. (2020) Lean soil 1.6 34.7 21.2 13.5 NMR

2 Li et al. (2020) Silty clay 1.47, 1.57, 1.67 19 13.8 32.8 P-NMR

3 Li et al. (2020) Fine sand 1.57 — — — P-NMR

4 Li et al. (2020) Medium sand 1.47, 1.57 — — — P-NMR

5 Wang, (2020) Bentonite 1.6 — — 136.74 NMR

6 Wang, (2020) Silty clay 1.6 — — 11.07 NMR

7 Wen et al. (2012) Silty clay 1.56 23.4 12.5 10.9 NMR

8 Watanabe and Wake,
(2009)

Sand1 1.43 — — — NMR

9 Watanabe and Wake,
(2009)

Sand2 1.46 — — — NMR

10 Kong et al. (2020) Sand 1.6, 1.7, 1.8 — — — NMR

11 Teng et al. (2021) Fine sand 1.5 — — — NMR

12 Teng et al. (2021) Medium sand 1.5 — — — NMR

13 Teng et al. (2021) Graded sand 1.5 — — — NMR

14 Liu, (2020) Silty clay 28.31 17.5 10.81 FDR

15 Meng et al. (2020) Silt 1.6 27.3 15.6 11.7 NMR

16 Zhou, (2020) Kaolin 1.00, 1.01, 1.04, 1.05 53.79 35.98 17.81 NMR

17 Zhou, (2020) Illite 1.00, 1.01, 1.04, 1.05 45.18 21.78 23.4 NMR

18 Zhou, (2020) Montmorillonite 1.00, 1.01, 1.04, 1.05 119.2 44.52 76.68 NMR

19 Teng et al. (2020) Red clay — 36.01 21.5 14.51 NMR

20 Teng et al. (2020) Silt — 29.92 15.99 13.93 NMR

21 Teng et al. (2020) Silica sand — — — — NMR

22 Wang et al. (2021) Sandstone — — — — NMR

23 Yang et al. (2021) Sandstone — — — — NMR

24 Kong et al. (2021) Bentonite 1.6 — — 136.7 NMR

25 Weng et al. (2021) Sandstone — — — — NMR

26 Li et al. (2018) Clay 1.55 28.3 18.1 10.2 NMR

27 Li et al. (2018) Silt 1.51 19.3 11.4 7.9 NMR
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where α is curve-fitting parameter of Pham SWCC model.

2.2.6 van Genuchten-Zhou model
Zhou (2020) reviewed the van Genuchten SWCC model and

replaced the matric suction with temperature (-T), yielding van

Genuchten-based SFCC model.

θu � (θs − θr) 1

[1 + (av(−T))nv ]mv
+ θr (17)

2.2.7 Fredlund and Xing-Zhou model
In the similar way, Zhou (2020) modified the Fredlund and

Xing SWCC model by replacing the matric suction with

temperature (-T).

θu � (θs − θr) 1{ln[e + (− T
af
)nf ]}mf

+ θr (18)

2.2.8 van Genuchten-Wen model
Wen et al. (2020) indicated that the saturated water content

can be replaced by the initial water content and proposed three

generalized unfrozen water content models based on different

SWCCmodels. Substituting a simplified Clapeyron equation and

initial water content into van Genuchten SWCC model yielded

the following unfrozen water content model,

θu � θr + (θ0 − θr) 1[1 + ( − avLf ρwT
273.15 )nv ]mv

(19)

2.2.9 Fredlund and Xing-Wen model
The combination of a simplified Clapeyron equation, initial

water content and Fredlund and Xing model yielded the

Fredlund and Xing-Wen model (Wen et al., 2020).

θu � C(T) θ0{ln[2.718 + ( − Lf ρwT
273.15af

)nf ]}mf
(20)

where C(T) is a correction factor and equal to 1 − ln(1− LρwT
273.15Cr

)
ln(1+1000000

Cr
) .

2.2.10 Fredlund and Xing(C=1)-Wen model
In order to simplify the Fredlund and Xing-Wen model, Wen

etal. (2020) assumed that the correction factor inEq. 20canbe equal

to 1 and then produced a simplified unfrozen water content model.

θu � θ0{ln[2.718 + ( −LρwT
273.15af

)nf ]}mf
(21)

2.3 Empirical models

2.3.1 Anderson and Tice empirical model
Anderson and Tice (1972) proposed a power formula with

two parameters to calculate the gravimetric unfrozen water

content.

wu � α(−T)β (22)
where α and β are curve-fitting parameters.

