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An ANOVA type general multi-allele (GMA) model was proposed in Wang (2014) on
analysis of variance components for quantitative trait loci or genetic markers with phased
or unphased genotypes. In this study, by applying the GMA model, we further examine
estimation of the genetic variance components for genetic markers with unphased
genotypes based on a random sample from a study population. In one locus and two
loci cases, we first derive the least square estimates (LSE) of model parameters in fitting
the GMA model. Then we construct estimators of the genetic variance components for
one marker locus in a Hardy-Weinberg disequilibrium population and two marker loci
in an equilibrium population. Meanwhile, we explore the difference between the classical
general linear model (GLM) and GMA based approaches in association analysis of genetic
markers with quantitative traits. We show that the GMA model can retain the same
partition on the genetic variance components as the traditional Fisher's ANOVA model,
while the GLM cannot. We clarify that the standard F-statistics based on the partial
reductions in sums of squares from GLM for testing the fixed allelic effects could be
inadequate for testing the existence of the variance component when allelic interactions
are present. We point out that the GMA model can reduce the confounding between the
allelic effects and allelic interactions at least for independent alleles. As a result, the GMA
model could be more beneficial than GLM for detecting allelic interactions.

Keywords: Fisher’s ANOVA model, analysis of variance, general linear model, general multi-allelic model, genetic
variance components, orthogonal partition, allelic interactions, least square estimates

1. INTRODUCTION

Typically, there are two different ways in assessing the statistical association of a categorical variable
with a continuous outcome. We can either make a direct comparison of the group means among
groups defined by the categorical variable or assess the variation that the categorical variable
may contribute to the total variance of the continuous outcome. The former approach is usually
conducted via fitting a general linear model (GLM) with or without an adjustment for other
covariates. The latter approach is referred as the analysis of variance (ANOVA), which examines
a quantitative outcome variable by partitioning its total variance into variance components
attributable to different sources of variation. The original ANOVA model was proposed initially
by Fisher (1918) and formalized later in Fisher (1925). The traditional ANOVA approach on
estimation of variance components was mainly based on Henderson’s method I-III by equating
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the observed sums of squares to their expected values
(Henderson, 1953). Currently, for predictors with observed
group levels, their variance components can be estimated via
ANOVA tables, which are mostly based on the sequential (Type
I) sums of squares or partial reductions in (Type III) sums
of squares via fitting GLM (Searle, 1971; Searle et al., 1992).
For predictors with observed or unobserved group levels, their
variance components could also be evaluated via maximum
likelihood estimation (MLE) or restricted maximum likelihood
(REML) (see Searle et al., 1992).

In genetic association studies, the standard GLM or ANOVA
approaches may not be directly applicable to genetic markers
with unphased genotypes. In humans, a marker genotype is a
combination of one paternal and one maternal allele. But the
phase information (i.e., the origin of parental alleles) is often
missing from most of the current genotype typing technologies.
Appropriate modification on the classical GLM or ANOVA
methods is therefore needed in order to overcome this unknown
phase problem. In Wang (2011), we introduced several coding
schemes for unphased marker genotypes in constructing the
dummy-variable based GLM. In Zeng et al. (2005) and Wang
(2014), some revised Fisher's ANOVA models were also proposed
for ANOVA analysis of quantitative trait loci or genetic markers
with unphased genotypes, which were referred as the general
biallelic (G2A) or general multi-allelic (GMA) models. The
estimation of genetic variance components based on the G2A and
GMA models were also briefly explored.

In this study, by applying the GMA model, we further examine
estimation of genetic variance components for genetic markers
with unphased genotypes from a random sample of individuals
in a study population. First, for a single locus GMA model, we
derive the least square estimates (LSE) of model parameters in
fitting the GMA model based on the genotypic group means
and allele frequency estimates. Than we construct estimators of
the variance components for one marker in Hardy-Weinberg
disequilibrium (HWD). Next, we consider a fully parameterized
two-locus GMA model. We derive the LSE of model parameters
in fitting the GMA model and develop estimators of the
variance components for two genetic markers in an equilibrium
population. In both one locus and two loci cases, we also explore
the difference between the GLM and GMA in association analysis
of genetic markers. We show that the GMA models can provide
the same partition on the genetic variance components as the
original Fisher’s ANOVA models but the GLM cannot. We clarify
that the F-statistics based on the partial reductions in sums of
squares from the standard ANOVA table for association testing of
the fixed allelic effects in a GLM could be inadequate for testing
the existence of variance components when higher order fixed
allelic interactions are present. In addition, we point out that the
GMA model can reduce the confounding between allelic effects
and allelic interactions at least when the inheritance of alleles
are independent. As the result, the GMA model could be more
beneficial than GLM for detecting allelic interactions. Finally, a
simulation example is presented to show the difference between
GLM and GMA models on partitioning variance components.
The performance in model selection between using GLM and
GMA models is also examined.

2. MODELS AND RESULTS

Consider a random sample of size N from a study population.
Let y;, i = , N, be their observed phenotypic values
for a quantitative trait Y, and g, i = , N, be their
observed unphased genotypes at certain genetic marker loci. The
quantitative trait Y is assumed to be affected by both genetic
and environmental effects. Let G denote the true (unobservable)
genotypic value, which could be affected by many genetic factors.
If we ignore the genetic by environmental interactions, the
relationship between the quantitative trait and marker genotypes
can be modeled via a GLM

yi = Bzi+E(G|g)+e€,i=1,---,N, (1)
where z; is a vector of the adjusted environmental covariates
with fixed effects B, E(G|g;) represents the expected genotypic
value of the i-th individual given his/her observed marker
genotypes gj, and €; is a model residual error contributed by other
environmental and genetic factors that cannot be captured by the
covariates z; and marker genotypes g;. We also assume that ¢;,
i =1,---,N,are independent and identically distributed (i.i.d)
with E(¢;) = 0 and V(¢;) = V.. Besides, {¢;,i = 1,---, N} are
independent of {g;,i = 1,---, N}. Then, the total phenotypic
variance Vy = V(E(Glg)) + E(V(Glg)) = V(E(Glg)) + V.
In the rest of the paper, we focus on comparing the GLM and
GMA modeling on the expected genotypic values E(Gl|g) and
assessing the genetic variance components contributed by the
allelic effects and allelic interactions at the marker loci to the
expected genotypic variance V(E(G|g)).

