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When a sodium leakage accident occurs in the sodium-cooled fast reactor, the leaked
sodium reacts violently with the air in the form of droplets, resulting in the phenomenon of
sodium spray fire. The droplet size distribution formed by liquid sodium injection is the key
factor affecting the accident analysis of sodium spray fire. Based on the theory of the
maximum entropy principle, a semi-empirical model of sodium spray droplet size
distribution is constructed, which is constrained by the mass equation or the
momentum equation with viscous resistance, respectively. Based on the existing liquid
fuel droplet size distribution experiment results and the sodium spray fire experiment
results, the semi-empirical model is verified, which shows that the prediction result with the
semi-empirical model constrained by the momentum equation is in good agreement with
the experimental result with the error of about 20%. Furthermore, the proposed sodium
spray droplet model is compared with other models of the empirical model, the semi-
empirical model, and the model based on the maximum entropy principle constrained by
the simplified mass equation. The simulation result with the proposed model matches the
experimental data better with minor error.

Keywords: sodium-cooled fast reactor, sodium spray fire, maximum entropy principle, drop size distribution, semi-
empirical model

1 INTRODUCTION

As a recommended reactor type in the Generation IV advanced nuclear energy system, sodium-
cooled fast reactors (SFRs) have attracted worldwide attention due to their mature technology and
inherent safety (GIF, 2002). However, sodium shows a high chemical reactivity with oxygen, which
entails a fire hazard risk in the case of leaks into the containment, named sodium pool fire and
sodium spray fire accident, resulting in equipment damages (Sathiah and Roelofs, 2014). The
consequences of spray sodium fire are the most serious, in which the liquid sodium is dispersed into a
large number of small droplets in the spray, making a violent sodium burning. According to the
research of Sandia National Laboratory (SNL) on sodium spray fire accident phenomenon
identification and ranking table, it is found that the prediction of droplet size distribution is
very important in sodium spray dynamics (Olivier et al., 2010). However, there is still a lack of
relevant physical phenomena, and the empirical model is also lack of experiment verification (Ohno
et al., 2012).

The process of sodium spray can be regarded as the breakup process of molten sodium. The
distribution of spray diameter determines the heat-transfer interface of sodium droplets, which is
related to the subsequent combustion behavior and the aerosol generation and removal behavior
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(Srinivas et al., 2019). Many experiments and theoretical studies
have been carried out. The large-scale sodium spray experiment is
conducted on the FAUNA device (Cherdron, 1980; Garcia et al.,
2016). It is found that when the initial spray mass is 7, 20, and
40 kg, the average diameter of the sodium droplet is 1.3, 2.15, and
4.8 um, respectively. The results show that the average diameter
of sodium spray droplets is positively correlated with the amount
of sodium. However, when the injection mass reaches the
maximum value of 60kg, the pressure also reaches the
maximum value of 1.8 bar. The medium-scale sodium spray
experiment with an initial spray mass of 0.4-5.25 kg and a
pressure of 2.6bar is conducted (Malet et al, 1982). It is
believed that smaller spray size is conducive to pressure
propagation. The small-scale sodium spray experiment is
carried out on the LISOF device (Torsello et al., 2012; Manzini
and Torsello, 2013) using an LDV/PDA system to collect and
characterize the sodium spray dynamic parameters. It is found
that the droplet number density relative to droplet size is similar
to Gaussian distribution. A sodium spray test under a pressure
difference of 0.2 MPa is also conducted by Japan Nuclear Cycle
Development Institute (JNC) (Nagai et al., 1999) using a laser
droplet size analyzer to measure the sodium spray droplet size
distribution. The number density distribution with the size of
sodium droplets conforms to the Nukiyama-Tanasawa model.
The spray phenomenon widely exists in various fields such
as nuclear industries, engine research, and medical treatment.
Babinsky and Sojka (2002) of Purdue University in the
United States have summarized three basic methods to deal
with droplet distribution in the spray process, namely, the
empirical correlation method, discrete probability function
(DPF) method, and maximum entropy principle. The
expression form of the model based on the empirical
method is simple and easy to apply. Rosin and Rammler
(1933) has developed the Rosin-Rammler empirical relation
based on the droplet size distribution in the breakup process of
pulverized coal and cement slurry, which can be regarded as a
special form of expression of the Nukiyama-Tanasawa model.
In addition, the Nukiyama-Tanasawa model, obtained by
measuring the droplet size distribution, is adopted in the
sodium spray and fire analysis programs of NACOM (Tsali,
1980), CONTAIN-LMR (Murata et al., 1993), and SPHINCS
(Yamaguchi and Tajima, 2002). However, the model relies
heavily on the determination of the average droplet size. The
extension of the pure empirical model under different droplet
conditions may be controversial. The DPF method was first
applied to modeling drop size distributions in Newtonian
sprays by Sovani et al. (1999). A drop size distribution is
produced because of the fluctuation of initial conditions. The
DPF method requires a set of initial conditions and a model of
the breakup mechanism. The DPF has not been validated
because of the difficulties involved in obtaining the
fluctuating initial conditions (Babinsky and Sojka, 2002).
The maximum entropy principle was first proposed by
Jaynes (1957), which characterizes the droplet number
distribution obtained under a series of physical constraints,
and its corresponding system entropy function reaches the
maximum value. Cheng et al. (2002) have proposed the droplet