2.3.2 Michalowski et al. model
Based on the experimental unfrozen water contents of

several soils in Anderson and Tice (1973), Michalowski

(1993) and Michalowski and Zhu (2006) proposed an

exponential formula to mimic the relationship between the

gravimetric unfrozen water content and temperature. A similar

formula was proposed to model the relationship between the

volumetric unfrozen water content and temperature by

Blanchard and Frémond (1985). Michalowski and Zhu

(2006) indicated that not all water in the soil pores freeze to

ice at the freezing point of water, so a discontinuity of water

existed. The water content (w0) dropped down to a smaller

water content ( �w) at T0 and then gradually reduced to a smaller

unfrozen water content (wr) at a lower reference temperature.

From calibration, the moisture content �wwas equal to the initial

water content.

wu � { w0 T≥T0

wr + (w0 − wr) exp[μ(T − T0)] T<T0
(23)

where μ is applied to describe the rate of decay.

2.3.3 Osterkamp and Romanovsky model
Osterkamp and Romanovsky (1997) modified the Anderson

and Tice model by considering the freezing point, which is

given as,

θu � a|T − Tf |c (24)

where Tf is freezing point.

2.3.4 Mckenzie exponential model
Mckenzie et al. (2007) developed an exponential formula to

model the relationship between saturation degree of unfrozen

water content and temperature.

Su � Sr + (1 − Sr) exp[ − (T − Tf

γ
)2] (25)

where Sr is residual saturation degree of unfrozen water content,

Tf = 0 °C was recommend by Mckenzie et al. (2007), and γ is a

fitting parameter.

2.3.5 Mckenzie linear model
Mckenzie et al. (2007) indicated that the unfrozen water

content should be smoothly and easily differentiated,

and proposed a simplest linear function (McKenzie et al.,

2007).

Su � {mT + 1 T>Tr

Sr T≤Tr
(26)
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wherem is the slope of the unfrozen water content model, and Tr

is defined as the temperature at which the linear freezing function

attains residual saturation.

Due to the continuity of the unfrozen water content at Tr, the

Tr can be given as,

Tr � Sr − 1
m

(27)

2.3.6 Kozlowski empirical model
Kozlowski (2007) developed a piecewise formula to model

the relationship between gravimetric unfrozen water content and

temperature. Tf and boundary temperature divided the model

into three temperature ranges.

wu �
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

w0 T>Tf

wres + (w0 − wres) exp⎡⎣e(Tf − T

T − Tm
)f⎤⎦ Tm <T≤Tf

wres T≤Tm

(28)
where Tm is the boundary temperature and equal to -12°C, e and f

are non-interpretable coefficients, which are responsible for

fitting the formula to the experimental gravimetric unfrozen

water content in the range from Tm to Tf.

TABLE 2 The maximum and minimum values of unfrozen water content models.

No. Model Maximum value Minimum value

Theoretical models

1 Chai et al. model θ0 0

2 Lizhm et al. model θ0 θr

3 Teng et al. model 1 0

SWCC-based models

4 van Genuchten-Bittelli model θs θr

5 van Genuchten-Nishimura model 1 0

6 van Genuchten-Ren model θs θr

7 Fredlund and Xing-Ren model θs 0

8 Pham-Zhou model θs θr

9 van Genuchten-Zhou model θs θr

10 Fredlund and Xing-Zhou model θs θr

11 van Genuchten-Wen model θ0 θr

12 Fredlund and Xing-Wen model θ0 0

13 Fredlund and Xing (C=1)-Wen model θ0 0

Empirical models

14 Anderson and Tice empirical model ∞ 0

15 Michalowski et al. model w0 wr

16 Osterkamp and Romanovsky model ∞ 0

17 Mckenzie exponential model 1 Sr

18 Mckenzie linear model 1 Sr

19 Kozlowski empirical model w0 wr

20 Zhang et al. model θ0 θr

21 Qin et al. model w0 c

22 Westermann et al. model θ0 θr

23 Kurylyk and Watanabe model θ0 θr

24 Nicolsky et al. model P 0

25 Libo et al. model ws wr

26 Weng et al. model 1 B

Estimation models

27 Anderson and Tice estimation model ∞ 0

28 Kozlowski estimation model w0 wr

29 Kong et al. model w0 0
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2.3.7 Zhang et al. model
A segmented linear function without a fitted parameter

was proposed to model the volumetric unfrozen water

content and temperature (Zhang et al., 2008), which was

given as,

θu � { θ0 − (θ0 − θr)(T − Tf )/(Tr − Tf ) T>Tr

θr T≤Tr
(29)

