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Topological constraint theory (TCT) has revealed itself to be a powerful tool in

interpreting the behaviors of amorphous solids. The theory predicts a transition between

a “rigid” overconstrained network and a “floppy” underconstrained network as a

function of connectivity or average coordination number, 〈r〉. The predicted results

have been shown experimentally for various glassy materials, the majority of these

being based on 4-fold-coordinate networks such as chalcogenide and oxide glasses.

Here, we demonstrate the broader applicability of topological constraint theory to

uniquely coordinated amorphous hydrogenated boron carbide (a-BC:H), based on

6-fold-coordinate boron atoms arranged into partially hydrogenated interconnected

12-vertex icosahedra. We have produced a substantial set of plasma-enhanced chemical

vapor deposited a-BC:H films with a large range of densities and network coordination,

and demonstrate a clear threshold in Young’s modulus as a function of 〈r〉, ascribed

to a rigidity transition. We investigate constraint counting strategies in this material

and show that by treating icosahedra as “superatoms,” a rigidity transition is observed

within the range of the theoretically predicted 〈r〉c value of 2.4 for covalent solids with

bond-stretching and bond-bending forces. This experimental data set for a-BC:H is

unique in that it represents a uniform change in connectivity with 〈r〉 and demonstrates

a distinct rigidity transition with data points both above and below the transition

threshold. Finally, we discuss how TCT can be applied to explain and optimize

mechanical and dielectric properties in a-BC:H and related materials in the context of

microelectronics applications.

Keywords: boron carbide, amorphous hydrogenated boron carbide, amorphous solids, topological constraint

theory, rigidity theory

INTRODUCTION

Understanding the fundamental science of amorphous solids remains an essential problem in
condensed matter physics (Billinge and Levin, 2007; Berthier and Biroli, 2010; Huang et al.,
2013; Mauro, 2018). This problem has percolated to the forefront with the increasing demand
for materials that are tunable (Baldus and Jansen, 1997; Medvedeva et al., 2017; Paquette et al.,
2017; Mauro, 2018), manufacturable using gentle processing, and resilient to extreme conditions
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(Deb et al., 2001; Chen et al., 2003; Wilding et al., 2006;
Lin et al., 2011). With expensive ab initio solutions still
generally out of reach, one theory that has shown success
in explaining and predicting behavior in covalently bonded
random networks is topological constraint theory (TCT) or
rigidity theory (Thorpe et al., 2002; Mauro, 2011; Micoulaut,
2016). As an extension to Maxwell’s work on the rigidity of
structural trusses (Maxwell, 1864), TCT was advanced by Phillips
and Thorpe as a model for understanding the mechanical
properties of amorphous glasses as a function of average atomic
constraints (Phillips, 1979; Thorpe, 1983; Phillips and Thorpe,
1985; Thorpe et al., 2002). They showed that the rigidity of
an amorphous network can be evaluated by comparing atomic
constraints to atomic degrees of freedom, with constraints arising
from bond-stretching and bond-bending forces determined by
the average coordination of the network, 〈r〉, and degrees
of freedom equivalent to the dimensionality of the network,
i.e., three in most cases. The TCT model predicts a rigidity
transition at a critical average coordination value, 〈r〉c, when
the number of atomic degrees of freedom equals the number of
atomic constraints −2.4 in 3D covalent networks—demarcating
a threshold between an underconstrained or “floppy” network
and an overconstrained or “rigid” network, with properties
scaling above the rigidity threshold as a function of network
coordination (He and Thorpe, 1985).