Model of Droplet Size Distribution

size distribution function based on the principle of maximum
entropy and established an exponential model that does not
change with different test conditions with the constraints of
the simplified mass equation. Therefore, Lee et al. (2004); Wu
et al. (2020) have used this method to conduct preliminary
explorations on fuel combustion in the energy field. Peng et al.
(2021) have coupled the continuity and momentum equations
to build a droplet size distribution model based on the
principle of maximum entropy and have used the present
experiment results and current models to validate. However,
the model took the basic mass equation and momentum
equation as constraints without considering the influence of
viscous resistance. Besides, the distribution of the
experimental data used for verification is similar, most of
which are normally distributed and are not adequate.
However, based on the study of the droplet fragmentation
mechanism by Zhao et al. (2011) and Cao and Ma (1997),
viscous resistance plays an important role. Therefore, it is
necessary to develop a maximum entropy droplet size
distribution model considering the influence of viscous
resistance and to use multiple experimental data types in
the form of distribution to validate the model.

Based on the maximum entropy principle, two semi-empirical
models of the droplet size distribution, with the main constraint
condition of the mass equation and the momentum equation
including the viscous resistance term as the main constraint
condition, are developed and verified.

2 ESTABLISHMENT OF THE DROPLET SIZE
DISTRIBUTION MODEL

2.1 Maximum Entropy Principle With the
Mass Equation as the Constraint Condition

The derivation of the sodium droplet size distribution model
based on the maximum entropy principle requires the
establishment of appropriate physical constraints. Jaynes
(1957) applied the maximum entropy principle to physics to
obtain the droplet distribution law, shown as Eq. 1.

S=-T) PiInP; 1)
k

where S is the entropy, T is a constant, and Py is the probability of
the number of droplets under a certain volume of the leaked
sodium droplet.

When the entropy takes a maximum value, the most probable
event occurs, that is, the sodium droplet size distribution function
with the largest probability of occurrence is obtained (Cao et al.,
2008), shown as Eq 2

ZPk - In P, = Max. (2)
k
From the mass conservation of sodium droplets in the system
(Cheng et al., 2002), Eq. 3 can be obtained

Y PumNo (1 +€) = rin (3)
k
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where my is the ejection mass under the action of the pressure
difference when the loop system is broken, Ny is the total number
of sodium droplets produced in unit time, ¢ is the loss of sodium
droplets due to chemical reaction or physical actions like pressure
difference, and 71 is the mass flow rate of sodium droplets ejected
from the break.

Considering that the sodium droplet is an incompressible
fluid, Eq. 3 can be transformed into Eq. 4

ZPkaN0(1+£)=V (4)
k

where vy is the volume of a single sodium droplet and V is the
total volume flow of sodium droplets ejected from the break.

