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Optimality principles that underlie models of stomatal kinetics require identifying and

formulating the gain and the costs involved in opening stomata. While the gain has

been linked to larger carbon acquisition, there is still a debate as to the costs

that limit stomatal opening. This work presents an Euler-Lagrange framework that

accommodates water use strategy and various costs through the formulation of

constraints. The reduction in plant hydraulic conductance due to cavitation is added

as a new constraint above and beyond the soil hydrological balance and is analyzed

for three different types of whole-plant vulnerability curves. Model results show that

differences in vulnerability curves alone lead to relatively iso- and aniso-hydric stomatal

behavior. Moreover, this framework explains how the presence of competition (biotic

or abiotic) for water alters stomatal response to declining soil water content. This

contribution corroborates previous research that predicts that a plant’s environment (e.g.,

competition, soil processes) significantly affects its response to drought and supplies the

required mathematical machinery to represent this complexity. The method adopted here

disentangles cause and effect of the opening and closure of stomata and complements

recent mechanistic models of stomatal response to drought.

Keywords: drought, dynamic optimality, isohydricity and anisohydricity, photosynthesis, plant hydraulics, stomata,

transpiration, water use strategy

1. INTRODUCTION

Some two centuries after the original experiments of Francis Darwin (Darwin, 1898; Scarth,
1927), the significance of stomatal kinetics in climate, atmospheric, hydrologic, agricultural, and
ecosystem sciences is not in dispute (Hetherington and Woodward, 2003). The exchange of water
vapor and CO2 between the atmosphere and plants is regulated by a dynamic stomatal aperture.
This impacts a plethora of processes such as CO2 concentration in the atmosphere (ca) and positive
feedbacks on air temperature (Cox et al., 2000) as well as water cycling (Betts et al., 2007; Katul
et al., 2012), sensible heat flux, and boundary layer dynamics regulating rainfall predisposition
(Siqueira et al., 2009; Manoli et al., 2016). Other impacted processes also include pollutant uptake
such as tropospheric ozone and concomitant plant damage (Rich, 1964; Musselman et al., 2006),
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antecedent soil moisture content and flash-flooding (Javelle et al.,
2010), silviculture and forest management (Mäkelä and Hari,
1986), and irrigation water requirements and profitable crop
yield estimation (Vico and Porporato, 2015) to name a few.
What remains the subject of inquiry is how to represent stomatal
kinetics for the above applications parsimoniously.

Numerous models for stomatal kinetics have emerged over
the past century or so (for an overview see e.g., Jarvis, 1976;
Collatz et al., 1991; Leuning, 1995; Damour et al., 2010; Way
et al., 2011). These studies rely on two points. The first is that
stomatal kinetics cannot be considered in isolation as they are
impacted by exogenous environmental variables (Jarvis, 1976;
Pearcy, 1990; Mott and Parkhurst, 1991; Medlyn et al., 2002) such
as photosynthetically active radiation (PAR), air temperature
(Ta), vapor pressure deficit (VPD), and ca. This is in addition to
the effects of endogenous variables impacted by soil-root-plant
processes such as soil, rhizosphere, and plant hydraulics (Sperry,
2000; Brodribb et al., 2003), osmoregulation and carbohydrate
export from the leaf (Nikinmaa et al., 2013; Sevanto et al., 2014;
Jensen et al., 2016; Konrad et al., 2018) to name a few. The
second point is that optimization approaches based onmaximum
fitness offer a whole-system framework to begin tackling the
description of stomatal kinetics (Manzoni et al., 2011, 2013;
Huang et al., 2018). Because photosynthesis is the main source
of carbon used by plants for numerous functions such as growth
and defenses (Novick et al., 2012), maximizing fitness is akin
to maximizing photosynthesis over a preset time scale yet to be
determined (Cowan and Troughton, 1971; Givnish and Vermeij,
1976; Cowan and Farquhar, 1977; Dewar, 2010). This approach is
appealing because the mathematical framework to be employed
(i.e., variational principles) has been used in numerous branches
of science (Witelski and Bowen, 2015). The barriers of this
approach are not in the formulation of the “functional” to be
maximized (i.e., photosynthesis) but in the constraints and costs
to be imposed on such an optimization (Dewar et al., 2018).
Naturally, these constraints and costs operate over time scales
that may be difficult to determine a priori. Early work relying
on variational principles focused on maximizing photosynthesis
by setting costs (in carbon units) as transpirational losses from
leaves (Cowan and Farquhar, 1977; Cowan, 1978). Other versions
of this approach maximize instantaneous carbon gain for a given
finite amount of water loss per unit leaf area (Katul et al., 2009). A
recent approach seeks instantaneous maximization of gains and
assumes that plant hydraulics control stomatal opening trends.
The approach is now labeled as a gain-risk or profit maximization
model for stomatal kinetics (Sperry et al., 2016, 2017). The profit
maximization scheme formulates the cost based on a relative loss
in plant hydraulic conductance. Other optimization variants have
also been proposed based on maintaining constant inter-cellular
to ambient atmospheric CO2 concentration ratio (Prentice et al.,
2014) or maximizing carbon transport out of the leaves through
the phloem (Nikinmaa et al., 2013). In the constant internal-
to-ambient CO2 concentration ratio approach, the objective is
to minimize instantaneous cost (instead of maximizing gains)
of maintaining the transpirational stream required to support
photosynthesis while maintaining photosynthetic proteins at
levels required to support assimilation rates. Predictions from

all these approaches have received experimental support under
wide-ranging conditions despite differences in formulating costs
(Nikinmaa et al., 2013; Prentice et al., 2014; Sperry et al., 2017).

The past five decades have witnessed a renaissance in the
development and use of optimization theories to describe
stomatal kinetics. This renaissance led to the revision of the
nature of the costs associated with photosynthetic gains to
include soil-plant hydraulics, soil water availability, energy
limitations (Roth-Nebelsick and Konrad, 2018) among others,
and are all gaining prominence and partial experimental support.
What is missing is a general framework that can (i) recover
the various optimization schemes already proposed and (ii)
explicitly link these schemes with plant water use strategies
(WUS). This work interprets WUS as the relative importance
prescribed to instantaneous vs. delayed gains. A conservative
plant is one that prescribes more importance to delayed gains
than a relatively aggressive one. This interpretation was first
introduced mathematically elsewhere (Manzoni et al., 2013) and
is built upon in the current article.

The work here aims to establish the blueprint of a calculus of
variations based framework using plant hydraulics and droughts
as case studies. The focus on droughts is purposeful because
of the recent interest in plant-water use strategies during
droughts, and ways of defining and measuring isohydricity
(Franks et al., 2007; Martínez-Vilalta et al., 2014; Meinzer
et al., 2016). Such analysis requires a re-formulation of the
conventional optimization problem to satisfy all constraints at a
sub-daily time scale while maximizing carbon gain over a dry-
down period. A dry-down period is here defined as the period
of time in between consecutive rainfall events. The multiplicity
of time scales exists to both explicitly accommodate variable
environmental drivers and abiotic (e.g., drainage) as well as biotic
(i.e., overlapping rooting zones of adjacent plants) competition
for water and optimize plant fitness (here seen as total carbon
assimilated). The theoretical framework to be employed is based
on the calculus of variations and dynamic optimization principles
because they allow for (i) directly accounting for plant-water
use strategies (i.e., aggressive vs. conservative water users), (ii)
using multiple constraints (hydrologic balance, energy balance,
etc...), and (iii) extending the deterministic analysis used here to
a stochastic framework (at least for rainfall) using conventional
approaches (Cowan, 1986; Mäkelä et al., 1996; Manzoni et al.,
2013; Lu et al., 2016). Setting a “carbon value” to the terminal
soil moisture content around the rooting zone at the end of
the dry-down period allows mathematically assigning a plant
water use strategy (Manzoni et al., 2013). The focus of the work
here will be restricted to the aforementioned point (i) so as
to demonstrate the utility of the proposed approach here and
leave points (ii) and (iii) for future inquiry and extensions of
the proposed method. It is not the goal of the current article
to complexify the computational needs so as to achieve good
agreement with a particular site or study. The main contribution
here is the presentation of the mathematical machinery required
to add plant hydraulic (and other) limitations to the traditional
and widely used optimization principle for stomatal behavior
(Cowan and Farquhar, 1977; Cowan, 1986). The optimization
scheme developed by Cowan and Farquhar (1977) has been
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shown to perform well with data in the past (Dubois et al., 2007;
Gu et al., 2010). The rest of the document will discuss what
amendments are needed to extend this framework to drought
studies. The approach will be compared with a controlled
experiment (Venturas et al., 2018) that was used to test the
gain-risk scheme.