2.1. One-Locus Models

Consider a single marker locus with multiple alleles Ay, ..., Ay,
(m = 2). Let pj,j = 1,---,m, be the allele frequencies
(Z;n:hpj =1), andp]-k = P(AjAk),j, k=1,---,m Jj =< k), be
the genotype frequencies (ngk pjk = 1), in a study population.
For a random sample of size N from the study population,
suppose that there are nj; individuals carrying genotypes A;jAx
forj<kjk=1---,m(N= Z;”zl Z,’:’:j njx). For notation
simplicity, we also let py; = pj and ny; = ny for k > j,
jok =1, mThen, pj = pjj+3 4 pjx/2.forj = 1,--- ,m
Let nj. = 2m;; + Zk# nj, which is the total number of alleles A;
carried by the sampled individuals (j = 1, --- , m). Assume that
the observed marker genotypes g;, i = 1,---, N, are i.i.d. and
follow a multinomial distribution. Then the MLE of the genotype
frequencies are given by f)]k = njx/N, and the MLE of the allele
frequencies are given by p; = n;./(2N) = pj;; + Zk¢]p]k/2 for
j = L,---,m. Also, let yj;i = 1,---,njy be the observed
phenotypic Values of the individuals carrying genotypes AJAk
We define the observed genotypic group means yj. = yi. =

Zz_lyjkl/ . for j,k = 1,---,m, the allele averaged means
Vi = Vi = Qujyji. + Zk;é] ]ky]k)/n] forj = 1,---,m,
and the grand mean y... ]:1 Zk:] nixyjk-/N. In addition,
we define the allele weighted means )7]* = )7“; = Y i1 Pk
for j = 1,---,m, and the weighted overall mean y* =

S R BB = X B+ ) K 1 2DiPid
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Note that in a classical two-way factorial ANOVA model,
each individual can receive one and only one level assignment
from each of the two factors. At a marker locus, however, an
individuals can carry a homozygous genotype “AjA;” (j =
1, .-+, m) with two A; alleles indistinguishable. In general, the
allele weighted means )7]* may not be the same as the allele
averaged means J;.., and the weighted overall mean y* may also
differ from the grand mean jy....

To assess the allelic effects on the expected genotypic values
(or phenotypic values), let us first take a brief review of Fisher’s
one-locus ANOVA model (see Kempthorne, 1957; Weir and
Cockerham, 1977). Since the marker genotypes are unphased,
we usually assume that the paternal and maternal gametes share
the same set of alleles, have the same allele frequencies, and
contribute the same allelic effects at the marker locus. The fact
that each allele contributes the same genetic effect regardless of
its parental origins implies that the expected genotypic values
Gjr = E(Glg = AjAg) should satisfy the symmetric property:
Gjx = Gy, for j # k. So there are totally m(m + 1)/2 possible
distinctive expected genotypic values Gy, j,k = 1,...,m. By
treating the paternal and maternal gametes as two independent
risk factors, the traditional Fisher’s one-locus ANOVA model for
the expected genotypic values Gj, can be written as

Gk =p+oj+a+8k, jk=1,...,m, (2)

where q; is referred as the average additive effect of the paternal
or maternal allele A; (j = 1,...,m), and éjk the average allelic
interaction between two parental alleles A; and Ax (j,k =
1,...,m). It is known that not all the parameters in the
above model are estimable due to an over-parameterization
of the model on the expected genotypic values. Typically, the
following constraints can be added on the model parameters (see
Kempthorne, 1957).

m m
ijajzo, ijajkzo fork =1,---,m. (3)
j=1 j=1

From the symmetric property of Gj, we also assume that §j; =
8> for j # k. With these constraints, if we further incorporate
model (2) into GLM (1) and ignore the adjusted covariates, the
LSE of parameters are given by i = y¥, &; = }7]* —y*forj =
Lo mand § =y —y5 =y +7 forj, k = 1, m.Ithas
been known that, under Hardy-Weinberg equilibrium (HWE),
the above model (2) can also provide an orthogonal partition
of the expected genotypic variance as V(E(G|g)) = Va + Vp,
where V4 = szpjozjz and Vp = Zj’kpjpkaj?k are the so-
called additive and dominance variance components. Weir and
Cockerham (1977) also explored model (2) on partitioning the
expected genotypic variance in HWD. In practice, as pointed
out in Wang (2014), the symmetric property of §;’s and the
irregular constraints (3) could make it difficult to fit model (2)
using standard statistical software especially when the adjusted
covariates are involved. Besides, the random variables that are
responsible for the additive and dominance variance components
are not explicitly defined in model (2).

The expected genotypic values can also be modeled via
a classical dummy-variable based GLM. As shown in Wang
(2011), we can introduce the following indicator variables to
describe the inheritance of the two parental alleles for each
individual

_ { 1, the inherited paternal allele is A;

A7 = ] 0, the inherited paternal allele is not A; ’
-] 1, the inherited maternal allele is A;
2 = 0, the inherited maternal allele is not A;
for j = 1,...,m. Though zj; and z;; cannot be defined on

unphased heterozygous genotypes, we can define the following
genotype coding variables for unphased genotypes

2, ifg = AjA;
1, ifg = AjAS
0, if g = ACAS

wi(g) = z1j+ 25 =

forj =1,...,m,and
1, lfg = A]A]
0, otherwise

1, lfg = AjAk
0, otherwise

viig) = 2125 = {
vik(€) = zjzak + Z1k22j = {
forj # k,j,k = 1,..., m. Here, AJF denotes any other allele

rather than A;. By choosing A, as a reference allele, we can
construct the following GLM

m—1 m—1m-—1
E(Glg) = o+ Y awig)+ > > dpvi(g). ()
j=1 j=1 k=j
fori = 1,..., N, where g; is usually referred as the fixed additive

allelic effect of the paternal or maternal allele Aj, and dj the
fixed allelic interaction between two parental alleles A; and Ay,
with respect to the reference allele A,,. In terms of the expected
genotypic values, we can show that 1o = Gpm, 4j = Gjm — Gmm
and djk = (ij — Gim) — (Gjm — Gum), forj = 1,...,m—1and
k=j,....m—1

Model (4) provides a full re-parameterization of the m(m +
1)/2 expected genotypic values. Suppose that there are no empty
genotype groups for the observed random sample; i.e., njx > 0 for
anyj, k = 1,---, m. When we incorporate model (4) into GLM
(1) and ignore the adjusted covariates, the LSE of the expected
genotypic values are given by: ij =Jjpforjk =1,--- ,m—1
and j < k. Therefore, the LSE of parameters in model (4) can be
easily derived in terms of the observed genotypic group means
as [Lq = Ymm- and @; = Y. — Y. forj = 1,---,m — 1,
and dx = . = Jim = Jom + Jom fOrjk = Looom— 1
and j < k. Note that these LSE could be sensitive to phenotypic
outliers especially for small genotypic groups. For example, a few
individuals may have genotype “AjA;,” (j # m) for a rare allele
“A;.” If the genotypic group mean Jj,,. is much larger than yy.,
the LSE a; will be large. By choosing a common allele “A,,” as
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the reference, we could improve the accuracy of LSE. Through
incorporating model (4) into a GLM, we could also perform
hypothesis tests on its model parameters via contrasts. In analysis
of genetic variance components, however, it has been known that
wj’s are often correlated with Vik ’s as random variables over the
random individuals even when the inheritance of paternal and
maternal alleles are independent (Wang and Zeng, 2009). As the
result, model (4) leads to a different partition of the expected
genotypic variance V(E(G|g)) from the one defined in Fisher’s

ANOVA model (2).