In various cases, the sum of the number probabilities is 1,
shown as Eq. 5

Zpk =1 (5)
k

For the above three basic constraints of Eqs 2, 4, and 5, the
Lagrange method is used to obtain the function of G,,,, as Eqs 6,7
(Mojaver et al., 2020)

Ga = Y P+ InPy + (¢ - 1)<Zpk—1>

+ol Y PviNo(1+¢) -V (6)
(2 )

dGma _

b, - (7)

Then, Eq. 8 can be obtained
Py =exp[ - ¢ — wv Ny (1 +¢)] (8)

where ¢ and w are the undetermined Lagrange multipliers.
Eqs 9, 10 can be obtained through inserting Eq. 8 into Eqs 4, 5

ZeXP[—¢—kaN0(1+g)].kaO(1+£):V 9)
k

¢=anexp[—kaNo(1+€)] (10)
T

Thus, Eq. 11 is obtained

YviNo(1+¢)- exp[ — wvNo (1 +¢€)]
k

V= S expl— @viNo (1 +0)] (1)
k

Assuming that the droplet diameter of the particles of
atomization sodium droplets ejected from the break of the
loop system, denoted as D, conforms to the continuous
distribution, Eqs 12, 13 can be obtained

Dinax

¢=In J exp[—wgD3-No(1+£)] gDZdD (12)
Dmin
Dimax
. 7T2 5 T 3
V:EN0(1+S) J D exp[—¢—ng0(1+s)D ]dD (13)
Diin

Model of Droplet Size Distribution

Eq. 14 can be obtained by solving Eq. 12. Insert Eq. 14 into Eq.
13 and integrate it, and Eq. 15 is obtained

¢= ln{m {exp[ - wNy(1+ E)ngmn}

(14)
- exp[ - wNo(1+ e)ngw”}

n nwNo (1 +¢)D}
V_l exp[—ng0(1+e)Dfm][—y—l]
@ {exp[ - ngO(I +£)Dfm] - exp[ - ngO(l +s)D]3mX”>

—exp[ —ngO(l +¢)D? H

min

nwNy (1 + &)D? 1]

min
6

1
Tw U 3 s 3
{exp[ - ngo (1+ e)Dmm] - exp[ - ngO 1+ S)Dmax:l}

(15)

Finally, Lagrange multipliers ¢ and w can be uniquely solved
by Eqs 14, 15.
Define P,; as the probability of droplet size distribution, which

can be expressed with the integration of Py in the range of volume

intervals [v; — %, Vi + %]. Eq. 16 can be obtained as follows

2

Av;
vit—t vit—3+
P, = J » pde:J ﬂexp[—(/b—kaNO(l+£)]dv

Vit

_AD; 6 2

Di-—

Di+% D3 DZ
J exp[—¢—wnN0(1+s) 24D (16)

When the droplet diameter size is in the range of
[D; —%, D; +% , the probability density function of a
sodium droplet of diameter D is defined as dN/dD, and N
means the number percentage of sodium droplet diameter.
Assuming that the droplet size of the particles of atomization
sodium droplets ejected from the break of the loop system
conforms to the continuous distribution, the probability of
droplet diameter distribution of P,; can be expressed as Eq. 17

AD,

Dit7 N
Pni = J’Diﬁd_DdD (17)
iT72

The probability density function of a sodium droplet of
diameter D can be obtained as Eq. 18

%=gD2exp[—¢—wgD3No(l+e) (18)

Consider that there is a pressure differential drive between the
sodium circuit system and the external environment where the
pipe breaks. Assume that the minimum diameter D,;, of the
sodium droplet after ejection is 0 and the maximum diameter is
Dy Which can also be denoted as D, and determined by We,,
(Hinze, 1955)

oWe,,

patt

Dy, (19)

where p, is the density of the ambient medium; o is the surface
tension of the sodium droplet; We,, is the critical value of We; and
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i is the average value across the whole flow field of the squares of
velocity differences over a distance equal to D, which is related
to the kinetic energy per unit mass. Therefore, Eq. 20 can be
obtained by simplifying Eq. 14

{1 —exp[ —wNy (1 +€)§D3r]}

¢=ln wNy (1 +¢) (20)
Insert Eq. 20 into Eq. 18
d_N:EDZ{ wNy (1 +¢) }
dD 27 [1-exp| - wNo(1+¢)ZD3]
~exp[ — N, (1+ e)ng*] @1)

where w can be given by the implicit expression of (1-15).
However, for the calculation of the safety analysis of the
sodium spray fire accident, it is inconvenient to use the
mathematical model of the implicit expression. The semi-
empirical relationship based on the constraint of the mass
equation will be determined by the method of fitting the
experimental data. Eq. 21 can be simplified as Eq. 22
Z_I; =aD? - exp (bD?) (22)
The mathematical expression form with the maximum
entropy principle with the mass equation as the constraint
condition can be obtained as Eq. 23

dN 5
ln<@) =a+2InD +bD (23)

where a and b are the coefficients determined by fitting the
experimental data.