As a guide to the development of this framework, the work
answers the following question: To what degree does water use
strategy dictate stomatal control during dry-down? In a recent
review of the theory of optimal stomatal control, Buckley et al.
(2017) emphasized the importance of delayed benefits such as
keeping soil moisture at higher levels for future use, which is
accommodated here using a terminal gain. The optimization
scheme proposed explores the consequences of WUS and choices
made about soil-plant hydraulic strategy, and whether few but
important plant hydraulic traits alone are capable of mapping
stomatal behavior anywhere on the iso-anisohydric spectrum.
In particular, the model behavior is discussed in the water
demand and supply limited cases to demonstrate the influence
of competition on plant water use for trees of three different
hydraulic vulnerability (to embolism) curves (VCs). Another
point of departure from previous analyses based on treating
gs as the control variable is that soil-plant hydraulics limit
plant transpiration when atmospheric water demand exceeds the
supply of water provided by the soil and xylem. This limitation
imposes an upper bound on gs. The newly proposedmodel results
are then compared with the recently developed gain-risk scheme
(Venturas et al., 2018).

2. MATERIALS AND METHODS

This section will first present a review of the calculus of variations
applied to plant photosynthesis and then describe an alteration
to mathematically formalize the concept of Water Use Strategy
(WUS). The WUS concept recognizes that for the same plant
hydraulic, allometric, and photosynthetic traits, a plant can adopt
a spectrum of water use intensities varying from aggressive to
conservative. The third sub-section relates carbon fixation to gs
and details the assumptions adopted. The fourth and fifth sub-
sections develop conservation of water mass equations needed
to obtain physically plausible results. The third and fifth sub-
sections combined are the analytical basis of the carbon gain
and water loss trade-off with stomatal opening. The sixth sub-
section explains the mathematical machinery behindmaximizing
carbon gain while combining the objectives, formulations, and
constraints developed in the previous sub-sections. The seventh
sub-section details the gain-risk model used for comparison
(Sperry and Love, 2015; Sperry et al., 2016). The eighth and final
sub-section explains the values of parameters used, which species
were modeled, and the test cases chosen to run the model.

2.1. Theory: Calculus of Variations
The principle adopted here is that plants maximize their carbon
gain (A) over a dry-down period T selected to be the mean inter-
storm period. This principle assumes that plants control gs under
constraints. Previous work constrained control of gs by enforcing
the daily water balance at the soil level (Manzoni et al., 2013).

To mathematically express this principle under the mentioned
constraint, an augmented Lagrangian is defined L:

L
(

gs, x,
dx

dt
, λ, t

)

= A(gs, t)− λ

[

dx

dt
− fe

(

gs, x,
dx

dt
, t
)

]

, (1)

where λ is the Lagrange multiplier in mol mol−1 known as the
instantaneous marginal water use efficiency in ecological terms;
x is the relative soil moisture content or degree of saturation in
the rooting zone bounded between zero (dry soil) and unity (all
pores are filled with water) in m3 m−3; t is time in days; and fe is
the summation of all soil hydrological fluxes in days−1.

Because the approach states that A is maximized over a period
T rather than instantaneously, the objective function J integrates
L from t = 0 signifying the beginning of a dry down to t = T at
the end of it:

J
(

gs, x,
dx

dt
, λ, t

)

=
∫ T

0
L
(

gs, x,
dx

dt
, λ, t

)

. (2)

The goal then consists of finding the function gs(t) in terms
of t that maximizes J over the period T. This goal is achieved
by solving the Euler-Lagrange equations using the calculus of
variations (Witelski and Bowen, 2015). This approach requires
expressing A and fe as functions of the control variable gs and
the state variable x, which are now discussed. Again, while L is
maximized over a drydown period T, gs, x, its derivative, and λ
are all resolved at sub-daily or diurnal time scale.

2.2. Water Use Strategy (WUS)
A terminal gain term is added to J to include the effects of water
use strategy (WUS; Manzoni et al., 2013). The revised objective
function J is now:

JWUS =
∫ T

0
L
(

gs, x,
dx

dt
, λ, t

)

dt + JT , (3)

where JT is the terminal gain term. JT may take different forms
but should represent the costs of aggressively opening stomata
regardless of drought. For simplicity, JT may be interpreted
as the carbon value of the terminal soil water moisture x(T)
prescribed as:

JT = 3x(T), (4)

where the introduced parameter3 in mol mol−1 sets the carbon
value of x(T). Larger 3 represents a more conservative WUS
and vice versa (Manzoni et al., 2013). Ecologically, the terminal
gain JT as expressed in Equation (4) prevents excessive and
detrimental use of water especially during a short dry-down
period (i.e., small T). As will be shown in the “Maximizing the
objective” sub-section below, the value of JT , as expressed in
Equation (4), can be inferred experimentally in water stressed
environments by observing the marginal water use efficiency (λ)
of a plant under dry soil.

The plant could now “maximize” its objective JWUS by keeping
a high x(T) at the end of dry-down. A higher x(T) means higher
potential carbon gains after drought, limited loss in root to leaf
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hydraulic conductance, among other advantages. The magnitude
of JT should be interpreted with consideration of the length of
the dry-down period (T). The same JT contributes to a smaller
portion of the objective function for a longer dry-down period
(Equation 4). In this study, the length of the dry-down period
is fixed across all experiments as it is presumed to be externally
imposed on the soil-plant system by the precipitation regime.
Future studies will assume this quantity randomly distributed
set by the actual instead of the mean inter-storm period.
Throughout, JWUS will be the objective to be maximized instead
of J of Equation (2).

2.3. Carbon Gain
The biochemical demand (Ademand) for atmospheric CO2 for
a C3 leaf is either limited by the Ribulose-1,5-bisphosphate
carboxylase/oxygenase (Rubisco) enzyme activity under
saturated incoming PAR or by Ribulose-1,5-biphosphate (RuBP)
activity under limiting incoming PAR (Farquhar et al., 1980).
To consider both limitations using a differentiable function that
facilitates numerical optimization, Ademand is calculated using
the co-limitation approach as (Vico et al., 2013):

Ademand = k1
ci − Ŵ∗

ci + k2
, (5)

where ci is the carbon dioxide concentration in the intercellular
spaces of the leaf assumed to be equal to the concentration
inside the chloroplast (infinite mesophyll conductance); Ŵ∗ is the
CO2 compensation point defined by the ci where carbon dioxide
assimilation rate ceases and also a function of leaf temperature; k1
and k2 are parameters determined from Rubisco and RuBP limits

as described elsewhere (Vico et al., 2013). Namely, k1 =
j
4 where

j is the electron transport rate and k2 = j
4

a2
Vc,max

where Vc,max

is the maximum carboxylation rate. The a2 = Kc(1 + Oa/Ko)
where Kc and Ko are Michaelis-Menten constants for CO2 and
O2 respectively and Oa is the atmospheric concentration of
oxygen (Bernacchi et al., 2001). The inclusion of a mesophyll
conductance is possible but is left for future work because of
the empirical nature of its formulation (Dewar et al., 2018).
The parameters of Equation (5; Vc,max, Ŵ

∗, Kc, Ko) are leaf
temperature dependent while j is both leaf temperature and PAR
dependent (Medlyn et al., 2002). The formulations describing
the dependence of Kc, Ko, and Ŵ∗ on leaf temperature are
conventional and are described elsewhere (Bernacchi et al., 2001).

For simplicity, the approximations used for Ademand in
Equation (5) neglect (1) the potential limitation by sucrose
synthesis, (2) the contribution by dark respiration to Ademand,
and (3) the temperature buffering effect of the leaf boundary
layer such that leaf temperature equals atmospheric temperature
Ta (boundary layer conductance assumed very high compared
to gs). The latter approximation avoids the need for specifying
wind speed variations and turbulent intensity within the canopy.
The inclusion of a leaf energy balance to accommodate the
difference between air and surface temperature is possible by
formulating another constraint beyond the hydrologic balance
here (Roth-Nebelsick and Konrad, 2018) but this extension will
not be elaborated upon here. It was shown elsewhere that such

an addition introduces another Lagrange multiplier (arising from
the energy balance constraints) that can be lumped with the
original Lagrange multiplier without altering the character of the
Euler-Lagrange equation (Roth-Nebelsick and Konrad, 2018).

When every CO2 molecule captured from the atmosphere by
the leaf is assimilated, Ademand = Asupply. A Fickian diffusion
represents the supply of carbon dioxide from the atmosphere
into the intercellular space with a diffusivity that depends on
stomatal kinetics:

Asupply = gs(ca − ci), (6)

where ca is, as before, the atmospheric concentration of CO2 in
mol mol−1.