Rigidity theory has been applied most extensively to
chalcogenide glasses, such as the GexSe1−x or GexAsySe1−x−y

systems (Boolchand et al., 2001). These systems are uniquely
suitable for studying rigidity theory due to their covalent
bonding and the “mix-and-match” coordination numbers of the
atomic constituents (Se = 2, As = 3, Ge = 4), allowing for
a range of network coordination to be achieved by varying
stoichiometry. The theory has been supported computationally
via the calculation of elastic constants and zero-frequency modes,
which has demonstrated clear thresholds at 〈r〉 ≈ 2.4 (He
and Thorpe, 1985; Franzblau and Tersoff, 1992; Plucinski and
Zwanziger, 2015). The existence of a rigidity transition has
been supported experimentally by probing vibrational and/or
structural features in stoichiometrically varying glassy systems via
Mössbauer spectroscopy (Bresser et al., 1986; Boolchand et al.,
1995), Raman spectroscopy (Feng et al., 1997), and neutron
scattering (Kamitakahara et al., 1991), with evidence of threshold
behavior. A variety of thermal measurements probing glassy
behavior have also corroborated such a threshold (Tatsumisago
et al., 1990; Senapati and Varshneya, 1995). In terms of more
direct experimental evidence, elastic constants/moduli have been
measured, however with a vast majority of studies showing a
lack of compelling support for the anticipated rigidity transition.
In some cases, data sets feature no or only a small number
of samples above or below the predicted threshold; in other
cases, the data featurematerials from different families, obscuring
conclusions; and in yet other cases, the predicted effects are
either not observed or are very subtle, requiring “guides to
the eye” to highlight the desired interpretation (Tanaka, 1989;
Yun et al., 1989; Kamitakahara et al., 1991; Sreeram et al.,
1991; Srinivasan et al., 1992; Guin et al., 2009; Das et al.,
2012). Some data showcase deviations from the theory which

may apply to real material systems, such as a shift in 〈r〉c
(Tanaka, 1986; Duquesne and Bellessa, 1989) or the presence of
multiple transitions (Wang et al., 2013), the latter being ascribed
to the existence of an intermediate phase (Boolchand et al.,
2001).

Rigidity threshold phenomena have also been investigated in
other classes of materials wherein the incorporation of terminal
hydrogen atoms or other groups is used to alter network
connectivity, including a-Si:H (Kuschnereit et al., 1995), a-C:H
(Boolchand et al., 1996), a-C:F (Ghossoub et al., 2010), a-
SiC:H (King et al., 2013), a-SiCN:H (Gerstenberg and Taube,
1989), and a-SiOC:H (Ross and Gleason, 2005; Trujillo et al.,
2010), with a few of these studies (Ross and Gleason, 2005;
Trujillo et al., 2010; King et al., 2013) showing a convincing
transition point, including via experimental modulus data.
Finally, rigidity thresholds have been demonstrated in more
complex materials such as proteins (Rader et al., 2002), zeolites
(Sartbaeva et al., 2006), and cements (Bauchy et al., 2015),
albeit only computationally. Overall, while the literature taken
together provides plenty of evidence for rigidity threshold
phenomena related to network coordination, there is only
a small amount of compelling direct experimental data—
particularly elastic data—corroborating the predicted result,
which has been limited to a relatively small number of
materials classes.

Here, we apply rigidity theory to a unique and unusually
coordinated material, boron carbide. This material has garnered
interest for a variety of applications, including nuclear reactor
coatings (Greuner et al., 2004; Buzhinskij et al., 2009), neutron
detection (Robertson et al., 2002; Caruso, 2010; Gervino et al.,
2013), low-k dielectrics and related layers for integrated circuits
(Han et al., 2002; Nordell et al., 2016b, 2017), and various
specialized coatings (Keski-Kuha et al., 1998; Chen et al.,
2006; Hu and Kong, 2014; Azizov et al., 2015; Störmer et al.,
2016). The particular amorphous hydrogenated boron carbide
(a-BC:H) variant described here was produced in the form
of thin films by plasma-enhanced chemical vapor deposition
(PECVD) from a single-source molecular ortho-carborane (o-
C2B10H12) precursor to form a disordered polymeric carborane-
based network. The material consists of nominally 6-fold-
coordinate boron (and carbon!) atoms arranged into 12-vertex
icosahedral C2B10Hx subunits. These icosahedral subunits are
then—we believe (Paquette et al., 2011)—cross-linked either
directly to each other (Figure 1A) or via hydrocarbon linkers
(Figure 1B), where the total amount of 1-fold-coordinate
atomic hydrogen contained within the material correlates
with decreased overall network coordination through the
termination of icosahedral vertices and decreased cross-linking.
By varying PECVD conditions, we have produced a substantial
set of a-BC:H films with a vast range of densities, hydrogen
concentrations, and effective network coordination (Figure 2A;
Nordell et al., 2015, 2016a,b). We have observed a clear
threshold in Young’s modulus [and other properties (Nordell
et al., 2015, 2016a,b)] as a function of density/hydrogen
concentration (Figure 2B), which we attribute to a rigidity
transition. In the present study, we describe and compare
a number of constraint counting strategies and show how
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FIGURE 1 | Illustration of possible cross-linking modes in amorphous

