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For various advanced glass applications, it is important to understand the composition
dependence of indentation hardness. Boroaluminosilicate glasses form the basis of many
industrial products and they exhibit complex structural behavior due to the mixed network-
former effect. Based on available structural nuclear magnetic resonance data and a previ-
ously proposed approach, we here establish a temperature-dependent constraint model
of indentation hardness of sodium boroaluminosilicate glasses. The model correctly pre-
dicts the trends of hardness with varying Si/Al and Na/B ratios, including local minima and
maxima at intermediate compositions. This topological approach is thus proving to be a
valuable tool for exploring and designing new boroaluminosilicate glass compositions with
tailored hardness.

Keywords: glass, hardness, topological modeling, structure–property relation, constraint theory

INTRODUCTION
In many advanced applications of glasses, it is desirable to increase
the hardness as much as possible to improve the scratch and dam-
age resistance (Wondraczek et al., 2011). Hardness is a measure of
the mean contact stress for the formation of a permanent defor-
mation and it is typically quantified by permanently deforming the
glass with a sharp indenter (e.g.,Vickers diamond indenter), where
hardness (H ) is given by the load (P) divided by the project area
(A) as H= P/A. Hardness is a function of chemical composition
and different models and approaches have been proposed to pre-
dict the composition dependence of glass hardness (Georoff and
Babcock, 1973; Yamane and Mackenzie, 1974; Calleja et al., 2002;
Smedskjaer et al., 2010a). Relationships between H and various
macroscopic properties have also been proposed (Liu and Cohen,
1989; Sehgal and Ito, 1999; Gao et al., 2003; Hand and Tadjiev,
2010), but there is an intrinsic difference in the scaling between
hardness and, e.g., elastic moduli. Therefore, such efforts have
not been successful at predicting the composition dependence of
hardness (Teter, 1998; Kjeldsen et al., 2014).

Such predictions are particularly difficult for mixed network-
former systems, since their complicated structural speciation
(Zielniok et al., 2007; Manara et al., 2009; Zheng et al., 2012a)
can lead to non-linear variations in hardness (Zheng et al., 2012b).
Boroaluminosilicate glasses constitute an important class of mixed
network-former glasses as they have found widespread applica-
tions in fields such as consumer electronics (Wondraczek et al.,
2011), bioactive materials for regeneration of bone and tissue
(Hench, 2006), fiberglass for composite applications (Li et al.,
2014), and radioactive waste containment (Jantzen et al., 2010).
The structure of boroaluminosilicate glasses is complicated due to
the uncertainty of the extent and nature of mixing of the network-
forming cations (Si, B, and Al) (Ollier et al., 2004; Du and Stebbins,
2005; Wu and Stebbins, 2009; Zheng et al., 2012a).

In this work, we attempt to apply the hardness model of Smed-
skjaer et al. (2010a) based on topological constraint theory (Gupta
and Mauro, 2009; Mauro et al., 2009; Smedskjaer et al., 2010b;
Bauchy and Micoulaut, 2011, 2013; Jiang et al., 2013; Rodrigues

and Wondraczek, 2013) to predict the composition dependence of
sodium boroaluminosilicate glass hardness. The model has been
found to be quantitatively predictive for borate glasses (Smedsk-
jaer et al., 2010a,c), borosilicate glasses (Smedskjaer et al., 2011),
phosphosilicate glasses (Zeng et al., 2014), and calcium silicate
hydrates (Bauchy et al., 2014), but has not yet been tested for a sys-
tem with three network-forming oxides. Topological constraint
theory originally developed by Phillips and Thorpe builds on an
enumeration of the linear two-body bond-stretching (BS) and
the angular three-body bond-bending (BB) constraints (Phillips,
1979; Thorpe, 1983; He and Thorpe, 1985; Phillips and Thorpe,
1985). The glassy network is classified as “flexible” with internal
degrees of freedom (floppy modes) when the total number of BS
and BB constraints per atom (n) is less than the number of degrees
of freedom per atom (i.e., 3). When n > 3, the network is “stressed
rigid” due to its high connectivity, whereas the isostatic state is
achieved for n= 3. The theory has later been extended by Gupta
and Mauro to account for the temperature dependence of the con-
straints (Gupta and Mauro, 2009; Mauro et al., 2009), allowing for
a distinction of the individual constraints based on their chemistry
via the constraint onset temperature. Here, we derive a topological
hardness model for sodium boroaluminosilicate glasses and vali-
date it against experimental measurements for three distinct series
of glasses.