Combining Equations (5) and (6), a formulation for A in
terms of gs that is explicitly independent from ci is obtained and
given as:

A =
1

2
[gs(ca + k2)+ k1 − σ ], (7)

where σ =
√

−4gsk1(ca − Ŵ∗)+ (cags + k2gs + k1)2. Because σ
is positive andmonotonically increasing with gs, theA-gs relation
is a concave function, a necessary condition for optimal behavior
as discussed elsewhere (Katul et al., 2010). To sum up, when the
temporal variations in Ta and PAR are specified along with ca and
Oa, the gs is the only independent variable in Equation (7).

2.4. Soil Water Balance
Plant water use is bound by conservation of mass at every
point along the soil, plant, atmosphere continuum. This and the
following sub-section formulate water balance at the soil and leaf
level to ensure correct accounting of water mass. The resulting
equations will set physical boundaries on the optimization
scheme described above.

During a dry-down, soil-water balance must be satisfied at
every instant (t ∈ [0,T]). In the absence of precipitation, the
soil-water balance can be expressed as (Rodríguez-Iturbe and
Porporato, 2007):

dx(t)

dt
= fe

(

gs, x,
dx

dt
, t
)

=
ν

nZr
[−E(gs, t)− U(x, t)], (8)

where U lumps all the uncontrolled losses (independent of the
plant) in mmol m−2 s−1. These may account for soil water
leakage away from the rooting zone, evaporation from the
soil surface, and competition from other plant roots; E is the
transpiration rate from the plant in mmol m−2 s−1 (throughout,
water fluxes are expressed per unit leaf area); n is the soil porosity
in m3 m−3; and Zr is the effective plant rooting depth in m. To
ensure dimensional equivalence, the right hand side is multiplied
by ν = LAIMw × 24 × 3600/ρw, LAI is the leaf area index
in m3 m−3, Mw = 18 × 10−6 kg mmol−1 is the molar weight
of water, and ρw = 1000 kg m−3 is its density. Therefore, the
factor on the right hand side of Equation (8) converts the fluxes E
and U from molar fluxes to volumetric fluxes, converts their rate
from s−1 to days−1, and normalizes these fluxes by the effective
rooting depth.
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As part of U, soil leakage is modeled as gravitational drainage
such that water losses from leakage per unit soil area and
unit depth are determined by the soil hydraulic conductivity gx
(Campbell and Norman, 2012):

gx = gx,satx
2b+3, (9)

where gx,sat is the soil conductivity near saturation and b is a
parameter determined from the soil water retention curve. Both
parameters depend on pore structure that is linked to soil type
using standard equations (Clapp and Hornberger, 1978). The soil
water potential (ψx) can also be derived from the aforementioned
soil water retention curve using:

ψx = ψx,satx
−b, (10)

where ψx,sat is the soil water potential near field capacity.
The soil to root conductance gsr is assumed to be the

conductivity of the soil gx divided by the distance between soil

and root lsr estimated as lsr =
√

drZrRAI
−1 where dr is the fine

root diameter in m and RAI is the root area index (Manzoni et al.,
2013). If gx is given in kg s m−3, then

gsr =
103

Mw ρw lsr LAI
gx, (11)

where gsr now has units of mmol m−2 MPa−1 s−1 and is
expressed per unit leaf area for compatibility with the leaf-level
water balance. Because the soil to root distance is taken into
account in gsr , one only needs to multiply gsr by the water
potential difference between root and soil to obtain the flux of
water from the soil into the roots. All the soil-root hydraulic
properties are kept constant over the drydown period T as shown
in Table 1.

2.5. Leaf-Level Water Balance
As a point of departure from previous analyses based on carbon
gain maximization principles where the control variable is gs, it
is recognized that plant transpiration must be limited by soil-
plant hydraulics when atmospheric water demand exceeds the
potential supply of water from the soil pores. This limitation
imposes an upper bound on gs.

An effective vulnerability to embolism curve (VC) describes
the loss of conductivity of the whole plant system with decreasing
water potential. For simplicity, the VC of the entire hydraulic
pathway (roots, trunk, branches, and leaves) is prescribed with
a generic Weibull exceedance function (Sperry and Love, 2015):

grl = grl,maxexp
[

−
( ψ

ψ63

)s]

, (12)

where grl is the root to leaf hydraulic conductance in mmol
m−2 MPa−1 s−1 expressed per unit leaf area, and grl,max is its
maximum value at saturation. The ψ63 is the water potential at
which the plant loses about 63% of its conductance, as common
in Weibull VCs. Finally, s dictates the shape and curvature of the

TABLE 1 | Symbols of soil, plant, and environmental properties along with their

description, values, and units.

Symbol Description Value Unit

Soil and root hydraulic properties

ψsat Saturation water potential –1.5 kPa

ψx Soil water potential MPa

x relative soil moisture m3 m−3

gsr,max Maximum leaf area specific

soil-root conductance

0.72 ∗ 10−3 kg s m−3

gsr Leaf area specific soil-root

conductance

kg s m−3

b Power law dependence

parameter of ψx on x

3.1

RAI Root area index 10 m2 m−2

dr Average fine root diameter 1 mm

Zr Effective rooting depth 0.3 m

U Uncontrolled losses of soil water mmol m−2 s−1

Above-ground plant hydraulic properties

grl,max Maximum leaf area specific

root-leaf conductance

2 mmol m−2 s−1

MPa−1

grl Leaf area specific root-leaf

conductance

see Figure 2 mmol m−2 s−1

MPa−1

ψ63 water potential at which

grl ≈ 0.37grl,max

see Figure 2 MPa

s Shape parameter of the

vulnerability curve

see Figure 2

gs Leaf area specific stomatal

conductance

see

Figures 4, 5

mmol m−2 s−1

LAI Leaf area index 1.5 m2 m−2

Environmental properties

VPD Vapor Pressure Deficit see Figure 1 mmol mol−1

Ta Atmospheric temperature see Figure 1 K

PAR Incoming photosynthetically

active radiation

see Figure 1 µmol m−2 s−1

Optimization results

E(t) Leaf area specific transpiration

rate

mmol m−2 s−1

A(t) Leaf area specific carbon

assimilation rate

µmol m−2 s−1

λ(t) Lagrange multiplier of the soil

water balance constraint

mmol mol−1

L(t) Augmented lagrangian mmol m−2 s−1

J Functional to be maximized mmol m−2

T Drydown period 10 days

JT Terminal gain term mol mol−1

These values correspond to the Blodgett forest data mentioned in section 2.8. Values

for specific simulations will be mentioned in the simulation description and in the

corresponding figure caption.

Weibull function. The E at the soil, plant, and leaf levels must
satisfy the continuity equation at steady-state:

E = Edemand = 1.6 gs VPD

= Esr = gsr(ψx)(ψx − ψr)

= Erl =
∫ ψr

ψl

grl(ψ)dψ .

(13)
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Here, Edemand is the atmospheric demand of water, Esr is the soil
to root water supply, Erl is the root to leaf supply. All expressions
of E are given in units of mmol m−2 s−1 expressed per unit leaf
area. The Erl expression is analogous to porous media methods
where it is recognized that water potential is not distributed
hydrostatically along the medium.

It is noted that as gs varies with time, ψl also varies in time
to match supply and demand. The hydraulic constraint from the
plant water supply system is apparent when one realizes that
while Edemand undergoes a limitless increase with rising gs, water
supply through Esr and Erl have maxima that cannot be exceeded
due to concomitant decreases in hydraulic conductance functions
gsr and grl with increasing ψx, ψr , and ψl (Equations 11, 12, and
13). The presence of a maximum possible water supply imposes
an additional constraint on the stomatal conductance gs.

The Erl expression in Equation (13) only asymptotically
reaches a maximum. So, for computational reasons, a critical
transpiration rate Ecrit is now introduced to define a maximum
possible water supply. The Ecrit is defined at the ψl where the
in-series combination of soil-root gsr and root-leaf conductance
is 5% of its maximum values (Sperry et al., 2017). One finds
this combined conductance by computing the partial derivative
of E with respect to ψl such that the condition becomes (see
Appendix 2 for detailed derivations):

∂E

∂ψl
(ψl) = 0.05

∂E

∂ψl
(ψx), (14)

where it is recognized that the maximum conductance of the
whole water pathway at a certain x will occur when all water
potentials are in equilibrium with ψx due to the monotonically
increasing nature of gsr and grl (Equations 11, 12). At this
condition, the critical leaf water potentialψl,crit is attained as well
as the corresponding critical root water potential ψr,crit all being
in equilibrium at E = Ecrit .