hydrogenated boron carbide (a-BC:H): (A) directly between icosahedra and

(B) via intericosahedral carbon. In (B) are shown both 6-fold-coordinate

intraicosahedral carbon and 4-fold-coordinate extraicosahedral carbon

environments.

a-BC:H adheres to traditional TCT predictions if we apply
a “superatom” approach and treat individual icosahedra as
independently constrained units. Further, we discuss how TCT
can be used to predict and optimize material properties of
technological relevance. Importantly, the data span the “floppy,”
“transition,” and “rigid” regimes, and—assuming no underlying
phase transition exists—represent a direct change in network
coordination and connectivity not obscured by additional
chemical or structural ordering contributions. This result is an
essential contribution in supporting the generality and versatility
of TCT for predicting and understanding the properties of
amorphous solids.

RESULTS AND DISCUSSION

Topological constraint theory allows us to determine the number
of zero-frequency modes or floppy modes, f, within a network—
which can be related to its rigidity and glass properties—
based on the difference between its atomic degrees of freedom,
nd, and atomic constraints, nc. The constraint counting rules
developed by Phillips and Thorpe can be applied with a simple
knowledge of network coordination. Every r-coordinated atom
accounts for r/2 bond-stretching constraints (since two atoms
share each bond) and 2r – 3 bending constraints (since a 2-fold-
coordinate atom involves one angle, with each additional bond
introducing two new angles). If we take the average coordination

FIGURE 2 | (A) Range of density and atomic concentration hydrogen in

amorphous hydrogenated boron carbide films. (B) Young’s modulus (E) as a

function of density in a-BC:H films.

number, 〈r〉, the average number of atomic constraints is then
given as nc = 〈r〉/2 + (2〈r〉 – 3). For a three dimensional
network, the number of floppy modes goes to zero when nc
= nd = 3 at a critical coordination number, 〈r〉c, of 2.4,
which represents the rigidity transition point and optimal glass-
forming region.

In extending these constraint counting principles to
amorphous hydrogenated boron carbide, we must first revisit
the nature of the bonding in this material. The present study
is based on multiple series’ of a-BC:H films (Nordell et al.,
2015, 2016a,b), including some fabricated as part of this work,
grown by plasma-enhanced chemical vapor deposition from
the single molecular precursor, ortho-carborane (o-C2B10H12).
We can differentiate the resulting amorphous solid from the
more well-known and heavily studied crystalline BxC variant,
which is known to be comprised of B12 or B11C icosahedra and
C–C–C or C–B–C chains within a densely packed rhombohedral
lattice (Domnich et al., 2011). In contrast, evidence from
previous work suggests that the PECVD carborane a-BC:H
product, while still based on icosahedral units, forms a very
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different disordered polymeric network comprised of ortho-
carborane B10C2Hx units, cross-linked to varying degrees, either
directly to each other or via extraicosahedral hydrocarbon
linkers (e.g., B–CH2-B; Figure 1). Solid-state NMR and FTIR
characterization (Paquette et al., 2011; Nordell et al., 2017) is
consistent with the presence of hydrogenated ortho-carborane
and sp3 hydrocarbon functionalities within the network.
We assume that all carborane vertices that are not cross-
linked are terminated by hydrogen atoms. What our previous
characterization does not show evidence for are other types
of boranes (e.g., partial cages), extraicosahedral boron (e.g.,
C–B–C chains), or B–H–B bonding. It is possible that these
moieties could still be present and simply not observed due
to the expected weak signal, but if so they would exist in
minimal quantities.