2.3.8 Qin et al. model
By analyzing the free energy in the frozen soil, a three

parameter-model was developed to mimic the relationship

between gravimetric unfrozen water content and temperature

(Qin et al., 2009). The new model is similar to the widely-used

Anderson and Tice model.

wu � { w0 T>Tf

a(−T)b + c T≤Tf
(30)

2.3.9 Westermann et al. model
Westermann et al. (2011) proposed a model to relate the

volumetric unfrozen water content and temperature.

θu �
⎧⎪⎨⎪⎩ θ0 T> 0

θr − (θ0 − θr) δ

T − δ
T≤ 0

(31)

where δ is a fitting parameter.

2.3.10 Kurylyk and Watanabe model
In order to obtain a continuous exponential formula, the

Mckenzie exponential model was modified slightly with the

initial volumetric water content replacing the saturated

volumetric water content to allow for unsaturated conditions

(Kurylyk and Watanabe, 2013).

θu � θr + (θ0 − θr) exp[ − (T
γ
)2] (32)

2.3.11 Nicolsky et al. model
Nicolsky et al. (2017) indicated that the unfrozen water

content of fully saturated soils can be divided into two parts

by Tf. The unfrozen water content in the saturated soil was equal

to the soil porosity when the temperature was larger than Tf,

otherwise, the unfrozen water content nonlinearly declined with

the decreases of temperature.

θu � { p T≥Tf

p|Tf |b|T|−b T<Tf
(33)

2.3.12 Libo et al. model
Li et al. (2021) investigated the unfrozen water content of

water-saturated coal and proposed a nonlinear formula with

three parameters to mimic the relationship between unfrozen

water content and temperature during a freezing process.

wu � wr + (ws − wr) 1[1 + (Ta)m] (34)

2.3.13 Weng et al. model
By investigating the relationship between unfrozen water

content and temperature of five sandstones during a freezing

process, Weng et al. (2021) developed an exponential unfrozen

water content formula to fit the experimental data, which was

given as,

Su �
⎧⎪⎨⎪⎩ 1 T> 0

Ae
T
t + B T≤ 0

(35)

where A, B and t are curve-fitting parameters, A and t controlled

the decrease speed of the unfrozen water content during a

freezing process, and B is the residual unfrozen water content

when the temperature closes to infinitesimally.

2.4 Estimation models

2.4.1 Anderson and Tice estimation model
Anderson and Tice (1972) related the two parameters of the

power formula with SSA, yielding the Anderson and Tice

estimation model.

FIGURE 1
Fitting performance of 1 theoretical model. In the figure,
black square stands for clay, blue up triangle stands for silty clay,
red circle stands for silt, magenta down triangle stands for sand,
and orange rhombus stands for sandstone.
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wu � e0.5519 ln SSA+0.2618(−T)−e0.2640 ln SSA+0.3711 (36)

2.4.2 Kozlowski estimation model
Six clays were applied to determine the parameters of the

Kozlowski empirical model, yielding the Kozlowski estimation

model (Kozlowski, 2007).

wu �
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

w0 T>Tf

wr + (w0 − wr) exp[ − 3.35(Tf − T

T − Tm
)0.37] Tm <T≤Tf

wr T≤Tm

(37)

Tf was calculated by the following empirical relationship.

Tf � −0.0729w2.462
p w−2 (38)

where wp is plastic limit, %, w is total gravimetric water

content, %.

wr � 0.042SSA + 3 (39)

2.4.3 Kong et al. model
Kong et al. (2020) suggested that the classic power

function proposed by Anderson and Tice (1972) contain

two drawbacks. One drawback was that the parameters

TABLE 3 Performance of the selected unfrozen water content models.