EXPERIMENTAL SECTION
The first investigated glass series has varying Si/Al ratio:
(80− x)SiO2− x Al2O3− 5 B2O3− 15 Na2O with x = 0, 1, 2.5,
5, 7.5, 10, 12.5, 15, 17.5, and 20 (Zheng et al., 2012a,b). The second
series also has varying Si/Al ratio but for a different Na/B ratio:
(84.4− x)SiO2− x Al2O3− 11.6 B2O3− 4.0 Na2O with x = 0,
1.4, 2.7, 4, 5.3, and 6.6 (Smedskjaer et al., 2014). The third series has
varying Na/B ratio: 83.0 SiO2− 1.4 Al2O3− y B2O3− (15.6− y)
Na2O with y = 0, 2.3, 4.8, 7.1, 8.6, 10.1, and 11.6 (Smedskjaer
et al., 2014). All compositions also included ≤0.15 mol% SnO2 as
a fining agent. Structural data from solid-state nuclear magnetic
resonance (NMR) spectroscopy is already available for these glass
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Smedskjaer Topological model for boroaluminosilicate glass hardness

series (Zheng et al., 2012a; Smedskjaer et al., 2014). In addition, the
Vickers microhardness has previously been measured for the first
series with varying Si/Al ratio (Zheng et al., 2012b). For the other
two series, we have here determined it using the same method. This
was done using a Duramin 5 indenter (Struers A/S). The measure-
ments were performed in air atmosphere at room temperature.
A load of 0.49 N for duration of 5 s was applied and 30 indenta-
tions were performed on each sample. The Vickers hardness was
calculated from the lengths of the indentation diagonals.

THEORY
To apply temperature-dependent constraint theory to calculate
hardness, the first step is to obtain quantitative structural data
on short length scales in the glass, i.e., the concentration of
the network-forming species and their coordination number (r i)
should be known. The types and number of intact (rigid) con-
straints at room temperature (i.e., temperature of indentation
measurement) must be identified and counted. The number of
BS constraints is given by r i/2 (each BS constraint is shared by
two atoms) and the number of BB constraints is given by 2r i− 3
(number of independent angles needed to define polyhedron).
All of these linear and angular constraints are generally intact at
room temperature for network-forming atoms in oxide glasses.
The indentation hardness can then be calculated as (Smedskjaer
et al., 2010a):

H (x) =

(
dH

dn

)
[n (x)− ncrit] , (1)

where x is the composition variable, dH /dn is the proportion-
ally constant, and ncrit is the critical number of constraints that
must be present in order to produce a connected network that is
required for the material to display mechanical resistance. We set
ncrit= 2.5, since this gives a network that is rigid in two dimensions
of the three-dimensional space (Smedskjaer et al., 2010a, 2011).
The proportionality constant (dH /dn) is determined empirically
and found to be dependent on the load of the indenter (Smedsk-
jaer et al., 2010a). Additional work is required to understand the
possible composition dependence of dH /dn (Smedskjaer et al.,
2011).

Pure silicon dioxide glass under ambient conditions is com-
posed exclusively of SiO4 tetrahedra containing four bridging
oxygens (BO) linking to neighboring Si atoms. Addition of sodium
oxide causes BO to be converted to non-bridging oxygen (NBO),
which do not bridge to other SiO4 tetrahedra, but instead coordi-
nate to the modifier cations. Pure boron oxide glass is composed
of corner-sharing BO3 triangles (BIII), a large fraction of which
combine to form three-membered boroxol ring units (Jellison
et al., 1977; Micoulaut et al., 1995; Youngman et al., 1995). Addi-
tion of sodium oxide to B2O3 causes either (i) the creation of a
NBO, rupturing the linkage between two trigonally coordinated
BIII groups, or (ii) conversion of boron from three-coordinated
(trigonal boron, BIII) to a four-coordinated (tetrahedral boron,
BIV) state without the creation of an NBO. Aluminum mostly
enters a glassy network in fourfold coordination (AlIV) when
there are sufficient network-modifier cations (e.g., Na2O) avail-
able for charge compensation (Bottinga and Weill, 1972; Chan

et al., 1999). Five- or sixfold coordination environment around
Al is expected for compositions, where the amount of charge-
balancing modifier cations (Na+) is insufficient to stabilize all Al
in fourfold coordination. As a consequence, some higher coordi-
nation Al species are formed and believed to provide an additional
source of charge compensation in these networks (Risbud et al.,
1987; Sen and Youngman, 2004). Hence, the cation speciation in
sodium boroaluminosilicate glasses is complex due to the inher-
ent competition between Na2O and three different glass-forming
oxide constituents. When [Na2O] < [Al2O3], all available sodium
is used to charge compensate AlIV, and deficiency in sodium con-
centration leads to fivefold coordinated aluminum (AlV) groups.
When [Na2O] > [Al2O3], sodium first charge compensates AlIV,
and thus all aluminum is fourfold coordinated and unaffected by
other compositional changes. Hence, there is preference in the
formation of AlIV over that of BIV or NBOs (Zheng et al., 2012a).