2.2 Maximum Entropy Principle With the
Momentum Equation as the Constraint
Condition

The momentum equation considering the viscous resistance term
of the sodium droplet is as follows

12
4 o
Z P;v;N, [US + ﬂzD‘u;pA <DiP1> ] = AU(S) (24)

where P; represents the probability of the number of droplets with
atomization volume v; , 1, is the volume-weighted average velocity, 4,
is the integral of the kinetic viscosity of the sodium droplet for the
droplet surface, D; is the diameter of the sodium droplet, p; is the
density of the sodium droplet, A is the cross-sectional area of the break,
and U is the average flow velocity of sodium droplets at the break.

Using the Lagrange method, Eq. 25 is obtained between G,,,
and the probability of the number of sodium droplets

1/2
4u o
GmD: Pll P,' /\ Pi iN 2 —
Z n(P;) + {Z v o[uo+ﬂ2Di3pA<Dipl> :|}
—AAU3+(/3—1)<ZP,-—1>

(25)

Model of Droplet Size Distribution

The derivation of G,,, with respect to the number probability
is 0. Thus, Eqs 26, 27 can be obtained as follows

172
4 <"> ]+ﬁ—1:0 (26)

mDip, \Dipy

1/2
4 o
p; = exp{ - B - AN, [ug t— D”;p <_D-p > ] } (27)
iFA )

where A and f are the Lagrange multipliers.
The probability of droplet size distribution P,; can be
expressed with the integration of P; in the range of volume
Av; Av;

intervals [v; — 5% v; + 5], and Eq. 28 can be obtained

Av; Av; 1/2
Vit—t Vit 4,
P, = J sz Pidv :J . exp{ - B-AvNy |:u§ + ﬂzDM;p <%> ] ]»dv
vim g vieg" iPa \iP
D nD? 4 o\ nD?
:J > exp{ —ﬁ—/\?No[u§+ 21;[3’ (D—> ]]» TdD
D5t TLPp P

Disgt nD? 2 o \'"?) =D?
- J exp] — B2 "2 Nouz - 2any H (T dD (28)
D.*# 6 3 TPy Dpl 2

InP; +1+Av;N, [ué +

Set Eqs 29, 30 as follows. Also, assuming that the droplet size
of the sodium droplets ejected from the main system break
follows a continuous distribution, Eq. 31 can be obtained
from Eq. 28

o= g)LNO (29)
2 o v
K= N2 <—> (30)
3 mpa\p
N _ {-B- 2D3—M<D’”2}LD2 (31)
iD - exp auy 2

According to Eq. 12, Eq. 32 can be obtained
Diyax
¢=In J

Dinin

DZ
exp{ — au;D’ - AKD™"?} ﬂTdD (32)

Insert Eq. 32 into Eq. 31

dN D?exp(— aD*u? — AKD™'?)
D (33)

J D? exp( - aD*u} - AKD"'2)dD

Dmin

Define the coefficient W; as follows

Diax
J D?exp( - aD’u} — AKD™*)dD (34)

Dmin

W1:

The mathematical expression form with the maximum
entropy principle with the momentum equation as the
constraint condition can be obtained as Eq. 35

dN
In D -In(W,)+ W,InD - W;D* - W,D™'? (35)
where W;, W,, W3, and W, are the coefficients determined by

fitting the experimental data.
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droplets under the pressure difference of 1.8 MPa.