On the basis of this information, we assume that all of the
boron atoms are bonded within an icosahedral environment,
and thus can be considered 6-fold coordinate. It is possible
that some boron could exist in partial cages, C–B–C chains,
or a form of boron oxide (Li and Qiu, 2007), but these
have not been observed spectroscopically, and therefore if such
compositions exist, they would most likely be present in a very
small amount and would not contribute significantly to the mean
coordination of the solid. The carbonwithin the a-BC:H network,
on the other hand, exists as both intraicosahedral carbon and
extraicosahedral sp3 hydrocarbon and can be considered to be in
a non-traditional 6-fold-coordinate environment in the former
case and a traditional 4-fold-coordinate environment in the
latter (Figure 1B). Although it is possible that some sp (2-fold-
coordinate) or sp2 (3-fold-coordinate) hydrocarbon exists, this
has not been observed by NMR and FTIR and would again
be present in minimal quantities if at all. Finally, hydrogen
atoms exhibit 1-fold-coordinate bonding, either terminating
carborane vertices or satisfying hydrocarbon valencies. Hydrogen
is known to exhibit rare bridging B–H–B bonding in amorphous
boron-based solids (Anan’ev et al., 2002), but since this is
not observed spectroscopically, we assume its contribution is
absent or negligible. Finally, we would be remiss to not mention
oxygen, which is inevitably present in these a-BC:H films
in concentrations ranging from ∼1–10% (Driver et al., 2012;
Nordell et al., 2015). This element is found to exist in the form
of OH groups, CO groups, and/or boron-oxide-based species,
and is generally considered 2-fold coordinate. We have found
that including oxygen in our constraint counting has a negligible
effect on the result, and therefore because it is considered a
contaminant we do not include it here.

Armed with knowledge of the atomic structure and
coordination environments, we can calculate the mean network
coordination for each film based on the concentrations of the
atomic species: [B], [C], and [H]. Atomic concentrations were
measured via combined Rutherford backscattering spectroscopy
(RBS) and nuclear reaction analysis (NRA) methods (Nordell
et al., 2015, 2016a,b). In our accounting, we assume that all
boron is present within carborane units and that all carborane
units maintain B10C2 stoichiometry. Therefore, for each 10
boron atoms, 2 icosahedral C atoms ([Cicosahedral]) must be
accounted for, with the remaining C atoms assumed to exist as
sp3 hydrocarbon species ([Csp3]). The average coordination of

FIGURE 3 | (A) Linear and (B) log plots of Young’s modulus (E) as a function

of average coordination number (〈r〉) calculated using an atomic constraint

counting method for a-BC:H films. The data above the transition region is fit to

a power-law function to yield an exponent of 4.4.

the network, 〈r〉, is thus defined as:

〈r〉 =
rB[B]+ rC(icosahedral)[Cicosahedral]+ rC(sp3)[Csp3]+ rH[H]

[B]+ [Cicosahedral]+
[

Csp3

]

+ [H]

=
6 [B]+ 6 [Cicosahedral]+ 4

[

Csp3

]

+ 1[H]

[B]+ [Cicosahedral]+
[

Csp3

]

+ [H]
(1)

We distinguish this first constraint counting strategy as
the “atomic model,” because it considers the coordination
environment of each individual atom. Figure 3 displays plots of
Young’s modulus (E), measured via nanoindentation (Nordell
et al., 2015, 2016a,b), vs. coordination number (〈r〉) (a) as well
as the associated log–log plot (b). The data appear to show three
distinct regions beginning at high Young’s modulus: a first region
with E decreasing steadily with decreasing 〈r〉 until E ≈ 130 GPa
and 〈r〉 ≈ 4.3 (light blue region), a steep fall off in E between
〈r〉 ≈ 4.3 and 4.1 centered at 4.2 (medium blue region), and a
relative plateau below this with E ≈ 20 GPa (darker blue region).
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To assess themerit of the constraint countingmodel, we compare
the results with two predictions from TCT: (1) the existence of a
critical threshold, and (2) the observation of a power law behavior
in Young’s modulus as a function of 〈r〉 above the threshold.