In the topological constraint model of sodium boroaluminosil-
icate glass, we consider constraints arising from the boroalumi-
nosilicate network backbone, as well as constraints related to the
characteristic structures surrounding the sodium ions forming
NBOs in the glass. The bond constraints are:

• α: Si–O, Al–O, B–O, and MNB–O linear constraints. There are
two α constraints at each oxygen.

• βSi: O–Si–O angular constraints. There are five βSi constraints
per Si to form a rigid Si tetrahedron.

• βAl: O–Al–O angular constraints. There are seven βAl constraints
per AlV and five βAl constraints per AlIV.

• βB: O–B–O angular constraints. There are five βB constraints per
BIV and three βB constraints per BIII.

• γ: Si–O–Si, Al–O–Al, B–O–B, Si–O–B, Si–O–Al, Al–O–B, Si–O–
MNB, Al–O–MNB, and B–O-MNB angular constraints. There is
one γ constraint at each oxygen.

• µ: additional modifier rigidity due to clustering effects. Based
on our previous findings for soda lime borate and borosili-
cate glasses (Smedskjaer et al., 2010b, 2011), we assign two µ

constraints per NBO-forming Na atom.

Here, we have assigned all of the α constraints on the oxygen
and none on the cations. It is assumed that all of these con-
straints are rigid at room temperature (∼300 K). It should be
noted that the constraint counting is performed only over the
nearest neighbors (i.e., constraints from intermediate- and long-
range interactions have been approximated from the two- and
three-body constraints). This is believed to be sufficient for the
boroaluminosilicate glasses studied here, since the intermediate-
range structures (e.g., boroxol rings) do not introduce any new
independent constraints to the system.

The number of constraints per atom (n) for the glass
(100− x − y − z)SiO2− x Al2O3− y B2O3− z Na2O can be cal-
culated from the above analysis based on the fraction N of each
network-forming species:

n
(
x , y , z

)
= 3N (O)+ 5N (Si)+ 7N (AlV)+ 5N

(
AlIV

)
+ 5N

(
BIV)
+ 3N

(
BIII)
+ 2N (Na −NBO) (2)
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Smedskjaer Topological model for boroaluminosilicate glass hardness

With this expression for n(x,y,z) inserted into Eq. 1, we can cal-
culate the hardness of sodium boroaluminosilicate glasses, assum-
ing that the necessary structural data are available and by taking
dH /dn as a fitting parameter.

RESULTS AND DISCUSSION
We first consider the series of glasses with varying Si/Al ratio
[(80− x)SiO2− x Al2O3− 5 B2O3− 15 Na2O with x = 0, 1, 2.5, 5,
7.5, 10, 12.5, 15, 17.5, and 20], for which hardness data have already
been reported (Zheng et al., 2012b). Figure 1 shows the composi-
tion dependence of the experimentally determined hardness values
and those calculated based on Eqs 1 and 2 with the analyzed chem-
ical compositions and 11B and 27Al magic angle spinning (MAS)
NMR data as input (Zheng et al., 2012a). Hardness is plotted
against the value [Al2O3]− [Na2O], i.e., the excess concentration
of Al3+ not being charge-balanced in tetrahedral configuration by
Na+. dH /dn is found experimentally to be equal to 7.2 GPa. Using
this value, we find good agreement between the predicted and
measured values of hardness (Figure 1), even though the glasses
cover a wide compositional regime from 0 to 20 mol% Al2O3.
That is, the topological model is able to capture the increase in H
with increasing [Al2O3] in the peralkaline regime until reaching
its maximum value around [Al2O3]− [Na2O]=−5 and the fur-
ther increase in H with increasing [Al2O3] in the peraluminous
regime is also captured.