What is sought after is how gs is constrained by this
maximum transpiration rate. One option would be to use
an additional Lagrange multiplier to impose this constraint.
Although mathematically neater, such a practice will lead to λ
in Equation (1) losing its traditional definition of marginal water
use efficiency. To avoid this, the maximum transpiration rate
constraint is imposed in the following manner: If maximizing
JWUS (Equation 3) leads to a gs that exceeds the maximum
achievable E (Ecrit) at current x, this gs is replaced by its value
when E = Ecrit to ensure that Equation (14) is satisfied. Here,
the assumption that plants take full advantage of their maximum
transpiration capacity only applies to those intervals when E
exceeds Ecrit and is therefore forcibly set to its value at current x.

2.6. Maximizing the Objective
From the definition of JWUS (Equation 3), there are 5
independent variables: gs, x, dx/dt, λ, and t. To maximize
JWUS, the calculus of variations (Witelski and Bowen, 2015) is
used to derive what are known as the Euler-Lagrange equations
(Appendix 1; see Equation 3.55 in the mentioned reference).
For this problem, these are a set of three equations to be
simultaneously solved with two boundary conditions set on x at

the beginning of drydown (x(0) at t = 0) and on λ at the end of
the drydown period (λ(T) at t = T). Solving these equations will
yield the trends of the 5 independent variables with time so as to
maximize J over the mean inter-pulse period T.

The use of this method leads to the so-called control equation,

∂L

∂gs
=
∂A

∂gs
+ λ

∂fe

∂gs
= 0, (15)

which gives a monotonic inverse relation between λ and gs (see
section 3). One views Equation (15) as a control equation because
the derivative of L with respect to gs is being evaluated and gs
“controls” the rate of soil water loss through transpiration.

The co-state equation is ∂L
∂x − d

dt

(

∂L
∂x′

)

= 0, where x′ = dx
dt

is

used for notational consistency with Witelski and Bowen (2015).
The co-state equation yields the time variation of λ:

dλ

dt
= −

∂A

∂x
+ λ

∂fe

∂x
= λ

ν

nZr

∂U

∂x
, (16)

where ∂A/∂x = 0 because A only depends on gs, which is an
independent variable itself (∂gs/∂x = 0).

Finally, the state equation, ∂L
∂λ

= 0 provides the soil water
balance (Equation 8). It is to be noted that if x does not vary
appreciably in time or varies on time scales much longer than
gs, ∂U/∂x = 0 and dλ/dt = 0 or, simply put, λ = constant. This
simplification for x recovers the original arguments put forth by
Cowan, Givnish, Farquhar, Hari and recent extensions (Cowan
and Farquhar, 1977; Hari et al., 1986; Konrad et al., 2008; Katul
et al., 2010; Medlyn et al., 2011).

Another major departure from prior optimization studies are
the boundary conditions. Equations (8, 15, 16) are to be solved
with preset initial and terminal soil moisture as noted before:

BC1 : x(0)

BC2 : λ(T) = 3.
(17)

A large 3 allows mathematically setting a conservative WUS.
Conversely, setting 3 to a small value allows mathematically
setting an aggressive WUS for the plant. This approach departs
from the assumption that carbon gain trends are instantaneously
optimal for all plants because residual soil moisture at the
end of dry-down now has a “carbon value” set by 3. The
presence of JT in Equation (3) represents an opportunity cost,
measured in carbon gain units, of depleting the soil of water
and increasing cavitation on the short term. The emergence of
the boundary conditions in Equation (17) are due to the specific
JT expression in Equations (4). In fact, JT can take other forms
that alter the boundary conditions shown above. For example,
JT could be bigger for situations where refilling is minimal
and the replacement of the damaged sapwood to recover lost
conductance could provide the carbon cost of embolism. These
alternate forms are to be treated in future work.

This description can discern the simultaneous effects of long-
termWUS and concomitant VCs as well as sub-daily fluctuations
in environmental drivers on optimal trajectories of stomatal
behavior gs(t). Also, because λ here purposely maintains its
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conventional form of marginal water use efficiency, starting from
a specified x(0), the diurnal evolution of λ can be predicted
in a manner consistent with the long-term WUS imposed by
the conditions λ(T) = 3. A number of experiments reported
variability in measured λ = (∂A/∂gs)/(∂Edemand/∂gs) during
the course of a day and argued that such variability is evidence
against optimal stomatal functioning (Fites and Teskey, 1988).
The dynamic optimality approach proposed here makes it clear
that optimal stomatal functioning and short-term (sub-hourly)
variability in λ are expected and such variability in λ does not
preclude optimal stomatal behavior.

2.7. The Gain-Risk or Profit Maximization
Approach
This section presents the gain-risk or profit maximization
approach (Sperry and Love, 2015; Sperry et al., 2016). This
approach will only be used as a comparison to the currently
proposed model. Under the profit maximization approach, the
so-called profit term to be maximized is defined in terms of a
relative gain β (Sperry et al., 2017):

β =
A(ψl)

Amax(ψx)
, (18)

and a relative loss θ :

θ =
gmax(ψx)− g(ψl)

gmax(ψx)− gcrit(ψx)
. (19)

where A is, as before, the instantaneous assimilation rate and
depends on both ψx and ψl, and Amax is here defined as the
carbon assimilation rate when E = Ecrit . gmax is defined at
ψl = ψx and is the maximum conductance from soil to leaf at
a particular ψx. The gcrit is here defined as above (= 0.05gmax).
Profit is then written as:

profit = β − θ . (20)

It is now assumed that plants instantaneously maximize the profit
by freely varying ψl. To analytically impose this condition, the
partial derivative of the profit is set to zero to obtain:

∂β

∂ψl
=
∂θ

∂ψl
(21)

and must be satisfied at every instant.

2.8. Environmental Data, Plant Species and
Property Selection
The model requires diurnal variations of the environmental
variables including VPD, PAR, Ta, and ca. The
measurements provided by the FLUXNET2015 dataset
(doi: 10.18140/FLX/1440068) at Blodgett forest are used as
a case study as this forest is known to experience episodic
droughts. A dry-down period starting on May 29, 2004, was
chosen and the environmental variations over 100 days are
binned into one ensemble of diurnal variations. These diurnal
conditions are then repeated and tiled to all days defining

the period T (Figure 1). This repeating pattern of diurnal
environmental conditions allows isolating plant hydraulics and
WUS from day-to-day variations in environmental drivers.
This particular choice was made because of the need to specify
values to model parameters. Any other dataset, in another
biome that is mainly water stressed, could be used by altering
the parameter values described in this text and in Table 1. The
most abundant species at the Blodgett site is Pinus ponderosa.
This species will be used to parameterize the photosynthetic
variables for this test case. Temperature response curves for
Vc,max and Jmax of Pinus pinaster from Medlyn et al. (2002)
were used. The Vc,max and Jmax at 25

◦C correspond to the ones
reported at Blodgett forest for Pinus ponderosa (Panek, 2004).
This test case is used to explore general trends of the effects
of competition and hydraulic limitations of gs and ψl. Three
“canonical” VCs are compared throughout the study and they
represent a steep and resistant VC with ψ63 = −4.3 MPa,
s = 5.4, and grl,max = 2 mmol m−2 MPa−1 s−1, a steep and
vulnerable VC with ψ63 = −1.5 MPa, s = 5.4, and grl,max = 2
mmol m−2 MPa−1 s−1, and a gradual and resistant VC with
ψ63 = −4.3 MPa, s = 2, and grl,max = 2 mmol m−2 MPa−1

s−1. These are plotted in Figure 2. These VCs were chosen such
that the steep and resistant VC corresponds to that reported
in Hubbard et al. (2001) for Pinus ponderosa. The gradual and
resistant VC (an exponential shaped VC) is closest to what
one would expect of a Quecus species (Christman et al., 2012).
Although for complete comparison with Quercus, one would
also need to change the photosynthetic parameters as well as
those related to the root system. The “plants” to which these
VCs pertain are now termed “model plants.” Therefore, while
photosynthetic parameters correspond to Pinus ponderosa, VCs
were varied to cover a spectrum of hydraulic parameters of
interest. T is selected to be on the order of 10 days and the
starting soil moisture is low for this case simulation. This is to
highlight the transition from demand driven transpiration to
supply limited. Environmental variables are averaged over 0.5 h
time scales.