For a typical covalent 3D network, the predicted critical
coordination is 2.4. However, for a network containing 1-fold-
coordinate (OFC) atoms, a correction must be introduced to
account for these as they do not impose the same constraints
(Boolchand and Thorpe, 1994). The predicted threshold can thus
be calculated based on the formula established by Boolchand and
Thorpe, where the threshold coordination is effectively adjusted
for the fraction of 1-fold-coordinate (hydrogen) atoms as:

〈r〉c(OFC) = 2.4− 0.4

(

[H]

[B]+ [C]+ [H]

)

(2)

For the a-BC:H samples, the predicted 〈r〉c(OFC) ranges between
2.1 and 2.2 as a function of the actual H concentration of each
sample. The experimental data does show a transition, but the
center of this transition at 〈r〉 = 4.2 is not consistent with the
value of 2.4 predicted by TCT theory. Interestingly, it is closer to
the value predicted based on the bond percolation (BP) threshold,
pc, for a simple 6-fold-coordinate cubic 3D lattice (vs. that for
a 4-fold-coordinate tetrahedral lattice). Assuming a pc value of
∼0.25 (Vyssotsky et al., 1961; Phillips and Thorpe, 1985; Galam
and Mauger, 1996), 〈r〉c(BP) is obtained as 〈r〉c(BP) = z – z(pc) =
4.5, with z = 6. Although Vyssotsky et al. (1961) do report that
the lattice type does not have a significant effect relative to lattice
dimensionality and coordination number, it is unclear whether a-
BC:H can be appropriately modeled by this theory, not only due
to it not forming a cubic lattice but also due to the nature of its
bonding (vide infra).

As for the second TCT prediction, He and Thorpe
demonstrated that there is a power-law type behavior in the
elasticity of network glasses (He and Thorpe, 1985), where the
elastic constants (C) exhibit a power law with exponent ν as
a function of mean coordination above 〈r〉c as C ∝ (〈r〉 –
〈r〉c)

ν . Using a modified diamond lattice, they computed this
exponent to be 1.5. Franzblau and Tersoff expanded on this work,
showing that the exponent can range between 1.35 and 1.89
depending on the ratio of the bond-stretching and bond-bending
force constants, α and β (Franzblau and Tersoff, 1992). In the
a-BC:H data, the Young’s modulus does exhibit a power law
response above 〈r〉c(experimental); however, the calculated exponent
is 4.4, which does not match the theoretical prediction. The
mismatch between experiment and theory suggests that perhaps
the constraint counting strategy can be improved.

In revisiting our constraint counting method, we first
recognize that boron exhibits non-traditional bonding. From a
valence bond perspective, boron is known to form 3 center−2
electron (3c−2e) bonds as opposed to the 2 center−2 electron
(2c−2e) bonds most commonly observed. Thus, within an
icosahedron, the electron density is located, not between sets of
two boron atoms, but at the center of groups of three boron
atoms. At the vertices of the icosahedra, we find more traditional
outward-pointing 2c−2e sigma bonds (Emin, 1987). From a
molecular orbital (MO) perspective, an icosahedron contains 13

FIGURE 4 | “Superatom”-based network in polymeric a-BC:H (with minimal

cross-linking shown for simplicity). Each icosahedron is treated as a

constrained superatom with a total possible coordination of 12.

internally bonding molecular orbitals and 12 externally bonding
MOs. Within the internally bonding MOs, the electron density
is delocalized across the surface of the icosahedron, which is
considered to be aromatic (King, 2001). For an icosahedron
composed of 12 boron atoms, each atom contributes three
bonding electrons, for a total of 36. Twelve of these are reserved
for external bonding at each vertex, which leaves 24 to fill the
13 internally bonding MOs, coming up 2 short. This explains
why the C2B10 icosahedron is particularly stable (relative to the
unstable B12 icosahedron) as the carbon atoms contribute these
two additional electrons.