In the second series of glasses also with varying Si/Al ratio
but at different Na/B ratio, the experimentally determined
hardness exhibits a minimum around the composition with
[Al2O3]= [Na2O] (Figure 2). As shown in the Figure, this compo-
sitional scaling of hardness can also be predicted by the topological
model using the published structural data (Smedskjaer et al., 2014)
and with dH /dn equal to 7.4 GPa. The decrease in hardness with
increasing [Al2O3] in the peralkaline regime occurs due to the
decrease in the fractions of the tetrahedral Si and B atoms, while
the increase in hardness with increasing [Al2O3] in the peralumi-
nous regime occurs due to the increase in the fraction of fivefold
coordinated Al atoms.

For the third series of glasses with varying Na/B ratio, the
experimentally determined hardness values are plotted in Figure 3
against the value [Na2O]− [Al2O3]− [B2O3], i.e., the excess con-
centration of Na+ not being used for charge-balancing Al3+ and
B3+ in tetrahedral configuration. Hardness increases with increas-
ing modifier content (Na2O) for [Na2O]− [Al2O3]− [B2O3] < 0
due to the increase in the fractions of tetrahedral Si and B atoms,
while hardness dramatically drops with increasing [Na2O] for
[Na2O]− [Al2O3]− [B2O3] > 0 primarily due to the decrease in
the fraction of tetrahedral B atoms. This trend can also be pre-
dicted by the model of Eq. 1 based on the published structural
data (Smedskjaer et al., 2014) and with dH /dn equal to 7.4 GPa.

Our topological model is thus able to account for three distinct
composition dependences of hardness of sodium boroaluminosil-
icate glasses with an approximate constant value of dH /dn equal
to 7.3 GPa (Figures 1–3). Consequently, Figure 4 shows that the
hardness values scale linearly with the number of room tempera-
ture constraints and ncrit= 2.5 appears to be a universal value valid
also for these boroaluminosilicate glasses. Moreover, the results
suggest that the proportionality constant dH /dn is a constant
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FIGURE 1 | Composition dependence of Vickers hardness (H ) for the
first series of boroaluminosilicate glasses: (80−x )SiO2 −x Al2O3 −5
B2O3 −15 Na2O with x =0, 1, 2.5, 5, 7.5, 10, 12.5, 15, 17.5, and 20 (Zheng
et al., 2012b). The filled squares represent the experimental data points,
whereas the open squares represent the computed H (x ) values with Eq. 1
(dH /dn=7.2 GPa) using the analyzed compositions and 11B and 27Al MAS
NMR data (Zheng et al., 2012a).
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FIGURE 2 | Composition dependence of Vickers hardness (H ) for the
second series of boroaluminosilicate glasses: (84.4−x )SiO2 −x
Al2O3 −11.6 B2O3 −4.0 Na2O with x =0, 1.4, 2.7, 4, 5.3, and 6.6. The filled
squares represent the experimental data points, whereas the open squares
represent the computed H (x ) values with Eq. 1 (dH /dn=7.4 GPa) using the
analyzed compositions and 11B and 27Al MAS NMR data (Smedskjaer et al.,
2014).

within a given glass family and for identical indentation condi-
tions. We have previously found values of dH /dn equal to 9.9 GPa
for borate glasses (Smedskjaer et al., 2010a,c) and 10.4 GPa for
borosilicate glasses (Smedskjaer et al., 2011), but those indenta-
tions were performed at load of 0.25 N. For the borate glasses, we
found dH /dn to be equal to 12.6 and 9.9 GPa for loads of 0.098
and 0.25 N, respectively, i.e., there appears to be a load dependence
of the proportionality constant.

We have shown that temperature-dependent constraint the-
ory is a powerful tool for predicting the composition dependence
of hardness for sodium boroaluminosilicate glasses. This can be
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FIGURE 3 | Composition dependence of Vickers hardness (H ) for the
third series of boroaluminosilicate glasses: 83.0 SiO2 −1.4 Al2O3 −y
B2O3 − (15.6−y ) Na2O with y =0, 2.3, 4.8, 7.1, 8.6, 10.1, and 11.6. The
filled squares represent the experimental data points, whereas the open
squares represent the computed H (y ) values with Eq. 1 (dH /dn=7.4 GPa)
using the analyzed compositions and 11B and 27Al MAS NMR data
(Smedskjaer et al., 2014).