To further dissect the confounding between the additive
and dominance effects in model (4), we can make mean
corrections on the indicator variables {z1;} and {z;}, and

introduce the following mean-corrected index variables
(see Wang, 2014)

P 1 _ | 1—pj thepaternal allele is A;
x1j(g) = z1j(@) — Elz1j(@)] = { —pj,  the paternal allele is not A;

P ¢y | 1—pj, the maternal allele is A;
%2j(g) = 22j(¢) — Elzj(g)] = { —pj.~ the maternal allele is not A;

Then, we define the following modified genotype coding
variables

2(1 —pj), ifg= AjA;

W]*(g) = x1j + x5 = 1-— ij, ifg = AjA;
—2pj, ifg= A;A;

(1 —pj)z, lfg = A]A]
—pj(l —pj), ifg= AjA;
P}, if g = ASAS

)

* —_— . . —
vii(g) = x1jx25 =

forj =1,---,m,and

(1= pi)(1 = pg) + pjpk. ifg = AjAg
—2p,(1 —pj), ifg= AjAj

—ij(l —pk), ifg = AAL

—pr(1 — ij), ifg= AjA;k

—pj(l — Zpk), lfg = AkA;k

2Pin, ifg= A;kA](':k

*
ij(g) = X1jX2k + X1kX2j =

forj # k,j,k = 1,..., m. Here, A?k denotes an allele which is
different from both A; and A. Note that the modified genotype
coding variables w}“(g) = w;(g)—2p;, v}kj(g) = ji(g) —pjwj(g)—i—pjz,
and vj’jc(g) = vj(g) — piwk(g) — prwj(g) + 2p;p are well defined
on unphased genotypes, although the mean-corrected index
variables x1j, x5 cannot be defined on unphased heterozygous
genotypes. By choosing A, as a reference allele, we can construct
the following GMA model (Wang, 2014)

m—1 m—1m—1
E(Glg) = 1+ Y arwi(@) + Y. Y Sivie).  (9)
j=1 j=1k=j

for i = 1,...,N. Still, in model (5), we refer the parameters
ozj* as the average additive allelic effects and 83 (j < k) as the

average allelic interactions, with respect to the reference allele
Ap,. Both the GMA model (5) and the GLM (4) can provide

a full parameterization of the expected genotypic values Gi.
Comparing to model (4), one major advantage of model (5) is
that it can retain the same partition on the genetic variance
components as the one from Fisher's ANOVA model (2). In fact,
under the constraints (3) plus the symmetric property of dj
model (2) can be re-written as

E(Glg:) —M+ZC¥] (g,>+ZZ vi(g), (6

j=1 j=lk=j

fori = 1,...,N. Model (5) is a simplified version of model
(6) by further replacmg the redundant variables w},, v and

jm

Vium BY Wy = ]—IW] V]m = Zk—l jk forj =
ijll Z;{" ]1 Vi- We can see that
both models (5) and (2) share exactly the same additive and
dominance variance components. They become equivalent when
we take u* = u, Ol]* = o — ap, and (Sk = Sk — Sjm

Skm + Smms> for j,k = 1,--- ,m — 1 and] < k. Note that
model (5) does not contain redundant parameters. Therefore, it
does not require constraints on its model parameters. Besides,
the random variables that are responsible for the additive and
dominance variance components are explicitly defined in model
(5). In practice, similar to enforcing the constraints (3) on model

(2), we can create the variables w;‘ and V;'kk by replacing the allele

frequencies p;’s by their MLE p;’s. Then, by incorporating model
(5) into GLM (1), we can treat these modified genotype coding
variables as regular fixed covariates and fit the model using the
ordinary LS approach. The hypothesis of Hy: V4 = 0 for existence
of the additive variance component can also be tested via testing
Hy : on?“ =0,j = 1,---,m — 1 for the average additive allelic
effects.

The GLM (4) and GMA model (5) can be transformed easily
from one to the other. From the relationship between their
genotype coding variables, we can show that

m—1

l,---,m—1,and v}, =

W=y + 2300 piaj 4+ X0 SR pibkdi
oz]?":aj—f—ZZ:}pkdjk,j =1,--- ., m—1
and 8}.’;{ = djk forj <kj,k =1, ---,m— 1. Here, for notation
simplicity, we define dy; = dj, for j < k. To fit model (5), instead
of solving its normal equations directly, we can derive the LSE of
its model parameters from the LSE of model (4) as the following.

ar = 21—117])’]] +ZJ—1 Zk j+1 2p]Pk)’]k =yt
&f =y =Y = m—1

and 8]?7{ = dix = Yik. — Yjm- — Ykm- + Ymm forj < k j k =
1,---,m — 1. Note that the LSE of the average additive allelic
effects are calculated from allele weighted means, which could
be more robust to phenotypic outliers than the LSE of fixed
additive allelic effects. It is also interesting to see that both the
fixed additive allelic effects a;’s and the fixed allelic interactions
djx’s may affect the average additive allelic effects aj*’s, though
the fixed allelic interactions keep the same as the average allelic
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interactions. In general, the hypothesis test of Hy : aj = 0,j =
1,---,m — 1, for the fixed additive effects in a GLM (4) is not
equivalent to the hypothesis test ofHO:a]?" =0,j=1,---,m—1,
for the average additive effects in an equivalent GMA model (5).
Therefore, the standard F-statistics for testing the fixed additive
effects in model (4) could be inadequate for testing the existence
of the additive variance component V4 when significant fixed (or
average) allelic interactions are present.

In ANOVA, we treat {x1j,j = 1,---,m — 1} and {xy, k =
1,---,m— 1} as random variables over the sampled individuals.
Model (5) provides an approximation to the expected genotypic
values E(GJg) by a linear combination of the random variables
x;j,j = 1,---,m —1and xp0,k = 1,---,m — 1, plus
their cross-product terms for allelic interactions. To model
the genotypic distributions, let g = (z1j(g)zk(g).j. k =
1,---,m,j < k) be a vector that describes the unphased
genotypic categories fori = 1, ---, N. As usual, we assume that
the marker genotypes g;, --- , gy are i.i.d. from a multinomial
distribution of Mult (1, {pjk,j, k=1---,mj< k}). Under
this assumption, we can show that the vectors g; =
(z11(gi), -+ - zim(gi)), i = 1,---, N, of paternal allele indicator
variables are i.i.d. from Mult(1, {p1.,--- , pm}); and the vectors
@i = (za(gi). -+ ,z2m(g)).i = 1,---, N, of maternal allele
indicator variables are also iid. from Mult(1, {p1, -+, pm})-
When the inheritance of paternal and maternal alleles are
independent, the study population is under HWE and the
mean corrected index variables {xj(g;),j = 1,---,m} are
independent of {xy(gi),j = 1,---,m} for any randomly
sampled individual i. In HWD, however, the mean corrected
index variables {x1j,j = 1,---,m} could be correlated with
{x2j,j = 1,---, m}. Let us define

Djj = Cov(zyj, 23)) = E(xijxy)) = E(v})) = pjj — p;
D = E(x1jxo + x15%25) /2 = E(V})/2 = pjx/2 — pipk-

forj # k,j,k = 1,---,m. Then, {D]-k,j,k = 1,---,m}
measure the departures from HWE, which satisfy Z]m: 1 Dix =
> k=1 Djx = 0. From the observed genotypes, we have MLE
Djj = njj/N —}312 forj = 1,---, m,and Dy = njx/(2N) — p;px
forj,k = 1,--- ,mandj # k.