Thus, from a bonding perspective, it may not be appropriate
to treat the constraint counting within icosahedra based on
a “ball and stick” bonding model when the electron density
is not located between pairs of atoms but rather delocalized
across the entire cluster. A similar breakdown in constraint
counting is described by Robertson in relation to amorphous
carbon (Robertson, 1992). However, between icosahedra, the
connectivity is based on the more traditional sigmoidal
bonding. Thus, given the overconstrained and strongly bound
nature of the individual icosahedra, it is attractive to treat
these as rigid “superatom” units (Castleman and Khanna,
2009), and rather than consider the degree of connectivity
between individual atoms, instead consider the degree of
connectivity between icosahedra (Figure 4). In this modified
“superatom” constraint counting strategy, we therefore count
individual icosahedra as independently constrained units with
a hypothetical coordination number of 12, and then count
the remaining extraicosahedral carbon atoms (recall we assume
that all boron is contained within icosahedra, and that for
each 10 icosahedral B atoms, there must be two associated
intraicosahedral C atoms) as 4-fold coordinate, and all H atoms
as 1-fold coordinate (Equation 3).

〈r〉 =
ricosahedron[B10C2]+ rC(sp3)[Csp3]+ rH[H]

[B10C2]+
[

Csp3

]

+ [H]

=
12 [B10C2]+ 4

[

Csp3

]

+ 1[H]

[B10C2]+
[

Csp3

]

+ [H]
(3)
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FIGURE 5 | (A) Linear and (B) log plots of Young’s modulus (E) as a function

of average coordination number (〈r〉) calculated using a “superatom” constraint

counting method for a-BC:H films. The data above the transition region is fit to

a power-law function to yield an exponent of 1.5.

The results of this constraint counting scheme are given in
Figure 5. Once again we observe a clear transition region for E
(medium blue shading) separating high 〈r〉 (lighter blue shading)
and low 〈r〉 regions (darker blue shading), but in this case
it is spanning an 〈r〉 range of 2.2–2.6, centered at 〈r〉 = 2.4
(Figure 5A). A log–log plot (Figure 5B) clearly shows a distinct
linear relationship above this transition region, demonstrating a
power law fit with an exponent of 1.5, exactly consistent with He
and Thorpe’s prediction. The distinction between the transition
region and the low 〈r〉 region is less clear than in the atomic
model, although there does still appear to be a rapid change
in E with 〈r〉 (∼30–130 GPa) in the transition region distinct
from a more gradual change in E with 〈r〉 below this (∼10–
30 GPa). The central rigidity threshold value of 2.4 is now in
line with that predicted by theory, although slightly higher than
the value of 2.1–2.2 predicted for a-BC:H when applying the 1-
fold-coordinate atom correction. (We note that in computing
the critical coordination for the superatom network, we take

the degrees of freedom for each icosahedron to be 3 as we are
assuming spherical symmetry.) However, the initial onset of the
steep rigidity increase is very close to the prediction.