applied to quantitatively design boroaluminosilicate glasses with
desired hardness without having to melt a large number of glasses.
However, to perform such model calculations, accurate structural
models of boron and aluminum speciation are required. In the
following, we apply the Yun–Bray model to predict the com-
position dependence of boron speciation (Yun and Bray, 1978),
where we take [Na2O]− [Al2O3] as the effective modifier con-
centration (Zheng et al., 2012a). According to this model, the
concentration of fourfold coordinated boron atoms increases pro-
portionally with the modifier content up to a maximum and
then diminishes, since further modifier addition leads to NBO
formation on the silica tetrahedra. To the best of our knowl-
edge, no quantitative structural models of aluminum speciation
in boroaluminosilicate glasses have been developed. We assume
that the Al speciation is completely controlled by the sodium-to-
aluminum ratio. For [Al2O3] < [Na2O], we can simply subtract
[Al2O3] from [Na2O] to get the amount of modifier left to act
in other roles. For [Al2O3] > [Na2O], aluminum is assumed to
consume all Na+ in charge-balancing Al tetrahedra, leading to
formation of AlV species, i.e., for simplicity, the possible forma-
tion of octahedral aluminum (Stebbins et al., 2000) or oxygen
triclusters (Toplis et al., 1997) is neglected in the following model
calculations.

With these assumptions, we can calculate the composition
dependence of boron and aluminum speciation. These results are
used as input to first calculate n(x,y,z) with Eq. 2 and then cal-
culate H (x,y,z) with Eq. 1, where we set dH /dn equal to 7.3 GPa
(i.e., the average value obtained for the three glass series). Figure 5
shows the model calculations for hardness of a sodium boroalu-
minosilicate system with [Na2O]= 10% but varying ratios of the
network-formers. For this system, high-hardness glasses are found
in the low-B2O3, high-Al2O3 composition space due to the high
concentration of fivefold Al atoms, each with seven angular O–
Al–O constraints. Such simple analytical calculations can thus be
used to identify compositional regions of high hardness and reveal
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FIGURE 4 | Measured Vickers hardness (H ) at 0.49 N for the three series
of sodium boroaluminosilicate glasses [(100−x −y − z) SiO2 −x
Al2O3 −y B2O3 − z Na2O)] as a function of the calculated average
number of room temperature (T <T γ) constraints n (Eq. 2). The solid
line represents Eq. 1 with dH /dn=7.3 GPa. The inset is an enlarged view of
the H vs. n data.
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FIGURE 5 | Model calculations of hardness (H ) for sodium
boroaluminosilicate glasses that all contain 10 mol% Na2O, i.e., the
fractions in the ternary diagram represent the relative concentrations
of the network-formers (SiO2, B2O3, and Al2O3). H is calculated using Eqs
1 and 2 with dH /dn=7.3 GPa. Boron and aluminum speciation have been
predicted as described in the text.

the underlying structural and topological origins. We note that the
glass-forming ability of the melts should also be considered when
designing new glass compositions, since the entire composition
space in Figure 5 cannot be turned into glasses using standard
laboratory melt-quenching techniques.

The hardness calculations performed in this study are all for
sodium boroaluminosilicate glasses, but it would be interest-
ing to extend the model to be applicable to boroaluminosilicate
glasses with other network-modifier species. It is possible that
the network-modifier cations could be distinguished based on
their relative effect on the constraint onset temperatures. How-
ever, when calculating hardness, the constraints are counted at
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Smedskjaer Topological model for boroaluminosilicate glass hardness

room temperature, where all constraints are assumed to be intact
for boroaluminosilicate glasses. Therefore, the network-modifier
cations with the same coordination number would be considered
to have the same impact on the total number of constraints at room
temperature. To account for the differences between different
network-modifier cations, it could be possible to apply the recently
introduced concept of constraint strength (Rodrigues and Won-
draczek, 2014). Alternatively, the effect of the modifier cation on
the hardness calculation could be accounted for through the value
of the proportionality constant dH /dn, i.e., different dH /dn val-
ues might be obtained for lithium vs. sodium boroaluminosilicate
glasses.

CONCLUSION
Using temperature-dependent constraint theory, a model has been
developed to predict the composition dependence of indenta-
tion hardness of sodium boroaluminosilicate glasses. Applied to
three distinct series of glasses, the predicted hardness values are
in excellent agreement with experimental data. As this modeling
approach is analytical, it can be applied to tailor new industrial
glass compositions with maximized hardness given that accurate
short-range structural data are available. For relatively low Na2O
concentrations, we show that high-hardness glasses are found in
the low-B2O3, high-Al2O3 composition space. Our results also
support the previous observation that a glass network must be
rigid in at least two dimensions (ncrit= 2.5) to exhibit non-zero
hardness. Finally, the proportionality constant dH /dn is found
to be a constant for a given glass family when using identical
indentation conditions.
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