No Model Clay Silty clay Silt Sand Sandstone Overall

RMSE AD RMSE AD RMSE AD RMSE AD RMSE AD RMSE AD

Theoretical models

1 Lizhm et al. model 0.0074 0.0000 0.0103 −0.0003 0.0134 −0.0007 0.0060 0.0006 0.0065 0.0007 0.0491 0.0078

SWCC-based models

2 van Genuchten-Bittelli model 0.0413 0.0017 0.0942 −0.0550 0.0253 −0.0009 0.0521 −0.0124 0.0013 −0.0001 0.0530 −0.0016

3 van Genuchten-Nishimura
model

0.0539 0.0026 0.0537 0.0010 0.0287 -0.0001 0.0649 0.0134 0.0083 −0.0012 0.0510 0.0040

4 van Genuchten-Ren model 0.0397 0.0044 0.0398 0.0069 0.0235 0.0013 0.0397 0.0074 0.0012 0.0001 0.0356 0.0046

5 Fredlund and Xing-Ren
model

0.0397 0.0042 0.0393 0.0065 0.0238 0.0006 0.0396 0.0069 0.0022 0.0003 0.0355 0.0043

6 Pham-Zhou model 0.0433 0.0053 0.0411 0.0065 0.0348 0.0020 0.0406 0.0075 0.0023 0.0000 0.0386 0.0049

7 van Genuchten-Zhou model 0.0416 0.0055 0.0258 0.0039 0.0234 0.0012 0.0401 0.0075 0.0012 0.0001 0.0342 0.0045

8 Fredlund and Xing-Zhou
model

0.0403 0.0067 0.0392 0.0073 0.0236 0.0015 0.0465 0.0104 0.0113 0.0015 0.0377 0.0064

9 van Genuchten-Wen model 0.0115 0.0011 0.0204 −0.0026 0.0143 −0.0009 0.0091 −0.0013 0.0018 0.0003 0.0128 −0.0004

10 Fredlund and Xing-Wen
model

0.0248 −0.0105 0.0241 −0.0078 0.0240 −0.0084 0.0155 −0.0024 0.0109 −0.0024 0.0215 −0.0070

11 Fredlund and Xing (C=1)-
Wen model

0.0116 0.0017 0.0113 0.0000 0.0079 −0.0011 0.0044 −0.0003 0.0105 −0.0021 0.0097 0.0002

Empirical models

12 Michalowski et al. model 0.0512 −0.0051 0.0409 −0.0039 0.0508 −0.0021 0.0819 0.0223 0.0176 0.0015 0.0559 0.0025

13 Mckenzie exponential model 0.0599 0.0052 0.0599 0.0046 0.0533 0.0060 0.0544 0.0067 0.0092 -0.0006 0.0543 0.0049

14 Mckenzie linear model 0.0925 0.0438 0.0877 0.0416 0.1020 0.0484 0.5976 −0.0325 0.0217 0.0080 0.2951 0.0226

15 Kozlowski empirical model 0.0309 0.0055 0.0474 0.0057 0.0317 0.0079 0.0148 0.0001 0.0046 0.0076 0.0301 0.0039

16 Zhang et al. model 0.0816 0.0013 0.1021 0.0322 0.0721 0.0020 0.0909 0.0253 0.0271 0.0020 0.0782 0.0030

17 Qin et al. model 0.0497 0.0034 0.0512 0.0018 0.0499 0.0016 0.0504 0.0057 0.0121 0.0008 0.0474 0.0031

18 Westermann et al. model 0.0878 −0.0163 0.0611 −0.0073 0.0686 −0.0121 0.0628 0.0022 0.0190 -0.0023 0.0704 -0.0084

19 Kurylyk and Watanabe model 0.0374 −0.0037 0.0387 −0.0025 0.0406 −0.0018 0.0362 -0.0016 0.0141 -0.0011 0.0359 -0.0027

20 Nicolsky et al. model 0.0631 0.0033 0.0796 0.0024 0.0900 0.0065 0.0963 0.0190 0.0247 0.0004 0.0757 0.0068

21 Libo et al. model 0.0426 0.0054 0.0410 0.0054 0.0253 0.0021 0.0438 0.0096 0.0023 0.0000 0.0381 0.0053

22 Weng et al. model 0.0423 0.0010 0.0448 0.0027 0.0492 0.0083 0.0601 0.0108 0.0152 0.0003 0.0432 0.0021

Estimation models

23 Kozlowski estimation model 0.1061 0.0036 0.1272 −0.0471 0.0994 0.0040 0.0913 0.0243 0.0289 −0.0079 0.1002 −0.0015

24 Kong et al. model 0.2242 −0.0727 0.1920 −0.1491 0.1384 −0.0787 0.0920 −0.0376 0.0019 −0.000 0.1694 −0.0700
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in Anderson and Tice empirical model had no physical

meaning, and the other one was that the dimensions on

left-hand and right-hand sides of the model were not

uniform. To overcome the two drawbacks, Kong et al.