It is more convenient to use GMA model (5) rather than GLM
(4) for estimation of genetic variance components. In model
(5) let A = Y/l afwi(g) and D = 3] 3T 85vi()
represent the additive and dominance components, respectively.
In general, we can partition the expected genotypic variance
as V(E(Glg)) = Va + Vp + 2Cov(A, D). In Wang (2014), we
have derived formulas for estimating the variance components
V4, Vp and covariance component Cov(A, D) based on the
parameters in model (5). By plugging in LSE of the parameters,
we obtain estimators of the variance components Vy4, Vp and
the covariance component Cov(A, D) as shown in Appendix
A in Supplementary Material. It should be pointed out that
these estimators of the variance and covariance components
are different from the traditional ANOVA estimators when the
marker genotypes are in HWD. Unlike the ANOVA estimators
of variance components which could be negative when data

are unbalanced, our estimators of the variance components
are guaranteed to be non-negative. Similar to the ANOVA
estimators, when the model residuals are normally distributed,
these estimators become MLE of the variance and covariance
components and likely possess the asymptotic normality
property (see Searle, 1995). Meanwhile, with variations from
both the genotypic group means and the MLE estimates of
allele frequencies, these estimators are only asymptotically
unbiased, while the original ANOVA estimators are
unbiased.

Under HWE, we would expect an orthogonal partition of the
expected genotypic variance as V(E(G|g)) = V4 + Vp. By taking
ﬁjk =0forj, k = 1,---,min Appendix A in Supplementary
Material, we obtain the following estimators

2> i -

Vi =
j=1
m m m
Vb =YD pibkG — P =2 piGr — %)
j=lk=1 j=1

If we further incorporate model (5) into GLM (1) and ignore the
adjusted covariates, the estimator of residual variance is given by

V. = Z}”zl ZZ;]. Z:li ik — )_/jk.)z/N. The estimator of total

phenotypic variance is given liy Vy :AZ;’; L. ka=LZ:ZJ:k ki —
)_/.‘.)Z/N. We can show that Vy = V4 + Vp + V.. Note that
when Djk = 0forjk = 1,---,m, the allele weighted means
and the allele averaged means become the same; i.e., )7]* = Jyj.
forj = 1,---, m. Besides, the weighted overall mean y* is the
same as the grand mean j.... However, due to possible sampling
variations from the sampled individuals, under HWE we could
still have some bjk # 0,j,k = 1,---, m, which may lead to
a slight deviation from the orthogonal partition of the expected
genotypic variance.

When ﬁjk = 0forj, k = 1,---, m, another nice feature of
the GMA model (5) is that the LSE {&]?“,j = 1,---,m—1}
of its main effects will keep the same in a reduced GMA model
when we ignore the allelic interactions. Let us represent the full
GMA model (5) in a matrix form with the design matrix X =
(1N, Xqo*, Xs+), where 1y is a N by 1 vector with all its elements
being 1, Xor = (Wy(gi), -+ Wp,_1(&)ii = L, N)Nx(m-1)
and Xs+ = (V{1(g): - V] 1 @) Vi e @)1 =
L, -+, N)Nxm(m—1)/2> Which correspond to the main effects

af = (af, - ,af_;) and allelic interactions §* =
(815 28 s+ Oy m_1)> respectively. We can show that

X'X = diag(N, X Xy+, X5.Xs+), which is a block diagonal
matrix when ﬁjk = 0, for j,k = 1,---,m (see proof in
Appendix B in Supplementary Material). Therefore, the LSE
a* = y.. and @* = (X&*Xa*)_lX(’x* Y, which do not depend
on Xs+. In other words, ignoring the average allelic interactions
in model (5) does not affect the LSE of the intercept and the
average additive effects in this case. The GLM (4) does not have
such a property. In a reduced GLM (4) without the fixed allelic
interactions, the LSE of its additive effects are a; = &J?k =Y~ Vm.
forj = 1,---,m — 1, while in a full GLM (4) the LSE become
4j = Yim. — Ymmforj = 1,--- ,m—1
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We can also estimate the genetic variance components with
an adjustment for other covariates. First, by incorporating the
GMA model (5) into GLM (1), we can fit GLM (1) using the
ordinary LS approach. Next, based on the fitted model, we
can calculate the fitted additive and dominance components
A = Ylarwilg) and D= Y ST Svie,
for each indiv1dua1 i = 1,---,N. Then, we can estimate
V4 and Vp as the sample variances of {A,-,i = 1,---,N}
and {Di,i = 1,---, N}, respectively. Meanwhile, the
covariance component Cov(A, D) can be estimated as the
sample covariance between (A;i = , N} and {Di,i =
1,---,NL

2.2. Two-Locus Models

We consider an extension of the previous one-locus models
to two loci. Assume that marker 1 has alleles Ay, ..., Aim,
(my > 2) with p11, -+, pim, being the allele frequencies, and
marker 2 has alleles Ay, ..., Ay, (my > 2) with pa1, -+, pam,
being the allele frequencies. Let pjx,s = P(A1jAk, AzrAzs)
denote the joint genotype frequencies at the two marker loci
in a study population. For a random sample of size N from
the study population, let njs be the number of individuals
who carry unphased genotypes AjjAy (j < k) at locus 1,
and Ay Ay (r < s) at locus 2, for j,k = 1,---,m; and
rs =1, ,m (N = ZJ_I YL Z:"zzl 2, Mjkrs)- Then,
the MLE of genotype frequencies pjkys = fijkys/N. Let Yjkys i =
L, -+, Njkrs be the observed phenotypic values of individuals
carrying the joint genotypes (Ale1k7A2rA25) We define the
observed genotypic group means yjk,s. = Zl_ | Vikrs.if ks> for
jok=1---,mandr,s = 1,..., my. Without dlstmgulshmg
the origin of parental alleles, we assume that ny,s = njk, for k >

jojsk = 1,--- ,my,and njpg = njgys forr > s, r, s =1,--- , my.
Let nj. = Yoy Migrs for j,k = 1,--- ,my, and 1.5 =
Z]m:11 ka;J Rjks forr, s =1, -+, my. We have the MLE of allele
frequenciesf)lj = (anj“ + Zk;éj njk..)/(ZN) forj =1,---,mjat
locus 1, and oy = (21 + 3 o4, 1ops)/2N) forr = 1, my
at locus 2. For notation simplicity, we define yyjs. = Jijkrs. for
k > jG.k = 1,---,m)and Y. = Yjprs forr > s
(r,s=1,---,my).Inaddition, we define the weighted genotypic
group means )_/;rs = )_f;rs = Z?ilplk}_’jkrw )_/;kkr = y]kr =

Zgrzlﬁb}_’jkm j’;k = ykj = Zr s_1p27P25y]krs’y s = Vg =
kal: 1 ﬁljﬁlkj’jkrs’ y]* = = Zk_l Zr,s:l plkerpZSy]krs’
and )y, = yI, Zj,k:1 Zs:lPIJPIkPZSJ_’jkrs> for j,k =

1,---,mj and r,s = 1,---,my. The weighted overall mean
yi= Zﬁl:l Z:’jszzlpljplkphpk)_’jkm
Let ijrs = E(G(g)|g = Alelky AyAy) be the

expected genotypic value of individuals with the joint genotypes
(A1jA 1k, AarAzs), forj,k = 1,...,myand r,s = 1,...,my.
Without distinguishing the origin of parental alleles, we assume
that {Gjy,} satisfy the symmetric properties: Gjxys = Gyjrs =
Gjksr = Gyjor» for j < kand r < s. In general, there are totally
mymy(my + 1)(my + 1)/4 possible distinctive expected genotypic
values. By treating the paternal and maternal gametes as two
independent risk factors, the Fisher’s two-locus ANOVA model

for the expected genotypic values Gikrs can be written as (see
Kempthorne, 1957)