The observation of an experimental transition point slightly
higher than predicted by theory is quite common, and has
been shown in several amorphous systems, albeit for different
reasons. Most work on topological constraint theory has focused
on chalcogenide glasses, and the demonstration of a rigidity
transition via the measurement of elastic properties has yielded
ambiguous results. A majority of studies do not show a clear
transition in elastic constants or modulus at 〈r〉 = 2.4, but many
do show a transition at 〈r〉 ≈ 2.7 (or a cutoff at 2.7, which
can neither confirm nor deny the existence of said transition).
(Tanaka, 1986; Duquesne and Bellessa, 1989; Yun et al., 1989;
Kamitakahara et al., 1991; Sreeram et al., 1991; Yang et al.,
2010) Early explanations posited that this effect could be due to
underlying Van der Waals (VDW) forces which are unaccounted
for in the theory, that can shift and/or “wash out” the rigidity
transition (Tanaka, 1986, 1989; Thorpe et al., 2002). It also
became clear that these transition points corresponded to distinct
changes in ordering (layers/clusters, and cross-linking thereof)
of the material (Duquesne and Bellessa, 1989; Yun et al., 1989).
For example, in the Ge–Se system, 〈r〉 = 2.4 corresponds to a
GeSe4 stoichiometry, at which point Se chains are fully cross-
linked by Ge atoms, whereas 〈r〉 = 2.67 corresponds to a
GeSe2 stoichiometry, whereupon Ge–Ge bonds begin to form
(Rouxel, 2007). These changes are still related to coordination
number, though highlight distinct changes in network structure.
The most current, yet still controversial (Micoulaut, 2016),
interpretation of this phenomenon is that in systems where
there is underlying ordering, the two transition thresholds
represent the delineation of the so-called “intermediate phase”
between floppy and stressed–rigid states, where the system is
rigid yet optimally constrained (Boolchand et al., 2001; Sartbaeva
et al., 2007). We note that although these two transitions
are generally not observed in elastic modulus data, they are
observed through other experimental probes such as differential
scanning calorimetry and Raman spectroscopy (Boolchand et al.,
2001). Of course, other effects beyond network coordination can
influence elastic properties, including bond strength and packing
density (Rouxel, 2007), and the changes in stoichiometry and
medium-range order in chalcogenide glasses as a function of 〈r〉
therefore convolute the interpretation of network-coordination-
based results for these systems to some extent. Tichý, for example,
ascribes the transitions instead to chemical thresholds (Tichý and
Tichá, 1994).

In terms of other material systems that demonstrate rigidity
thresholds, in SiO2 the rigidity transition is also shifted to
2.67 due to the broken bond-bending forces of the oxygen
atoms (Zhang and Boolchand, 1994; Boolchand et al., 2001).
The a-BC:H system studied here is perhaps most similar,
however, to other partially hydrogenated networks such as a-
SiC:H and a-SiOC:H, in which rigidity transitions have been
observed at 〈r〉 ≈ 2.4 (Ross and Gleason, 2005; Trujillo
et al., 2010; King et al., 2013). Consistently, these transition
points are similarly ∼0.2–0.3 coordination units higher than
theoretically predicted if one accounts for the 1-fold-coordinate
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correction. This could potentially be due to oxygen-based
bonding in the case of a-SiOC:H or VDW bonding in the
case of a-SiC:H. In a-BC:H, VDW and other weak forces may
likewise cause a slight shift in the experimentally observed
transition threshold.