(2020) proposed a new formula to estimate the unfrozen

water content.

FIGURE 2
(Continued).
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wu �
⎧⎪⎪⎨⎪⎪⎩

w0 T>Tf

w0(T

Tf
)g

T≤Tf

(40)

Tf � −0.015Ip − 0.063 (41)
g � 0.300Ip − 2.232 (42)

3 Data collection and analysis

3.1 Published datasets

In order to evaluate the performance of the 29 models,

the unfrozen water content values were collected by the

following criteria: 1) each soil sample contained unfrozen

water content values under at least five subzero

temperatures, 2) initial volumetric water content and

saturated volumetric water content or porosity were

available. 24 clays, 18 silty clays, 7 silts, 19 sands, and

10 sandstones satisfied the above criteria, as shown in

Table 1. More details of their databases and experimental

methodologies can be found in the following papers

(Watanabe and Wake, 2009; Wen et al., 2012; Li et al.,

2018; Kong et al., 2020; Li et al., 2020; Liu, 2020; Liu

et al., 2020; Meng et al., 2020; Teng et al., 2020; Wang,

2020; Zhou, 2020; Kong et al., 2021; Teng et al., 2021; Wang

et al., 2021; Weng et al., 2021; Yang et al., 2021).

3.2 Model performance metrics

The difference between calculated and measured unfrozen

water contents were compared by plotting them on the same

figure. To quantitatively evaluate the performance of these

FIGURE 2
(Continued). Fitting performance of 10 SWCC-based model. In the figure, black square stands for clay, blue up triangle stands for silty clay, red
circle stands for silt, magenta down triangle stands for sand, and orange rhombus stands for sandstone.
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unfrozen water content models, two indices were adopted as

criterion in this study.

1) Root mean square error (RMSE)

RMSE �

∑N
i�1
(θu−ci − θu−mi)2

N

√√
(43)

FIGURE 3
(Continued).
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FIGURE 3
(Continued). Fitting performance of 11 empirical model. In the figure, black square stands for clay, blue up triangle stands for silty clay, red circle
stands for silt, magenta down triangle stands for sand, and orange rhombus stands for sandstone.
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2) Average deviations (AD)

AD � 1
N
∑N
i�1
(θu−ci − θu−mi) (44)

where θu-ci is calculated by different unfrozen water content

models, θu-mi is measured results, N is the number of points.

RMSE describes the absolute deviation between the

calculated and measured results. AD represents the relative

deviation between the calculated and measured results, which

can be divided into three different conditions: 1) AD>0, θu-ci
overestimates θu-mi, 2) AD=0, θu-ci is equal to θu-mi, and 3) AD<0,
θu-ci underestimates θu-mi.

4 Results and discussion

4.1 Comparison of maximum and
minimum values

During a freezing process, the unfrozen water content

calculated by an unfrozen water content model decreased with

subzero temperature, and the variation of unfrozen water content

was constrained by the maximum and minimum values of the

unfrozen water content model. In other words, the calculated

unfrozen water content would distribute between maximum and

minimum values. Table 2 summarized the results for all the

unfrozen water content models.

For the theoretical models, the maximum values were

saturated water content or initial water content, while the

minimum values were residual water content or 0. For the

SWCC-based models, the maximum values of most models

were taken from saturated water content (θs or 1). The result

was not surprising, since the SWCC-based models were

developed from the SWCC model, and the maximum value

of SWCC model was saturated water content. For the three

models derived from the work of Wen et al. (2020), the

maximum value was initial water content (θ0). The

minimum value of the SWCC-based models referred to

θr or 0.

The formula of most empirical models was piecewise

function, and different temperatures (0 °C, Tf and Tr) were

applied to divide the unfrozen water content model into two

or three segments. The maximum and minimum values for

most empirical models were the same as that of the SWCC-

based models. However, some empirical models had special

maximum and minimum values. For example, the maximum

value of Anderson and Tice model tended to infinity when

the temperature approached 0 °C, while the maximum value

of Osterkamp and Romanovsky model was infinity when the

temperature approached Tf. The minimum values of the Qin

et al. model and Weng et al. model were c and B, respectively,

which can be regarded as residual unfrozen water content.