Gikrs = W+ onj + o + S1jk + 2 + 5 + Sops + (a@)jr

Hoa)js + (oa)gr + (@a)gs + (08)j rs + (@), s
“l‘(&x)jk.r + (5a)jk.s + (aa)jk,rs (7)
forj,k = 1,...,mp and r,s = 1,...,my. The parameters

aj and 8y are referred as the average additive and dominance
effects at locus 1, az, and 8, the average additive and dominance
effects at locus 2, («a);r the additive by additive interactions,
(ad)j s the additive by dominance interactions, (§a)j, the
dominance by additive interactions, and (86)j, s the dominance
by dominance interactions. Still, due to an over-parameterization
of the model for the expected genotypic values, not all the model
parameters are estimable. From the symmetric property of the
expected genotypic values, we usually assume that 813 = J1;,
Sors = S5 (aa)j,rs = (O[(S)j,Sh ((Sa)jk,r = (5a)kj,ra (aa)jk,rs =
(88)kj,rs = (88)jk,sr- In addition, the following constraints need
to be added on the model parameters (Gallais, 1974; Weir and
Cockerham, 1977).

ZPUO(U—O ZPZr‘XZr—O ZP1]51]k—0 Zp2r52rs—0

j=1 =1
my m
ZPlj(aa)jr =0, sz,—(ota)jr =0, Zplj(“5)j,rs —o,
j=1 r=1 i=1
ZPZr(CﬂS)} rs =0, ZPI](SO[)]k , =0, Zer((Sa)]k . =0,
j=1
my
D Py(88)jers =0, ZPZr(‘S’S)jk,rs =0 (8)
j=1 r=1

In other words, a weighted sum of the average genetic effects
of a genetic component is zero over any index. It has been
known that model (7) under constraints (8) can provide an
orthogonal partition on the genetic variance components when
the inheritance of four paternal and maternal alleles at the two
loci are independent (Kempthorne, 1957; Weir and Cockerham,
1977). Still, as pointed out in Wang (2014), it is difficult to
estimate the parameters in model (7) under the complicated
constraints (8) when other adjusted covariates are involved.
Besides, the random variables that constitute the random sources
of the genetic variance components are not explicitly defined in
model (7).

To model the expected genotypic values through a GLM,
we can re-list all the sampled individuals by an index variable

k = 1,---,N. Similar to the one-locus case, we introduce the
indicator variables zﬁ-) and zg}() for inheritance of the paternal

and maternal alleles at locus 1, and zg and z ) for inheritance
of the paternal and maternal alleles at locus 2. Then, for phase-
unknown genotypes, we define the genotype coding variables wy;,
Vijk forj,k = 1,--- ,my (j < k) at locus 1, and wy,, vas for
r,s = 1,---,my (r < s) at locus 2, in the same way as we did
in the one-locus case. By including the within locus additive and
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dominance effects as well as the locus-by-locus interactions (i.e.,
epistases), a fully parameterized two-locus GLM model can be
written as (Wang, 2011),

mp—1 my—1mp—1 my—1
E(Glgi) = po + Z aijwyj + Z Z dijkvijk + Z axrWar

j=1 j=1 k=j
my—1my—1 mp—1my—1

+ Z Z darsvars + Z Z (aa)erIjWZr
r=1 s=r j=1 r=1
mi—1my—1my—1

+ Z Z Z (ad)j,rsWIjVer
j=1 r=1 s=r
my—1lmp—1my—1

+ 30 ) > @a)vipwar
j=1 k=j r=1
mi—1lmi—1my—1mp—1

+ Z Z Z Z(dd)jk,rsvljkvhs (9)

j=1 k=j r=1 s=r

fori = 1,...,N. A nice feature of the above GLM is that we
can easily establish the relationship between its model parameters
and the expected genotypic values by starting from the lowest
order parameter oy = Gmlrmmzmz- Suppose that there are no
empty genotypes; i.e., #jgs > 0 foranyj, k = 1,---,m; and
r,s = 1,---, my. When we incorporate the above model (9)
into a GLM (1) and ignore the adjusted covariates, the LSE of
parameters in model (9) can be derived as shown in Appendix
C in Supplementary Material. Similar to the one-locus GLM, the
LSE of these fixed allelic effects are highly dependent upon the
genotypic group means, which could be sensitive to phenotypic
outliers in small genotypic groups. More importantly, model (9)
cannot provide the same partition of the expected genotypic
variance V(E(G|g)) as the one defined in the original Fisher’s
ANOVA model (7).

To construct a two-locus GMA model for analysis of genetic

variance components, we can introduce the mean-corrected

index variables x( ) ;}() forj,k = 1,---,m atlocus 1, and

xlr),xZS) for r,s = 1,---,my at locus 2. Then we define
the modified genotype coding variables WU, vl]k for j,k =
1,---,mp at locus 1, and wj,, vj,, for r,s = 1,---,my at

locus 2 in the same way as we did in the one-locus case.
By including the within locus additive and dominance effects
as well as the locus-by-locus interactions (i.e., epistases), we
can build a fully parameterized two-locus GMA model as the
following.

myp— 1 mp— 1m1 1 mzfl
* o
E(Glg) = 1"+ 3 efwlj+ > D7 SV + D anws,
j=1 j=1 k=j r=1
my—1my—1 mp—1my—1
D3P SRR 3
j=1 r=1
my—1lmy—1my—1

+ Z Z Z(aa);jrswikjvzrs

j=1 r=1 s=r

mi—1mp—1mp—1

+ Z Z Z(Sa)fk,rvTjkW;r

j=1 k=j r=1

mi—1mp—1my—1my—1

+ Z Z Z Z(as)fk,rsvi:jkv;rs

j=1 k=j r=1 s=r

(10)

for i = 1,...,N. Similar to the one-locus case, the original
Fisher’s ANOVA model (7) under constraints (8) and the
symmetric properties of the dominance effects can be re-written
as

mp mj
B = e+ Yy + 3 i+ Zaerzr
j=1 j=1lk=j
my my my  my
+ Z ZSMVM + Z Z(aa irWiiWa,
r=1 s=r j=1r=1
my; mp mp
k %k
2D D ()i
j=1r=ls=r
m; mp mp
k k
LD IPIPBCIAE
j=lk=jr=1
my; mp mp mp

+ Z Z Z Z(aa)jk»’svTjkvzrs'

j=lk=jr=1 s=r

(11)

Model (10) is actually a simplified version of model (11) by
further removing the redundant parameters. The two models (10)
and (11) are equivalent when we take

w=pu, Olfj =05 —

ko

1jk = S1jk —

*
Xlimy, Oy = Qok — U2my

Sljml - 8lkm1 + Smlml

sk
(Ser = 82rs - 52rmz - 525mz + 8mzm2

(aa ;; = (aa)jy — (@o)jm, — (@) mr + (@) m,
(@8)] s = [(@8)j,rs — (@8)j,rmy — (@8)j,smy + (8)j mym, |
= [@8)my,rs — (@8)my,rmy — (@8)my smy + (@€8)my mym, ]
(8a)j ik = [B0)jkr — (6)jmy,r — (80)im, r + (5)mymy 1]
— [(6)jk,my — (8)jmy,my — (8 kmy.my + (8 mymy,ms ]
08k rs = [(08)jkrs = (88)jk rmy — (88)jk.sm, + (88)jk mymm,]