The study proceeds to a second case to compare model results
with experimental data conducted elsewhere (Venturas et al.,
2018). This was a controlled experiment with aspen saplings
undergoing four different treatments. The comparison, discussed
later in more detail, is concerned with the “severe drought”
treatment in the mentioned study. The model parameterization
for this comparison is different than that shown in Table 1. The
atmospheric variables for this comparison were those measured
during the experiment and available in the aforementioned
publication. The vulnerability curve used was that of aspen:
ψ63 = −3.6 MPa, s = 1.6, and grl,max = 27 mmol m−2 MPa−1

s−1 per unit leaf area. The LAI is 0.15, the average value for the
“severe drought” experiment in Venturas et al. (2018). Vc,max =
120 µmol m−2 s−1 and jmax = 160 µmol m−2 s−1 at a leaf
temperature of 25 degrees celsius. Zr = 0.8 m, n = 0.42 for sandy
clay loam soil (Clapp and Hornberger, 1978), soil parameters
ψx,sat = 2.8 kPa, gsr,max = 0.12 × 10−3 kg s m−3, and b = 4 for
the same soil type (Campbell and Norman, 2012). The simulation
was run for 87 days: the length of the “severe drought” treatment
(Venturas et al., 2018).
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FIGURE 1 | Diurnal trends of vapor pressure deficit (VPD), temperature (T ), and photosynthetically active radiation (PAR). These are the averaged trends using

measurements from the FLUXNET project at the Blodgett forest over 100 days starting from 5-29-2004 (the start of a 4-month drought). These trends are repeated for

the desired simulation duration.

FIGURE 2 | Loss of conductance curves for the three plants simulated

throughout this work. The steep and resistant vulnerability curve has

parameters ψ63 = −4.3 MPa, s = 5.4, and grl,max = 2 mmol m−2 MPa−1

s−1, the gradual and resistant has ψ63 = −4.3 MPa, s = 2, and grl,max = 2

mmol m−2 MPa−1 s−1, and the steep and vulnerable has ψ63 = −1.5 MPa,

s = 5.4, and grl,max = 2 mmol m−2 MPa−1 s−1.

Both cases neglect high-frequency changes in environmental
variables (e.g., those commensurate to turbulent time scales that
may range from fractions of seconds to minutes) as well as those
occurring over monthly and longer times scales such as changes
in leaf nitrogen, RAI, LAI, or adjustments in VCs (e.g. due to
membrane fatigue). Both cases also neglect soil evaporation in

the formulation of U. Gardner (1959) has long shown that the
rate of soil evaporation decreases with the square root of time,
meaning that the longer the drought, the less soil evaporation
is important as a cumulative effect. This is not to say that
this cumulative effect is not at all important, but that for long
droughts this approximation is more plausible. More accurate
use of the calculus of variations framework might include soil
evaporation losses in U.

Before presenting the results of this work, it is helpful to
summarize the definition of some terms for the sake of clarity and
precision. The WUS lies on a spectrum varying from aggressive
to conservative water use. It is used in comparative terms among
two or more plants. For the same hydraulic, allometric, and
photosynthetic traits, an aggressive water user exhibits a higher
transpiration rate at the same x compared to a more conservative
user. WUS is tightly connected to parameter 3 introduced in
Equation (4). 3 imposes a value on the marginal water use
efficiency at the end of dry-down λ(T) as discussed above. This
is how the ecologically significant and experimentally measurable
term λ, known as the marginal water use efficiency, is related to
this work’s definition of WUS. WUS is a prescribed property of
the modeled vegetation. The concept of aniso-/iso-hydry relates
to the control of gs with drying soil. It is also a comparative
descriptor used to contrast stomatal response to drought in
two or more plants. In this work, a plant is considered to be
anisohydric relative to other plants if it exhibits a more rapid
decrease in gs with amarginal decrease in degree of soil saturation
x. This control of gs also translates into a corresponding ψl

behavior with drying soil as a result of mass conservation
(Equation 13). An isohydric species better maintains this control
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of ψl with drying soil compared to an anisohydric species that
could see a more rapid decline in ψl. Essentially, in this article,
no stomatal behavior is labeled as merely isohydric, for example,
but it is called isohydric only compared to another plant’s drought
behavior. This is consistent with the spectrum approach of plant
drought tolerance and behavior (Martínez-Vilalta et al., 2014;
Garcia-Forner et al., 2016). It is imperative to highlight the fact
that iso-/aniso-hydry is an emergent property of the optimization
and is not prescribed. It arises from the prescribed WUS and the
optimal trajectories of gs andψl over period T for the gains, costs,
and constraints in the Euler-Lagrange equations described above.

3. RESULTS

3.1. Supply Limited Transpiration
Replacing Equations (7) and (8) into Equation (15) provides
a functional dependence between gs, λ, and environmental
variables (Katul et al., 2010):

gs =
k1(ca − k2 − 2Ŵ∗)

(k2 + ca)2
+ (k2 + ca

− 2aVPD λ)k1

√
aVPD λ (ca − Ŵ∗)(k2 + Ŵ∗)(k2 + ca − aVPD λ)

aVPD λ(k2 + ca)2(k2 + ca − aVPD λ)
,

(22)

where gs is defined per leaf area as before. The most hydraulically
influential atmospheric variable is VPD as it sets the upper
boundary condition on the movement of water. In the case where
water supply is not limited by the rhizosphere or the plant water
pathway (Equations 11, 12), gs decreases as the air dries (andVPD
increases) and vice versa for constant λ. Moreover, as λ increases,
gs decreases. Equation (22) is not bound from above in that if
λ is constant, as is the case when no uncontrolled losses exist
(Equation 16), a rise in VPD will lead to an unimpeded, albeit
decelerating, rise in E. At some point, this rise in gsVPD will lead
to a demand driven E that exceeds the critical value Ecrit . At this
point, it would be necessary to limit E = Ecrit which involves
changing the value of λ to achieve this equality. This is where
supply limited transpiration “kicks in.”

Supply limited transpiration occurs when the plant water
pathway is inhibited enough by cavitation or when the soil is
dry enough to set upper limits on E (West et al., 2008). This
upper limit is labeled Ecrit and defines the maximum allowable
transpiration rate. Critical values of grl, gsr ,ψr , andψl at different
ψx are shown in Figures 3B,C. Figure 3A shows the partitioning
of the total soil-root-leaf conductance into its soil-root and root-
leaf components.

Because the gsr and grl are in series, the total conductance from
soil to leaf is limited by the lowest of the two. Therefore, the
crossover point between gsr and grl is a dynamically interesting
point. Soil water conductance gx depends on ψx (Equation 9)
with the exponent 2b + 3 having a value of 9.1 for sandy loam
(Campbell and Norman, 2012). This makes water movement
from the soil to the roots a limiting factor at low soil moisture
values. The crossover point occurs at the same ψx for all three
VCs (at ≈ –0.6 MPa). The location of this crossover point along

FIGURE 3 | (A) Soil to root conductance of the rhizosphere (gsr ) and root to

leaf conductance of the plant (gr l) at the critical transpiration rate Ecrit for

different soil water potentials ψx . Soil is sandy loam and particular hydraulic

parameters are shown in Table 1. Three vulnerability curve (VC) examples give

different grl trends. The VCs are described and plotted in Figure 2. (B) Critical

root and leaf water potentials (ψr,crit and ψl,crit, respectively) for the three VCs

and for the particular soil type. The gradual and resistant VC (s = 2) can

maintain a gap between ψr and ψl as ψx decreases unlike the other two VCs.

(C) The critical transpiration rates Ecrit for the three VCs. Details on how these

curves were derived are available in the main text.

the ψx axis is dependent on soil type and would occur at higher
ψx (less negative) for more porous soil because of the stronger
ensuing dependence of gx on ψx. Moreover, this crossover point
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weakly depends on the definition of Ecrit : here Ecrit is set at the
point where the total water conductance is 5% its maximum
value. If the definition to limit E is changed to the point of 10%
conductance, then that crossover point would switch from≈ –0.6
MPa to≈ –0.45 MPa (not shown).

At drier soil, gsr becomes more limiting than grl and becomes
the “bottleneck” to the water supply to the leaves. Both the
steep model plant VCs experience a reduction in the ψr − ψl

difference as ψx decreases to more negative values. A marginally
larger ψr − ψl difference would lead to a negligible increase in
water conductance of the entire hydraulic pathway (Figure 3B).
In contrast, this trend is absent for the plant with a gradual
VC because it can sustain lower ψl without catastrophic loss
of grl (Figure 2). Signs that plant hydraulics drive relative iso-
and aniso-hydric behavior are becoming apparent already at this
stage. When transpiration is supply limited, ψl,crit still decreases
withψx for a gradual VC (smaller parameter smagnitude) such as
in relatively anisohydric plants compared to the more isohydric
behavior of the steeper VCs where Figure 3 shows an almost
constant ψl,crit with ever decreasing ψx.