3 VERIFICATION BY COMPARISON WITH
EXPERIMENTS

3.1 Verification by Liquid Fuel Spray

Experiment Results

The HAN-based liquid spray experiment (Wang, 2017) is
selected, in which the density and viscosity are 1300 kg/m’
and 1.2 x 107> Pas, respectively, for the simulated working
fluid of the HAN-based liquid. The droplet size distribution
experiments of spray droplets under the pressure differences
of 1.8, 2.2, and 2.6 MPa were carried out, where the droplet
size distribution of spray droplets was measured with phase
Doppler analysis (PDA). The semi-empirical model with the
mass conservation equation as the constraint condition and
the momentum conservation equation as the constraint
condition was used to simulate the experimental data, and the
result is shown in Figures 1-3. Under different pressure
differences, the two models can both reflect the spray size
distribution of HAN-based liquids. In addition, both models
can reflect the trend that the median diameter gradually
decreases with the increase of the nozzle pressure difference,
which is consistent with the experimental conclusion. The result
of the semi-empirical model with the momentum equation as the
constraint is in good agreement with the experimental data, with
little error, especially for the smaller spray diameter.

The model is also verified by the spray droplet distribution
experiment of injecting diesel into the air combustion chamber
(Hiroyasu, 1985) with the pressure differences of 8.8 and
9.8 MPa, respectively. In addition, the sampling time of the
experimental data is 4.5 ms after injection. At this time, the
atomization state and droplet size are basically stable. The
experimental data under the pressure difference of 8.8 MPa
show a normal distribution, that is, the distribution of data
points near the peak of probability density is nearly
symmetrical, shown as Figure 4. However, under the

<3

44
a
B -5
3
S -6+

-74 = Han-based experiment

Momentum function as constraint| = u
3 — — Mass function as constraint \
0.00002 0.00004 0.00006 0.00008
D/m

FIGURE 3 | Results of droplet size distribution of HAN-based liquid
droplets under the pressure difference of 2.6 MPa.

experimental condition of the pressure difference of 9.8 MPa,
the overall distribution of the experimental data is asymmetric
and is barbed, shown as Figure 5. The results calculated with the
both models can reflect the normal distribution very well.
However, when the pressure difference reaches 9.8 MPa, the
model with the mass equation as the constraint cannot correctly
reflect the spray size distribution. The spray size distribution
simulated by the semi-empirical model with the momentum
equation as the constraint is in good agreement with the
experimental data under a higher pressure difference. It is
shown that when the peak of the probability density appears
at a small diameter under a high pressure difference, the model
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FIGURE 5 | Results of diesel droplet size distribution under the pressure
difference of 9.8 MPa.
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FIGURE 7 | Results of JNC sodium droplet size distribution under the
pressure difference of 0.2 MPa.

constrained by the momentum equation also has better
applicability due to the influence of viscous force.

3.2 Verification by Sodium Spray Fire

Experiments Results

The model is verified by the Italian LISOF sodium spray fire
experiment (Torsello et al., 2012) and the sodium spray fire
test of JNC (Nagai et al., 1999). The LISOF experiment is
carried out for the droplet leakage phenomenon under the
small break of the sodium-cooled fast reactor, and it uses
sodium with a temperature of 550°C and a 0.2 mm nozzle to
simulate the phenomenon of sodium spray under
microdefects in a cooling circuit, which is similar to those

in SFR. The pressure difference is 0.6 MPa, and the initial
mass flow rate is 0.9 g/s. The JNC sodium droplet size
distribution experiment is carried out for large-scale
sodium spray fire under the pressure nozzle with a pressure
difference of 0.2 MPa, an initial mass flow rate of 49.6 g/s, and
a sodium temperature of 140°C.

The comparison between the calculation results of the two
models and the experimental data of two sodium sprays is shown
in Figures 6, 7, which shows similar conclusions with the
experimental verification of the liquid fuel spray. In other
words, the semi-empirical model with the momentum
equation as the constraint can reflect the particle size
distribution of sodium spray, whether it is normal distribution
or asymmetric distribution, such as barb distribution.
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FIGURE 9 | Relative error of droplet size number obtained by the model
constrained with mass equation.