[(88)]"1115 - (Ss)fml,rmz
((88)kmy,rs — (88)km ,rm,
+ [(55)m1m1,f5 - (85)”'117”1,7”’12
+ (Ss)mlml,mzmz]

- (88)jm1,sm2 + (sa)jml,mzmz]
- (as)kml,smz + (ss)kml,mzmz]
- (88)}’}117}’11,5”’12

forjk = 1,---,m —1(G < k)andr,s = 1,- my — 1
r < 9. Therefore, both model (10) and (11) share
exactly the same genetic components as the ones
defined in the original Fishers two-locus ANOVA
model (7). In model (10), let A; = ij_lllaljwlj

1 1 —1
= YL v A2 = L2 o w, Dy =

1 1 1 1
Z’“Z PR Sirsvzw AlAz = D20 LI (wawimwy,
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mp—1 my—1 my—1
A1D2 = Z]il Z 2 Z 2 (aa);krgwljvzrs: DA, =
mp—1 mp— 1 mz 1 —
S S ey, v, DD, =

Z]_‘Il Zml 1Zm2 by mlgs)s Vi rsViikVare Which represent
the additive and dominance atlocus 1, additive and dominance at
locus 2, additive by additive, additive by dominance, dominance
by additive and dominance by dominance genetic components,
respectively. Each genetic component consists of a set of average
allelic effects (additive or interaction) contributed by alleles from
the same locus or the same set of loci, and at each locus at most
two alleles could be involved. We refer the number of alleles
involved in each average allelic effect of a genetic component as
the order of the genetic component, and the number of non-
redundant average allelic effects involved in a genetic component
as the degrees of freedom (df) of the genetic component. Note
that genetic components of the same order may have different
df. For example, the additive by additive component A;A;
has its order being 2 and df = (m; — 1)(my — 1), while the
dominance component D; at locus 1 has its order being 2 and
df = (m1 — 1)2.

Both the GLM (9) and GMA model (10) provide a re-
parameterization of the expected genotypic values. From the
relationship between their genotype coding variables, these two
models can be transformed equivalently from one to the other.
We can represent the parameters in GMA model (10) in terms of
the parameters in its equivalent GLM (9) as shown in Appendix D
in Supplementary Material. It is interesting to see that an average
allelic effect can be affected by not only its corresponding fixed
allelic effect but also other higher-order fixed allelic effects. As
a result, the hypothesis test of an average allelic effect in the
GMA model (10) is not equivalent to the hypothesis test of the
corresponding fixed allelic effect in an equivalent GLM (9) when
higher order fixed allelic effects are present. From Appendices
C, D in Supplementary Material, we can also derive the LSE of
parameters for the GMA model (10) as the following

and

~x —% ~x —% —% ~x —% —%

Mo =Y 0 =Y = Vs % = Vor = Vo,
T —% —% —%

1k = Yjk- — (yjm1~ +ym1k--) + Yorymy -

83rs = Voors = oy + Vomas) + Vommyms

—

@)y = Vi = Gy + Vyor) + Iy
@8)] re = Fhrs = Fhnrors  Fhrmy + Fhms)
AT mams + Fovgorms + oy omns) = Frngomams
BV, = Ty = Thomy- + Fisr- T Fenyr)
+Fimima-  Vomymy. + Imimir) = Vo myms-

and (58),”5 = (dd)]k wforjk = 1,...,m —1,j < k; and
r,s = 1 ,my — 1, r < s. Similar to the one-locus GMA
model, the LSE of these average allelic effects depend on the
weighted genotypic group means. Except the LSE of the highest
order effects for dominance by dominance interactions, the LSE
of other lower order average allelic effects could be more robust
to phenotypic outliers in small genotypic groups than the LSE of
their corresponding fixed allelic effects.

When the two markers are unlinked and in HWE, the
inheritance of four paternal and maternal alleles at the two loci
are independent. Therefore, the four sets of indicator variables

. 1 2
{21] Jj o= 1,--- , My}, {Z;k)’k = 1,---,m}, {zgr)7r =

1,---,my}, and {zg),s = 1,---,my} are independent with

each other, although the variables within each set could still
be correlated. In this case, all the genetic components are
independent of each other, and the GMA model (10) can provide
an orthogonal partition of the expected genotypic variance. In
Wang (2014), we have derived formulas for computing the
genetic variance components based on the model parameters
in a general multi-locus GMA model. For the two-locus GMA
model (10), by plugging in the LSE of its model parameters,
we obtain estimators of the genetic variance components as
shown in Appendix E in Supplementary Material. It should
be pointed out that Weir and Cockerham (1977) also derived
estimates of the genetic variance components based on the model
parameters in Fisher’s two-locus ANOVA model (7). But they
did not construct the estimators of genetic variance components
in terms of the weighted genotypic group means. Note that
the orthogonal partition on the genetic variance components
implies that the genetic components constitute independent
random sources contributing to the expected genotypic variance.
Therefore, we could estimate and test for each genetic component
separately. Bonferroni criterion can also be applied to correct for
the association testing of multiple genetic components.

When the inheritance of paternal and maternal alleles at the
two loci are dependent, non-zero covariances among different
genetic components may present. The dependency among
inheritance of the paternal and maternal alleles at the two
markers can be measured by Djkys = Pikrs/(2—1(j=k)) (2~ L{=5}) —
pipkprpss forj, k = 1,--- ,mpandr,s = 1,---,my. Let Bjkrs =
ﬁjkrs/(z — 1ﬁ= 1)(2 — 1y—=g)) — P;prprPs. Similar to the one-locus
case,whenDjkrS =0forj,k =1,--- ,myandr,s=1,--- ,my,
we can show that the LSE of the average additive, dominance,
additive by additive, additive by dominance, dominance by
additive and dominance by dominance effects in the full model
(10) can keep consistent when some components are excluded
from the model.

In general, we can always incorporate the two-locus GMA
model (10) into a regression model (1). By treating the modified
genotype coding variables Wl]’ Wi, Vl]k’ and v}, as regular
fixed covariates, we can fit the regression model using the
ordinary LS approach. Based on the fitted model, we can
calculate the fitted genetic components for each individual
i = 1,---,N. Then the genetic variance components and
their possible covariances can be estimated as the sample
variances and covariances from the fitted values of these genetic
components. Similar to the one-locus case, these estimators
of the variance and covariance components are different from
the traditional ANOVA estimators when the two marker are
linked or their genotypes are in HWD. As the estimators of
variance components coming from the sample variances, they
are guaranteed to be non-negative. When the model residuals
are normally distributed, these estimators of the variance and
covariance components become MLE and likely possess the
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asymptotic normality property. Besides, these variance and
covariance estimators are likely asymptotically unbiased.