3.2. Sensitivity of Stomatal Conductance to
Drying Soil
The three VCs mentioned earlier are now compared by modeling
a dry-down under two cases: with competition and without
competition with other similar plants. In all model runs, WUS
was predefined such that the three model plants seek the same
target λ(T). This specification is equivalent to maximizing JWUS

of Equation (4) that includes a finite terminal gain JT . Examples
of J maximization (Equation 2) in the absence of JT were studied
in detail elsewhere (Manzoni et al., 2013) and are not repeated
here. The cases, selected purposely, reflect the following: if the
three plants start their uptake from the same x(0) and end at
the same x(T), the vulnerable plant would have to adopt a more
aggressive WUS than the other two. This is due to the more
limiting VC of the vulnerable plant (Figure 2) that leads to
less realistic results. It is expected that more resistant plants to
be at least as aggressive as more vulnerable ones if competing
for the same water. This expectation is based on the plausible
assumption that a more hydraulically resistant plant will push
soil moisture levels lower to gain a competitive advantage against
more vulnerable plants. This expectation forms the argument as
to why JWUS, instead of merely J, was maximized.

Figure 4 compares the three VCs under a small section of a
drought where transpiration transitions from demand to supply
limited. The selected period is T = 10 days without competition.
All plants commence at the same x(0) = 0.25 (i.e., after some
initial phase where drainage and soil evaporation reduced x) and
target the same λ(T) = 1.6 mmol mol−1. The vulnerable plant
only achieved x(T) = 0.169 compared to the steep and resistant
plant’s x(T) = 0.152 and a x(T) = 0.147 for the gradual VC at the
end of dry-down. Figure 4A sheds light on this difference when
gs is tracked. An earlier decline in gs occurs after 3 days for the
vulnerable plant. This gs decline is mirrored in Figure 4B where
λ for the vulnerable plant experiences earlier midday increases.
Equation (16) for this model run indicates that no change in λ

should occur because of the absence of competitive water sinks
and this is the case for the first 4 days. After the four-day period,
however, cavitation in the plant hydraulic pathway limits λ from
below and therefore gs from above (Equation 22; as discussed
at the beginning of the Results section). This limitation occurs
in all three plants eventually within 8 days but earlier for the
vulnerable plant. Therefore, a difference in carbon assimilation
and transpiration (Figures 4C,D) of cumulative values at the end

of dry-down
∫ T
0 A(t)dt = 2.55 mol m−2 and

∫ T
0 E(t)dt = 547

mol m−2 for the steep and resistant plant VC,
∫ T
0 A(t)dt = 2.62

mol m−2 and
∫ T
0 E(t)dt = 574mol m−2 for the gradual plant VC,

and
∫ T
0 A(t)dt = 2.29 mol m−2 and

∫ T
0 E(t)dt = 447 mol m−2

for the vulnerable plant VC is observed. Of ecological interest
are Figures 4E,F that show the sensitivity of modeled midday
gs and ψl to ψx. One concludes that the vulnerable model plant
is a relatively isohydric species due to the high sensitivity of gs
(reaching about 12 mmol m−2 s−1) to ψx and the fact that ψl

of the vulnerable plant stays constant at about –1.9 MPa below
ψx of –0.25 MPa. These trends are the opposite for the two other
model plants over this range, and this would make them appear
relatively anisohydric: gs maintaining a value of 38 mmol m−2

s−1 even at ψx = −0.4 MPa and ψl reaching as low as –11 MPa
for the gradual model plant. These different trends are of purely
hydraulic origins based on VC differences only. For even drier
soil conditions (ψx < −0.4 MPa) conditions, a shift in behavior
is observed for the resistant and exponential plants.

Equation (16) suggests that one of the many possible reasons
for the sensitivity of λ to ψx is the presence of uncontrolled
competitive water sinks U. To illustrate this phenomenon, U is
set to the following:

U =
agrav

MwLAI
gx + Ecomp, (23)

where the first term on the right hand side is the soil leakage
and the second term is transpiration by competition from other
plants (Ecomp) of the same type of those being modeled (same VC;
such as in monocultures). The Ecomp includes only competitive
transpiration from the rooting zone of interest. Because these
plants have same VC as the modeled plant and assuming that
rooting zone water content is similar for both modeled and
competitive plant Ecomp is proportional to E. For the purpose of
illustrating the effect of competition, Ecomp = 0.2E where it is
taken that these competitive plants access only 20% of the water
in the rooting zone of interest hence the second factor on the right
hand side. This number will change depending on tree-to-tree
spacing, biome, soil type and other ecosystem specific properties
but is given an arbitrary value here for the purpose of running
the model. The first factor on the right hand side of Equation
(23) contains the acceleration due to gravity agrav = 9.81 m
s−2 and makes sure all terms have units of mmol m−2 s−1. This
gives the following time derivative of λ (Equation 16; see detailed
calculations of terms containing Ecomp in Appendix 3):

dλ

dt
= λ(t)

ν

nZr

(

agrav

MwLAI
gx,sat(2b+ 3)x2b+2 +

∂Ecomp

∂x

)

. (24)
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FIGURE 4 | Results of a simulation where at time t = 0, soil moisture x(0) = 0.25. There are no competitive soil water users and the terminal marginal water use

efficiency is set at λ(10) = 1.6 mmol mol−1. (A) Half-hourly (black) and midday (red) trends of stomatal conductance (gs) with t and (B) λ with t. Trends are shown for

the three vulnerability curves (VCs) described and plotted in Figure 2. Other plant and soil parameters are listed in the Table 1. (C) Carbon assimilation rate (A) and

(D) transpiration rate (E) with t. (E) Midday gs and (F) midday leaf water potential ψl with soil water potential ψx .

For dry soils such as the one modeled, the first term of Equation
(24) would be negligible because of the high exponent raised on x.
All terms are positive and therefore always lead to positive dλ/dt
or increasing λ with time during dry-down.

This is illustrated in Figure 5. In this model calculation, the
target λ(T) for all three species is set to 2.5 mmol mol−1 and x(0)
and T were set equal to the previous runs depicted in Figure 4.
It is apparent from Figure 5B that all three plants start with
a λ(0) < 2.5 mmol mol−1 and experience a steady increase
due to competition (Equation 24). Because the vulnerable plant
competes with its equally vulnerable peers, it experiences a slower

increase in λ compared to the other two plants (
∂Ecomp

∂x is smaller;
Equation 24). Therefore, λ(0) of the vulnerable plant starts at a
higher value compared to the two other plants. This is mirrored
by a lower starting gs for the vulnerable plant (Figure 5A).
Compared to the previous model run without competition, there
are earlier signs of hydraulic limitation on all plants starting at
only the end of the third day for the vulnerable plant (the minor
bump in λ in Figure 5B). This is because rooting zone water
depletion is accelerated by competition. An x(T) = 0.163 for the
vulnerable plant VC, x(T) = 0.142 for the steep and resistant
plant VC, and x(T) = 0.135 for the gradual and resistant plant
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FIGURE 5 | Results of a simulation where at time t = 0, soil moisture x(0) = 0.25. The terminal marginal water use efficiency is set at λ(10) = 2.5 mmol mol−1. The

competitive water sinks are soil free drainage and competing plants with similar vulnerability curves (VCs) and water use strategy (WUS) to those modeled. The

competing plants have access to only 20% of the root zone water of each modeled plant. (A) Half-hourly (black) and midday (red) trends of stomatal conductance (gs)

with t and (B) λ with t. Trends are shown for the three vulnerability curves (VCs) described and plotted in Figure 2. Other plant and soil parameters are listed in the

Table 1. (C) Carbon assimilation rate (A) and (D) transpiration rate (E) with t. (E) Midday gs and (F) Midday leaf water potential ψl with soil water potential ψx .

VC emerge. Obviously, the three transpired the same fraction

(83.3%) of the used water. Also,
∫ T
0 A(t)dt = 2.36 mol m−2

and
∫ T
0 E(t)dt = 498 mol m−2 for the steep and resistant

plant VC,
∫ T
0 A(t)dt = 2.46 mol m−2 and

∫ T
0 E(t)dt = 533

mol m−2 for the gradual plant VC, and
∫ T
0 A(t)dt = 2.11 mol

m−2 and
∫ T
0 E(t)dt = 402 mol m−2 for the vulnerable plant.
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All cumulative E and A values are lower in this model run
compared to their counterparts in the previous model runs due
to competition. Although there is a significant difference in the
sensitivity of gs to ψx in this model run compared to the last, the
trends ofψl vsψx are strikingly similar (Figures 5E,F). Figure S1
shows a time extension of 60 days total for this simulation (i.e.
with root competition) for the gradual and resistant model plant
VC. This is to highlight the ability of this scheme to represent
time scales more aligned with extended droughts.