For the three estimation models, the Anderson and Tice

estimation model and Kozlowski estimation model were

developed from the Anderson and Tice empirical model

and Kozlowski empirical model, respectively. Therefore,

the maximum and minimum values of the Anderson and

Tice estimation model and Kozlowski estimation model

were the same as that of Anderson and Tice empirical

model and Kozlowski empirical model. For the Kong

et al. model, the maximum and minimum values were w0

and 0, respectively.

FIGURE 4
Calculating performance of 2 estimationmodels. In the figure, black square stands for clay, blue up triangle stands for silty clay, red circle stands
for silt, magenta down triangle stands for sand, and orange rhombus stands for sandstone.
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4.2 Model evaluation

4.2.1 Theoretical models
The Chai et al. model and Teng et al. model were

complicated and difficult to be incorporated into the

numerical modelling. Therefore, they were not included in

present study. Figure 1 shows the calculated unfrozen water

contents matched well with the measured results. Most of the

calculated results stood between the ±10% deviation lines over

the entire range of unfrozen water content. Table 3 showed

that the RMSE of the Lizhim et al. model ranged from

0.0060 to 0.0134, indicating a good fitting performance of

the unfrozen water content. Based on the AD values, it was

found that the Lizhim et al. model underestimated the

unfrozen water content for silty clay and silt, while the

Lizhim et al. model overestimated the results for sand and

sandstone. When unfrozen water content was larger than

0.3 cm3/cm3, the Lizhim et al. model tended to

underestimate the results.

4.2.2 SWCC-based models
Figure 2 shows the comparison between calculated and

measured unfrozen volumetric water contents for the

10 SWCC-based models. For each unfrozen water content

model, most calculated results stood between the ±10%

deviation lines over the entire range of unfrozen water

content, implying that all models had good performance in

estimating unfrozen water content for all soil samples.

Besides, we can find that the Fredlund and Xing (C=1)-Wen

model had the best performance with RMSE=0.0097 cm3/cm3,

AD=0.0002 cm3/cm3, followed by van Genuchten-Wen model

(RMSE=0.0128 cm3/cm3, AD=-0.0004 cm3/cm3) and Fredlund

and Xing-Wen model (RMSE=0.0215 cm3/cm3, AD=-

0.0070 cm3/cm3). This was mainly attributed to that the

Fredlund and Xing (C=1)-Wen model, van Genuchten-Wen

model and Fredlund and Xing-Wen model were developed by

replacing the saturated volumetric water content with initial

volumetric water content in the SWCC-based model, which

overcome the computational oddity at 0°C.

Different soil types led to different model performance. In

this study, Table 3 showed that Fredlund and Xing (C=1)-Wen

model had best estimation for silty clay, silt and sand, the van

Genuchten-Wen model showed best performance in clay, and

the van Genuchten-Ren model and van Genuchten-Zhou model

performed best when dealing with sandstone. The successful

application of van Genuchten-Ren model and van Genuchten-

Zhou model for the sandstone samples were mainly due to that

the sandstones were saturated before measuring the unfrozen

water content. Wen et al. (2020) evaluated the Fredlund and Xing

(C=1)-Wen model, van Genuchten-Wen model and Fredlund

and Xing-Wen model with uniform-sized glass powders and silty

clay, and found that the Fredlund and Xing-Wen model had best

performance among the three models, especially in narrower

subzero temperature ranges, which is slightly different from the

results in this study. The higher Tf of the soil samples of the Wen

et al. (2020) research and lower Tf of the soil samples in this study

may be a reason for this disagreement. Besides, the correction

factor had a significant effect on the Fredlund and Xing-Wen

model. Ren et al. (2017) evaluated the van Genuchten-Ren model

and Fredlund and Xing-Ren model with four soils (Castor sandy

loam, Lanzhou silt, Niagara silt, and Regina clay), and reported

that the Fredlund and Xing-Ren model was slightly better than

van Genuchten-Ren model. However, their results were different

from the results in this study in terms of RMSE and AD, which

may be attributed to a limited number of the soil samples used in

the Ren et al. (2017) research.