2.3. A Simulation Example

Consider two biallelic marker loci with allele frequencies
p1 = 04 and g = 0.6 for alleles “1” and “0” at locus 1,
and p, = 0.2 and g, = 0.8 for alleles “1” and “0” at locus 2.
Assume that the two marker loci are in linkage and gametic
equilibria. The expected genotypic values at the two marker
loci are simulated based on a two-locus GLM model (9) with
o = 10and ay = ayn = din = don = (@) =1
and (ad);11 = (da)i11 = (dd)ii11 = 0. From Appendix
D in Supplementary Material, we can show that this GLM

is equivalent to a GMA model (10) with pu* = 11.72 and
af, = 18, a5, = 2,8, = L&, = 1 (@)}, = 1,
(aé)’f’n = 0, (80{)’{1’1 = 0, and (68)1‘1’11 = 0. Based

on the true expected genotypic values and the genotypic
distribution, we also know that the total expected genotypic
variance, which is Vg = 3.09, has an orthogonal partition
which consists of eight variance components contributed
by wi, vi, wi, vy, ww*, wv*, vw*, vw¥. Besides, these eight
components  wi, vi, wi, vy, ww*, wv*, vw* vv*  contribute
50.74, 1.87, 41.53, 0.83, 5.03, 0.00, 0.00, 0.00% of the total
expected genotypic variance V. For each random sample of size
n, we first generate genotypes of individuals independently based
on the genotypic distribution. Then, based on the genotypes,
we create dummy variables w; = wj, vy =
Wal, V2 = V211, WW = Wil k W1, WV = Wi1 * V211, VW =
Vi11 * W21, W = V11 * vo11 and mean-corrected index
variables wi = w1, v{ = vii, Wi = wa, vy = vorr, wwt =
W11 % War, WV' = wip % var1, vWE = vipp ok wor, v = vk vpq1.
The phenotypic values is a sum of the genotypic values and the
residuals with the residuals being independent of the genotypes.
To generate phenotypic values, we assume that the residuals
€,i = 1,---,n, are iid. and normally distributed with the
residual variance being V. = 17.51, which account for 85% of
the total phenotypic variance (i.e., the broad sense heritability is
about 15%).

First, we show that the GLM and GMA models provide
different partitions of the expected genotypic variance. To
minimize the sampling variation, we simulate a random sample
with n = 100,000. We fit both GLM and GMA models to
the random sample using SAS “proc glm” (SAS Institute,

Vi, w2 =

INC.). For the fitted GLM, we have LSE o = 9.99,
gﬂl\ = 1.01, 2121/\: 1.05, din :/\0.97, dri1 = 0.95,
(aa)n = 0.97, (ad)l,ll = 0.02, (da)ll,l = —0.03 and

g

(dd)11.11 = 0.07, which are close to the true values. From the
fitted GLM, we calculate estimates of the variance components
contributed by wy, vi, wa, v2, ww, wv, vw, vv as 0.4894, 0.1274,
0.3533, 0.0345, 0.4153, 0.00, 0.00, 0.00, respectively. The
summation of these variance components is 1.4199, which is
about 46% of the total expected genotypic variance estimate
Ve = 3.0896. In other words, in the GLM based partition
of the expected genotypic variance, about 54% is contributed
by the covariance components due to the collinearity among
the variables wy, vi, wa, v2, ww, wv, vw, vv. For the fitted GMA,

we have LSE a* = 1172, &f, = 178, &5; = 2.02,
8, = 096, 85, = 098, (ea);; = 097, (@), =
0.05, (B)j;; = —0.02 and (38);;,, = 0.7, which are

also close to the true values. From the fitted GMA model,
we compute estimates of the variance components contributed
by wi, vi, w3, vi, ww*, wv*, vw*, vw* as 1.5321, 0.0534, 1.3079,
0.0244, 0.1462, 0.00, 0.00, 0.00, respectively. The summation
of these variance components is 3.064, which is about 99% of
the total expected genotypic variance estimate Vg = 3.0896.
This indicates that the GMA model leads to a partition of the
expected genotypic variance, which is almost orthogonal with
only about 1% coming from the covariance components. Note
also that these estimates of the variance components contributed
by wi, vi, wi, v, ww*, wv*, yw*, vv* account for approximately
49.59, 1.73, 42.33, 0.79, 4.73, 0.00, 0.00, 0.00% of the expected
genotypic variance estimate Vg = 3.0896, which are close to the
true proportions 50.74, 1.87, 41.53, 0.83, 5.03, 0.00, 0.00, 0.00%
of the variables w}, vi, w5, v, ww*, wv*, vw*, vw* contributed to
the expected genotypic variance.

We also look at the difference between the partition of the
expected genotypic variance and the Type III sums of squares
for this random sample. Both the GLM and GMA models have
the same regression sum of squares SSR = 307788.89 and mean
square error MSE = 17.52. In the fitted GLM, the Type III sums
of squares for the eight variables wy, v, wa, v2, ww, wv, vw, vv
are 13415.25, 3475.46, 8472.60, 840.54, 4149.25, 0.24, 1.04, and
0.67, respectively. The summation of these Type III sums of
squares is 30355.05, which is less than 10% of the total SSR.
In the fitted GMA, the Type III sums of squares for the
eight variables wi, v{, w}, vi, ww™, wv*, vw*, vv* are 153184.54,
5340.61, 130751.17, 2438.75, 14620.38, 2.92, 0.44, and 0.67,
respectively. The summation of these Type III sums of squares is
306339.50, which is about 99.5% of the total SSR. This indicates
that these Type III sums of squares also provide an orthogonal
partition of the SSR. Or, in other words, the hypothesis tests of
the eight genetic components are approximately orthogonal.

Next, we examine the performance in model selection between
using the GLM and GMA models. We consider varied sample
sizes of n = 500, 1000, 2000, and 5000. Under each simulation
scenario, we run 1000 simulation. For each simulation sample,
we first apply one commonly used method—the forward stepwise
selection for model selection on {wy, vi, wa, va, ww, wv, vw, v}
and {w}, v, wi, vi, ww*, wv*, vw*, vw*}, separately. We run
“proc glmselect” in SAS with the criterion p=0.05 for both
entry and stay in the model. For the GMA model selection
on index variables {w}, v{, w}, v5, ww*, wv*, vw*, vv*}, as these
variables are independent in the underlying true model, we
can rank them in the order of wi, wj, ww*, vi, vi, vw*, wv,
and vv* according to their variance contributions from
the largest to the smallest. Intuitively, we expect that the
selected models would include the higher ranked variables
more often than the lower ranked ones. We mainly focus
on the top five variables wi, wj, ww*, v],v5 and classify
the selected models into 10 categories: I= all the five
variables wi, wh, ww*, v{, v are selected; II=wj, wj, ww*, v{
are selected but not vj; II=wj, wj, ww*, v are selected but
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TABLE 1 | Counts of selected GLM and GMA model types for “Stepwise Selection”.

Model GLM GMA

types n =500 n = 1000 n = 2000 n = 5000 n =500 n = 1000 n = 2000 n = 5000
| 0 15 196 605 13 71 285 737
Il 3 132 401 342 118 294 433 239
1l 0 27 70 33 43 98 99 22
% 89 266 176 9 370 361 160 2

Y 288 213 71 11 456 176 23 0
\Y 247 140 47 0 0 0 0 0
VI 82 77 9 0 0 0 0 0
Vil 265 129 30 0 0 0 0 0
IX 26 1 0 0 0 0 0
X 0 0 0 0 0 0 0
Total 1000 1000 1000 1000 1000 1000 1000 1000
TABLE 2 | Counts of selected GLM and GMA model types for “Adaptive LASSO”.