Figures S2A,B-1 shows the decline in ci/ca as the soil dries for
both simulations (Figure 4). As hydraulic limitations “kick in,”
the lower carbon concentration inside the leaf ensures optimal
behavior. This is similar to the experimental findings that ci/ca
are lower in more arid climates (Prentice et al., 2014) although
here the variation takes place over finer time scales compared to
the mentioned study. There is high midday soil to leaf percent
loss of conductance (PLC) for the three plants (Figure S2A-2; ≈
100%). This is mainly due to soil to root hydraulic constraints
(Figure 3). It is important to note that the PLC values shown in
Figure S2 integrate the whole soil to leaf pathway and are not to
be compared with the organ level PLCsmeasured in experimental
studies. This high soil to leaf PLC can also be avoided by adding
non-stomatal limitations such as mesophyll resistance to CO2

assimilation (not shown here). Trends in ci/ca for the simulations
with competition show close resemblance to those of gs (compare
Figure 5, Figure S2B-1). Again, there is high soil to leaf PLC for
all three plants at about ψx = −0.5 MPa (Figure S2B-2).

3.3. Comparison With a Controlled
Experiment
Figure 6 compares model results (in red) to experimental data
(in black) presented elsewhere (Venturas et al., 2018). The
three trends shown are those for gs, E, and A as a function
of soil water potential ψx. The relevant hydraulic properties
of the modeled aspen are mentioned in the Methods section.
Competition was set to have access to 60% of themodeled rooting
zone water. Such a high number is due to the experimental setup,
explained in the aforementioned study, where multiple saplings
were planted in the same plot. The trends shown in Figure 6

have some scatter because, unlike the simulations discussed
before, the atmospheric variables were not averaged. While the
gs trends show agreement throughout the ψx axis, the trends in
E are overestimated by the model for high ψx magnitudes (less
negative). Moreover, the trends in A are slightly overestimated
throughout the whole ψx range. This could be amended by a
more accurate description of the temperature dependence of
Vc,max and jmax. Another important point is that for such a low
LAI canopy, soil evaporation contributes to a non-trivial fraction
of soil water loss. In the simulations shown here, for simplicity,
these evaporative losses were overlooked and their addition
should lead to closer agreement with measured E. One can also
achieve better agreement by modeling a multi-layered soil where
soil water potential within various soil layers as well as hydraulic
redistribution is allowed. In the current simulations, the soil to
root conductance severely limits water flow to the leaves but
hydraulic redistribution is thought to partly ameliorate this effect

(Huang et al., 2017). What is promising is that even with these
simplifications, the model does provide good agreement with
data. For more complex systems such as the Blodgett forest
ecosystem, where understory species are prevalent and roots are
deeper, it is necessary to refine the representation of uncontrolled
losses U to achieve acceptable agreement. In biomes where the
primary stressor is, for example, salt stress or leaf heating, the
added constraints are to be formulated in Equation (3) for an
accurate description of stomatal response to the environment.

3.4. Comparison With the Gain-Risk
Approach
The dynamic optimality approach used throughout this work is
now compared to the profit maximization approach in Figure 7.
In this figure, a plant with the following VC characteristics:
ψ63 = −1.5 MPa, s = 4, and grl,max = 2 mmol m−2

MPa−1 s−1 is used under drying soil (−0.45MPa < ψx <

−0.15MPa). Morning (Figures 7A,D), midday (Figures 7B,E),
and evening (Figures 7C,F) gs trends with ψx are shown. There
exists competitive model plants having same VCs as the one of
interest in these dynamic optimality and profit maximization
simulations. Figures 7A–C show the results of the dynamic
optimality approach for different target λ(T) ranging from
9 mmol mol−1 to 11 mmol mol−1 for aggressive WUS to
more conservativeWUS, respectively, while keeping competition
access at 16% (dλ/dt = 0.16(∂E/∂x)ν/(nZr)). In contrast,
Figures 7D–F keep λ(T) = 10.5 mmol mol−1 while varying
competition access from 10 to 20%. The gs sensitivity toψx is now
explored for various WUS. The higher λ(T) is, the smaller the
value of gs throughout the wholeψx interval (Figures 7A–C). The
more aggressive strategies experience a shift in sensitivity to soil
water potential. For example, when λ(T) = 9 mmol mol−1, the
slope of the curve becomes steeper with drier soil at about –0.27
MPa. This increased sensitivity is due to hydraulic limitations
and occurs at all times of the day. The other, milder sensitivity
is purely due to the presence of a competitive rooting sink. The
most conservative model plant (λ(T) = 11 mmol mol−1) never
reaches hydraulic limitations for the ψx range considered. One
can also notice a systematic decrease in gs at midday compared
to the morning and evening counterparts, and this is due to its
sensitivity to VPD. As expected, more competitive environments
(access = 20%) experience earlier hydraulic limitations. Second,
it is noted that the gain-risk approach results in an unchanged gs
behavior regardless of the WUS or the strength of competition.
Moreover, the sensitivity of gs to ψx in the gain-risk approach
is similar in magnitude to that of the dynamic optimality
approach only after the onset of hydraulic limitations. It is also
observed that no combination of WUS or competition access
for the dynamic optimality approach achieves a behavior similar
to that of gain-risk. This is true at least for the prescribed
plant competition.

4. DISCUSSION

The work here extends earlier optimization approaches by adding
to the hydrologic balance explicitly as a constraint to be satisfied
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FIGURE 6 | Comparison of model results with the experimental data of Venturas et al. (2018). Top to bottom are the stomatal conductance per leaf area, transpiration

rate per leaf area, and the carbon assimilation rate per leaf area. The atmospheric variables were those measured during the experiment and available in the

aforementioned publication. The vulnerability curve used was that of aspen: ψ63 = −3.6 MPa, s = 1.6, and grl,max = 27 mmol m−2 MPa−1 s−1 per leaf area. LAI is

0.15, the average value for the severe drought experiment in (Venturas et al., 2018). Vmax = 120 µmol m−2 s−1 and Jmax = 160 µmol m−2 s−1 at a leaf

temperature of 25 degrees celsius. The supply limited regime starts at ψx = −0.55 MPa. Black vertical lines are the confidence intervals of the measurements

computed as 1.96SD/
√
n where SD is the standard deviation.

at every instant. These additions include biotic and abiotic
competition for water and variability in environmental drivers
that allow the marginal water use efficiency to be described on
sub-daily time scales using the co-state equation (Equation 16).
The integrated result of the response of gs to these sub-daily
time scale environmental drivers determines the fitness of a plant
over a drought period T (see the integral in Equations 2, 3).
This integration ensures the compatibility of resolving a sub-
daily process (stomatal opening) for the sake of maximizing a
multi-day goal (total carbon assimilation). Plant hydraulic limits
are imposed as new constraints through VCs using a dynamic
optimality approach to gs (Manzoni et al., 2013). This is an
improvement that goes beyond including only soil water balance

as a constraint to be satisfied at all times. Moreover, no a priori
measurements of the Lagrange multipliers are required because
they emerge solely from the solution of the Euler-Lagrange
equations (Witelski and Bowen, 2015) provided appropriate
boundary conditions can be specified (i.e., partly through water
use strategy).

The first optimization approaches to modeling stomatal
behavior were developed for conditions where soil moisture
does not change appreciably in time, and soil-plant hydraulics
do not limit water uptake (Cowan and Farquhar, 1977). In
these conditions, the currently proposed approach recovers
the conventional optimality solutions for constant marginal
water use efficiencies (Katul et al., 2010). Moreover, it is now
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FIGURE 7 | Comparison between the dynamic optimality principle with plant hydraulic constraints and the profit maximization technique. In all panels, the plant is

modeled with vulnerability curve (VC) parameters ψ63 = −1.5 MPa, s = 4, and grl,max = 2 mmol m−2 MPa−1 s−1. The plant competes with plants of similar VC and

behavior who have access to a certain percentage of the modeled plant’s rooting zone water. This percentage is called the competition access percentage. (A–C) vary

the terminal marginal water use efficiency λ(T ) at the end of drydown t = T while keeping the competition access constant at 16%. (A–C) like (D–F) show the

sensitivity of morning, midday, and evening stomatal conductance gs to soil water potential ψx , respectively. (D–F) keep λ(T ) = 10.5 mmol mol−1 while varying the

competition access.

possible to include a multitude of factors affecting stomatal
conductance under drying conditions. The advantage of the
dynamic optimality approach lies in the ease with which
one adds additional constraints that are pertinent in different
environments. One could assess limitations on gs set by the
maintenance of phloem turgor through osmoregulation (Sevanto
et al., 2014) or soil salinity for well-watered conditions. Also,
additional constraints such as the energy balance can be readily
included as has been accomplished in recent studies using a
similar framework (Roth-Nebelsick and Konrad, 2018). The
inclusion of the additional plant hydraulic constraint was
explored in this work but only indirectly using a “hard”
threshold on E by maximum water supply Ecrit . This addition
can be formally treated by introducing an additional Lagrange
multiplier thereby offering a smoother transition toward supply
limited transpiration.