4.2.3 Empirical models
The Anderson and Tice empirical model and Osterkamp

and Romanovsky model were excluded in this study because

the Anderson and Tice empirical model tended to infinite at

0 °C and the Osterkamp and Romanovsky model tended to

infinite at Tf. Tf was determined by Eq. 41. Figure 3 showed

the comparison between calculated and measured unfrozen

volumetric water contents for the 11 empirical models. It

indicated that the model with best performance is Kozlowski

empirical model with RMSE=0.0301 cm3/cm3,

AD=0.0039 cm3/cm3, followed by the Kurylyk and

Watanabe model with RMSE=0.0359 cm3/cm3, AD=-

0.0027 cm3/cm3 and Libo et al. model with

RMSE=0.0381 cm3/cm3, AD=0.0053 cm3/cm3. It can be

seen from Table 3 that the Kozlowski empirical model had

best performance in clay and sand, the Libo et al. model was

good at simulating the silt and sandstone, and the Kurylyk

and Watanabe model showed best estimation for silty clay.

Kurylyk and Watanabe (2013) used silt loam to evaluate the

Kozlowski empirical model, Kurylyk and Watanabe model

and Mckenzie linear model, and pointed out that the

Kozlowski empirical model had best performance among

the three models. Lu et al. (2019) evaluated the

Michalowski et al. model, Mckenzie exponential model,

and Kozlowski empirical model with two types of silty

clay, and concluded that the Kozlowski empirical model

was best among the three models. However, the results

were slightly different from the findings in this study and

the work of Wen et al. (2020) research. The present study and

Wen et al. (2020) research indicated that the Michalowski

et al. model had best performance among the three models

for silty clay, followed by the Kozlowski empirical model, and

Mckenzie exponential model. The inconsistency can be

attributed to two reasons. First, the Tres=-12 °C and wres

was regarded as a fitting parameter in the present study,

while the Tres and wres were obtained from the residual

unfrozen water content and its corresponding temperature

in Lu et al. (2019) research. Second, the methods for

determination of Tf were different.
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4.2.4 Estimation models
The Anderson and Tice estimation model was not included

in the section because it tended to be infinite at 0 °C. Results

showed that the Kozlowski model had better performance for

clay, silt, silty clay, and sand, while the Kong et al. model was

more suitable for sandstone. The result was not surprising, since

the Kozlowski estimation model was developed primarily from a

data set of clays. Kozlowski (2007) used four soils (Bentonite,

Kaolin clay, Silty clay and Sandy silt) to evaluate the Kozlowski

estimation model and Anderson and Tice estimation model, and

indicated that the Kozlowski estimation model performed better

than the Anderson and Tice estimationmodel. The result showed

that the Anderson and Tice estimation model yielded a larger

unfrozen water content at a higher subzero temperature,

especially near 0 °C. For the Kong et al. model, it tended to

underestimate the unfrozen water content for clay, silt and

silty clay.

Unlike the theoretical, SWCC-based and empirical models,

the Kozlowski estimation model and Kong et al. model can be

applied to calculate the unfrozen water contents under

different subzero temperatures with some easy-to-obtain

soil parameters. For example, the Kozlowski estimation

model can be used to estimate the gravimetric unfrozen

water contents at different subzero temperatures using wp,

w, and SSA. The Kong et al. model required two soil physical

parameters (Ip, w), and the relationship between gravimetric

unfrozen water content and subzero temperature can then be

determined. The two estimation models obtained good

performance for sandstone. For other soil types, the

calculated results were not as good as previous models. It

seems that increasing clay content of soil sample lead to

unsatisfactory calculated results. However, the estimation

models can still provide guidance on the development of

unfrozen water content models in the future studies.

5 Conclusion

This study summarized 29 unfrozen water content models

and determined the maximum and minimum values of these

models. These models were compared and evaluated with

1278 measurements on clay, silty clay, silt, sand and

sandstone. The results showed that the Lizhm et al. model,

Fredlund and Xing (C=1)-Wen model, Kozlowski empirical

model, and Kozlowski estimation model performed best in the

corresponding categories. The overall performance of these

models was satisfactory, especially the SWCC-based models.

The estimation models can be applied to predict the

relationship between unfrozen water content and subzero

temperature with some easy-to-obtain soil physical

parameters. These estimation models provided guidance on

the development of unfrozen water content models for wider

applications in the future studies (Figure 4).
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