Model GLM GMA

types n =500 n = 1000 n = 2000 n = 5000 n =500 n = 1000 n = 2000 n = 5000
| 1 18 91 363 4 17 58 367
I 17 87 246 372 33 89 226 346
Il 8 18 41 19 17 20 38 13
\% 87 180 226 1563 194 336 371 197
\Y 271 227 125 25 602 432 237 55
Vi 184 212 150 46 0 0 0 0
Wil 39 34 13 0 0 0 0 0
Vil 227 145 71 10 0 0 0 0
IX 61 17 6 1 8 0 0 0
X 105 62 31 11 142 106 70 22
Total 1000 1000 1000 1000 1000 1000 1000 1000

not vi; IV= wi, wi, ww* are selected but not vj,v}; V=
wi, wh are selected but not ww*, v{,vi; VI= wi, ww* are
selected but not wj; VII= wj, ww™ are selected but not
wi; VIII=ww* is selected but wj, wj are missed; IX=wj is
selected but miss w}, ww*, or w} is selected but miss w}, ww*;
X=w], w;, ww* are missed. For the GLM model selection on
the dummy variables {wy, vi, wa, v2, ww, wv, vw, vv}, we also
define the similar 10 categories I-VIII based on the variables
w1, V1, W2, V2, ww, wv, vw, vv. Under each simulation scenario,
the counts of selected GLM and GMA model types for stepwise
selection are listed in Table 1.

For the stepwise selection, the GMA model shows a clear
advantage over the GLM on choosing the Type I (the true model),
Type I+11, Type I+II+111, Type I+II+III+1V, or Type I-V models.
Meanwhile, the GLM tends to miss one of the main fixed effects
(Type VI, VII, or VIII) when the sample size <2000, even though
a Type VI, VII, or VIII GLM could imply an equivalent GMA
model of Type IV. Overall, as the sample size increases, the model
selection improves using either GLM or GMA models. But the
selected GLM have a bigger variety, while the selected GMA
models are more predictable.

It has been known that the conventional stepwise model
selection has problems such as the stepwise F-statistics may
no longer follow the F-distributions and the aggravated
collinearity among the selected variables (Harrell, 2001). Several
regularized regression methods have been developed to deal with
the model selection problem especially for high-dimensional
data. Here we also apply one of the regularized regression
methods - the adaptive LASSO, using “proc glmselect” in
SAS. We adopt the Bayesian information criterion (BIC)
for model selections. The standardization of the variables
is also made prior to the model selection. Note that the
standardization of the variables {wy, vi, wy, vo, ww, wv, vw, vv}
or {wf, vi, wh, v, ww*, wv*, vw*, vw*} can only affect the scales
of the regression coefficients but does not change the correlation
structure among each set of variables, while making mean-
corrections on the indicator variables {zﬁ-), zg}()} and {zgzr), zg)}
can lead to different correlation structures between the dummy
variables {wy, v1, wp, vz, ww, wv, vw, vv} and the index variables
{wi, vi, wi, vy, ww*, wv*, vw*, vw*}. The counts of selected
GLM and GMA model types for adaptive LASSO are listed in
Table 2.
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For the adaptive LASSO, it appears that the GMA model
performs slightly better on choosing Type I (the true model),
Type I+1L, Type I+1I+111, Type I+II+III+IV, or Type I-V models
when sample size=500. However, this advantage diminishes for
larger sample sizes. Still, the selected GLM appear to have a bigger
variety, while the selected GMA models are more predictable. On
the other hand, it seems that the selected GMA models could
miss all the three top variables wy, wj, ww* more likely than
the GLM models for wy, wp, ww. A brief comparison between
Tables 1, 2 also reveals that the stepwise selection has a better
performance than the adaptive LASSO under our simulation
setting. But this may not be a fair comparison as the selected
variables in our simulation setting is very limited. Besides, except
BIC, many other criteria are available for model selections
in “proc glmselect.” Further exploration on those criteria is
needed.

3. DISCUSSION

In this study, we applied the GMA models on analysis of variance
components for genetic markers with unphased genotypes. We
pointed out that the traditional Fisher's ANOVA model does
not explicitly specify the random variables that contribute to the
various genetic variance components. The constraints on their
model parameters also complicate the model fitting. Meanwhile,
the classical dummy-variable based GLM does not provide the
same partition on the genetic variance components as the original
Fisher's ANOVA model. The hypothesis tests of the fixed allelic
effects in a GLM based on the partial (Type III) reduction
in sums of squares could also be inadequate for testing the
existence of variance components when allelic interactions are
present. Alternatively, the GMA model can retain the same
partition on the genetic variance components as the traditional
Fisher’s ANOVA model. Similar to the classical GLM, the GMA
model does not require constraints on its model parameters
and can be fitted using the ordinary least square approach. As
the result, the GMA model allows us to estimate and test for
the genetic variance components more conveniently than the
classical GLM.

The classical GLM is appealing in genetic association studies
due to its simplicity in interpretation of the model parameters,
which often represent certain comparisons of the expected
genotypic values in different genotype groups. However, the
GLM-based approach faces challenges in dealing with allelic
interactions because the fixed lower order allelic effects are
often confounded with the higher order allelic interactions
in a GLM even when the paternal and maternal alleles are
independently inherited. In order to test for a particular fixed
allelic interaction based on the classical GLM, we need to
include all its lower order effects in the model to make
this allelic interaction interpretable. Besides, ignoring certain

potential confounding, as pointed out in Zeng et al. (2005).
On the other hand, analysis of genetic variance components
using ANOVA type models such as GMA provides an alternative
way on assessing the allelic effects and interactions. A nice
feature of the GMA model is that the genetic components
are independent of each other when multiple genetic markers
are unlinked and in equilibrium populations. Therefore, at
least in equilibrium populations, each genetic component
can be treated as a random source of variation and tested
individually regardless of its lower or higher order genetic
components. A statistically significant higher-order genetic
variance component implies a variation contributed by varied
allele types from a set of loci, which could be more perceivable
than a significant fixed allelic interaction for claiming allelic
interactions.

As shown in Wang (2014), the extension of GMA to multiple
loci is straightforward. The GMA model could also be applied to
other phenotypic outcomes. For example, under the generalized
linear mixed model framework, we can consider the genetic
components contributing to a g-transformed (g - a link function)
expected outcomes. For survival outcomes, we can examine the
genetic components contributing to the hazard functions as well.
However, it should be pointed out that the estimation of genetic
variance components for genetic markers relies on the genotypic
distribution of the markers in a study population. When a sample
does not come from the simple random sampling, an adjustment
for the sampling strategy is needed in order to make appropriate
statistical inference in the general population. Currently, the
genome-wide association studies (GWAS) often adopt the case-
control design. When the case and control sampling rates are
known, we could assess the variance components of genetic
markers based on their odds ratio estimates. A thorough
exploration on applying the GMA type models to a case-control
based GWAS could be a research topic in the future.
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