3.3 Comparison of Two Models
The data from the liquid fuel spray experiment and the

sodium spray fire experiment are summarized and
compared with the both semi-empirical prediction models.
The results are shown as Figures 8, 9. The horizontal axis
represents the probability density value measured by the four
experiments, and the vertical axis represents the predicted
value of the model corresponding to the experiments. The
error of the semi-empirical model with momentum as a
constraint is in the range of 20%. In addition, the error of
the semi-empirical model with the mass equation as a
constraint is in the range of 30%, except for some data
with large deviation.

The semi-empirical model with the mass equation as a
constraint does not seem to be able to correctly reflect the

slow reduction of the number of large particles with the
increase of particle size. This is because after the droplet is
ejected, the momentum will decrease due to viscous force and
surface tension; as a result, the reduction is not conducive to
breaking the droplets into small particles, leading to an increase in
the proportion of large droplets. There exists the same problem in
the HAN-based liquid experiment, only due to the small amount
of data; the fitting results under the two constraints have little
difference.

4 COMPARISON WITH CURRENT
DISTRIBUTION MODELS

The existing typical spray droplet size distribution models include
the Nukiyama-Tanasawa model (Tsai, 1980), Rosin-Rammler
model (Rosin and Rammler, 1933), and Cheng model (Cheng
et al, 2002) based on the maximum entropy principle and
considering the simplified mass conservation equation,
expressed as Eqs 36, 37, 38, where b and g are undetermined
coefficients and D is the average diameter of droplets. Combined
with the proposed sodium spray model constrained with the
momentum equation in the paper, the droplet size distribution is
compared and verified with the LISOF sodium spray fire
experiment and JNC experiment

dN /3.915\°D° 3.915D
=05 ) m="5) (36)
dN
D bq - D exp (-bD?) (37)
dN 2AiNo 7 piNo 3)
dD 2D m xp( 6 m “m D (38)

The Nukiyama-Tanasawa model with an arithmetic mean
diameter of 138.6 um, a surface area mean diameter of
1529 um, a volume mean diameter of 180.7 um, and a
Sauter mean diameter of 252.7 um is used to compare with
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FIGURE 11 | Comparison of Nukiyama-Tanasawa model with D10,
Cheng model, Rosin-Rammler model and the proposed sodium spray model
with LISOF experimental data.
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FIGURE 12 | Comparison of Nukiyama-Tanasawa model with D10,
Cheng model, Rosin-Rammler model and the proposed sodium spray model
with JNC experimental data.

LISOF experimental data, shown as Figure 10. The error
between the Nukiyama-Tanasawa model with the arithmetic
mean diameter (named D;,) and experiment data is
relatively small.

The proposed sodium spray model constrained with the
momentum equation, the Nukiyama-Tanasawa model with
arithmetic mean diameter Dy, the Rosin—-Rammler model,
and the Cheng model are used to predict LISOF experiment
and JNC experiment data, shown as Figures 11, 12. It can be
found that the Rosin-Rammler model, the
Nukiyama-Tanasawa model with the arithmetic mean
diameter, and the Cheng model have serious distortions in
the prediction. The proposed sodium spray model constrained
with the momentum equation is in good agreement with the

Model of Droplet Size Distribution

experimental data for different distribution forms, which
means that it has a wider range of applications.

5 CONCLUSION

The semi-empirical model of drop size distribution from the
maximum entropy principle is developed and verified with
different experimental data. The main conclusions are
achieved as follows.

Theoretical analysis is carried out on the size distribution
of sodium droplets in sodium spray based on the maximum
entropy principle, a semi-empirical model with the mass
equation as the main constraint or the semi-empirical
model with the momentum equation including the viscous
resistance term as the main constraint is developed. Through
the comparing with the experimental data of liquid fuel and
sodium droplet size distributions, the rationality of the
proposed sodium spray model is proved. Regardless of
normal distribution or barb distribution, the proposed
model is in good agreement with experimental data, with
an error of 20%. The proposed model semi-empirical model
with the momentum equation constraint considering the
influence of viscous force can reflect an increase in the
proportion of large droplets due to the decrease in
momentum. Compared with other existing models, the
proposed sodium spray model constrained with the
momentum equation is in better agreement with the
experimental data for different distribution forms with
minor error.

This study provides a new prediction model for the prediction
of the size distribution for the safety analysis of sodium spray fire
accidents.
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