However, there is evidence that a finite safety margin
between E and Ecrit and between ψl and ψl,crit exists to avoid
E = Ecrit (McDowell et al., 2008; Plaut et al., 2012). This
shortcoming of the model here can be rectified in the future
as discussed later on. This first step, however, is part of recent
improvements made with regards to modeling gs under a
drought that quantitatively include the effects of VCs (Sperry
and Love, 2015; Sperry et al., 2017). The model results here
show emergence of relatively iso- and aniso-hydric responses
to drought through the responses of midday gs and ψl to ψx

(Figures 4, 5). The modeling results show that this behavior also
emerges from plants having acclimated to competition for water
at the rooting zone. There is no experimental evidence yet on
whether this truly occurs though Figure 6 shows good agreement
with experiments. Nonetheless, this hypothesis requires further
empirical testing.
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The model also predicts that during the initial stages of
a drought, when transpiration is still demand driven, gs and
E are relatively unchanged in the absence of uncontrolled
losses (Figure 4). While this is consistent in the case of E
with anisohydric species (Hochberg et al., 2018), in some field
experiments gs shows a significant decline right after the onset of
drought (Gollan et al., 1985; Schulze, 1986). This might be driven
by changes in VPD as dry spells persist but these are suppressed
in the simulations of Figures 4, 5. The proposed model does
predict declines in gs in the presence of competition by other
roots even for repetitive daily trends in VPD (Figure 5). Starting
from a higher gs value at drought onset in the presence of plant

competition ensures maximal
∫ T
0 Adt. This is a response to the

fact that even if the modeled plant does limit its transpiration
for longer term gains, more aggressive water use by competitive
agents (biotic or abiotic) could still cause cavitation in its water
pathway albeit over a longer period. It is likely, although not
captured in the model here, that plants do avoid potential
cavitation by pre-emptively reducing E before its critical value
Ecrit is reached (see Juniperus monosperma in Figure 5B in
Garcia-Forner et al., 2016). Adding non-stomatal constraints in
the future, such as mesophyll conductance, will buffer rapid
declines in ci (Figures S2A,B-1) and ensure PLC does not reach
such high values as shown in Figures S2A,B-2.

The precautionary measure on E is however captured in a
recently developed framework (Sperry et al., 2016, 2017) and a
comparison with the proposed model here is shown (Figure 7).
The aforementioned framework is called the gain-risk approach.
It stipulates that leaf economics are governed by the drive to
maximize a gain or profit term instantaneously. Profit in that
context was introduced as the difference between normalized
gain and loss terms (Equations 18, 19). Because these two
normalized formulations are expressed in terms of A and soil-
leaf conductance, they are purely intrinsic to the plant. Moreover,
because external soil water sinks and sources directly affect plant
conductance through rhizosphere water potential, the plant does
respond to competitive actors albeit indirectly. The gain-risk
approach is therefore suitable for larger scale land-atmosphere
exchange models due to the computationally inexpensive yet
realistic prediction of gs responses to drought. In the comparison
in Figure 7, it is seen that for different competition types and
WUS, the profit maximization approach predicts a single plant
response while the dynamic optimality approach predicts a
broader spectrum of gs responses (allowed to vary with WUS).
As predicted by the proposed model here, gs increases for more
aggressive WUS (smaller λ(T)) and more aggressive competition
(larger competition access). For the specified VC (namely, a
vulnerable plant with ψ63 = −1.5 MPa, s = 5.4, and grl,max = 2
mmol m−2 MPa−1 s−1), the proposed model can reproduce the
response predicted by the profit maximization approach only for
a certain WUS, competition type (competitive plant VC) and
access, and/or the inclusion of specific non-stomatal limitations
(not shown).

To mechanistically disentangle the impacts of plant hydraulic
traits (mainly the shape of the VCs) and water use strategies,
the work here focused on the stomatal behavior under given
meteorological, edaphic, and phenological conditions. Variability
in these environmental conditions is also observed to affect

stomatal behavior across time and space (Feng et al., 2018;
Novick et al., 2019). However, at long time scales, the impact of
such biome-specific environmental conditions can be reflected
by the WUS possibly as a result of adaptation. For short-time
scales such as a drought, the proposed dynamic optimality
approach allows exploring stomatal behavior by integrating
the aforementioned mechanistic constraints with variations in
environmental conditions during a drought. Variability in LAI
and RAI as well as rooting depth can be readily accommodated
in this proposed approach but are not considered explicitly
here. More importantly, the model results here suggest that
the stomatal control strategy is influenced by both the plant
vulnerability curve and the environment. The iso-anisohyrdy
framework has been used to predict plant mortality mechanisms
(McDowell et al., 2008), even if recent studies suggest a
more complex picture (Meinzer et al., 2014; Martíez-Vilalta
and Garcia-Forner, 2017). In support of the model results,
it has been shown experimentally that the metrics of iso-
and anisohyrdy depend on the environment when comparing
plants with similar VCs (Hochberg et al., 2018). Based on the
model results here, the more gradual VC (with lower Weibull
parameter s = 2) could have an advantage in WUS over the
steeper curves (with s = 5.4) in certain situations. This sheds
light on the importance of determining the shape parameter
s of vulnerability curves when assessing stomatal responses
of trees to drought (Compare Weibull shape parameter of
Pinus edulis and Juniperus monosperman in Table 3 of Plaut
et al., 2012). It is possible that VC shapes and WUS are not
independent and co-evolved to maximize fitness for a set of
environmental and edaphic conditions, a topic to be explored in
the future.

A specific biome dominated by a conifer species (the Blodgett
forest) and an experiment featuring an angiosperm tree were
chosen here for the sake of providing plausible parameter
values for model runs. The approach presented here is general
enough to capture the dynamics of multiple different biomes
and functional types. One of those are the semi-arid ecosystem
where soil evaporation is a significant source of soil water loss
at the beginning of a drought and another is a broad-leaf forest
with high LAI provided that one upscales leaf photosynthesis
to canopy photosynthesis, among others. What’s necessary for
a complete comparison with complex ecosystem data such as
that in the Blodgett forest includes the addition of: (1) radiation
balance to determine layer-wise PAR and photosynthesis, (2)
multi-layered soil to capture the effects of variable soil pressure
and hydraulic redistribution, (3) a complete formulation of
uncontrolled losses U and its rate of change with decreasing
soil moisture and this includes competitive plants, drainage, and
soil evaporation, (4) correct photosynthesis upscaling especially
for high LAI canopies where partitioning leaves into sunlit and
shaded portions is necessary (Pury and Farquhar, 1997). All these
potential additions can be included in the existing optimality
framework here.

5. CONCLUSIONS

The goal of this work was to propose a mathematical framework
that can accommodate multiple constraints and drivers of
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stomatal behavior. Our model predicted that the stomatal control
of leaf water potential is concomitantly influenced by hydraulic
traits and the environment. To extend the applicability of
the model, the addition of extra constraints will necessitate
the introduction of multiple Lagrange multipliers. The value
of these Lagrange multipliers need not be determined a
priori as shown in this study. On the contrary, the relative
magnitude of these Lagrange multipliers will indicate which
constraints shape the response of stomatal aperture to soil
drying under different environmental conditions. Such an
approach has promise in disentangling the topic of iso-
and aniso-hydric stomatal responses to drying that lumps
a multitude of physiological constraints on sustained water
use under varying environmental conditions. Moreover, in a
future work, the model will benefit from an improved terminal
gain term JT in Equation (3). Alternate formulations will
depend on traits such as stem growth rates and leaf area
to sapwood area ratio. Additionally, potential improvements
include a full partitioning of hydraulic traits across organs,
leaf energy balance, the maintenance of phloem turgor and
osmoregulation, and the influence of chemical signaling from
a layered rooting system to model the results of the many
split-root experiments conducted in the past (Blackman and
Davies, 1985; Zhang et al., 1987). This integrative work represents
a frontier of understanding global change through ecosystem
vegetation dynamics.
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