Another point of discussion concerns the region below the
rigidity threshold. Although basic rigidity theory predicts that
the elastic modulus goes to zero below 〈r〉c, this is not the
case in experiment due to the presence of dihedral angle and
VDW forces that contribute an underlying elasticity (He and
Thorpe, 1985). In other hydrogenated/fluorinated materials, the
Young’s modulus/hardness tends toward zero at 〈r〉c in the case
of a-C:H/a-C:F (Ghossoub et al., 2010; King et al., 2013) or
finite yet very low values below 〈r〉c in the case of a-SiC:H/a-
SiOC:H (Ross and Gleason, 2005; Trujillo et al., 2010; King
et al., 2013), yet in a-BC:H, it remains relatively high. This
“superatom” system is unique in that, in addition to VDW and
related forces, we must also consider the intrinsic rigidity of the
icosahedra as well as the fact that boron-based covalent bonds
are extremely strong. Further, in a-BC:H, the elastic modulus
does not stabilize below 〈r〉c but instead continues to decrease,
the most straightforward reason for which is due to the decrease
in network density associated with further decreases in 〈r〉.
This effect is not typically captured in simulations due to these
being based on the removal of bonds rather than both atoms
and bonds or the substitution of atom types. Finally, regarding
the transition region, it is unclear whether the behavior of
the data between 〈r〉 = 2.2 and 2.6 represents some form of
“intermediate phase” or is simply the experimental broadening
of a sharp transition. As mentioned above, the elastic constants
for simple non-ordering networks are predicted to gradually
approach zero with decreasing 〈r〉 until 〈r〉c (He and Thorpe,
1985; Plucinski and Zwanziger, 2015). Based on experimental
work for materials which are said to possess an intermediate
phase, we might anticipate a plateau in this region; vibrational
markers tend to plateau, for example (Boolchand et al., 2001).
In a rare example reported by Wang et al. where two elastic
thresholds are observed experimentally in a chalcogenide glass,
the data also reveal a plateau between the two (Wang et al.,
2009). However, in this study the change in elastic modulus
essentially mirrors the change in density, which decreases over
this same region, highlighting the convolution of the effect of
packing density and coordination on modulus. In a-BC:H, on
the other hand, at the transition point, rather than a plateau,
we instead observe a steep fall off from ∼130 to ∼30 GPa
over a narrow range of 〈r〉. This change is not associated
with an abrupt change in density, which varies smoothly with
coordination number. If we base our interpretation on the
assertion that it is the structural variability or the ability of a
network to self-organize that leads to the intermediate phase
(Micoulaut and Phillips, 2007; Sartbaeva et al., 2007), then
the smooth transition in network connectivity predicted in a-
BC:H may suggest that what we are observing is indeed a
sharp transition associated with a significant loss in rigidity at
the threshold.

Importantly, not only does a-BC:H stand out in that it
demonstrates a distinct rigidity transition with a large number

of data points both above and below the threshold, but it may
also represent a unique example system where there is, in fact,
a smooth variation in network connectivity independent from
changes in medium-range ordering or chemical stoichiometry.
In this way, despite its perceived complexity, the superatom
a-BC:H network may actually be quite similar to the most
simple theoretical network models such as the modified diamond
lattice studied by He and Thorpe. One question that might
arise is whether our simplified structural model of a-BC:H is
truly an accurate representation of this system. To probe this
question, we attempted constraint counting with several different
variations. In addition to the superatom constraint counting
strategy described above, we applied a second strategy where we
neglected extraicosahedral carbon entirely, and only considered
the ratio of 12-fold-coordinate icosahedral superatoms to 1-
fold-coordinate hydrogen atoms. Using a third strategy, we
assumed all extraicosahedral carbon was present in the form
of CH2 groups, and treated CH2 groups as constrained 2-fold-
coordinate units. In all three cases, the results were nearly
identical to those shown in Figure 5, with the same transition
point and power-law exponents, and only very slight deviations
in the scatter of the data. Thus, we can conclude that the
core connectivity of the lattice is by and large dependent
on the degree of cross-linking between icosahedra, primarily
determined by the degree of hydrogenation, and that the detailed
structure and connectivity of the extraicosahedral carbon, which
we admittedly do not fully understand, does not play a
significant role.

In addition to investigating the relationship between Young’s
modulus and average network coordination, we can also look
at the Young’s modulus–density relationship. Here too, we see
a power-law relation above a clear transition point at a density
of ∼1.3 g/cm3 (Figure 6). Similarly to what we have shown for a
subset of this data (Nordell et al., 2016b), a power law fit above
this threshold gives an exponent of 2.0, which is consistent with

FIGURE 6 | Logarithmic plot of Young’s modulus as a function of density for

a-BC:H films yielding an E ∝ D2.0 relationship above 1.3 g/cm3.
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FIGURE 7 | High- (ε1, 4.6 × 1014 Hz, •) and low- (k, 100 kHz, ◦) frequency

relative permittivity as a function of 〈r〉 for a-BC:H films. The inset displays the

difference between k and ε1 as a function of 〈r〉.

the quadratic scaling relationship expected for cellular solids, as
well as with that observed for disordered nanoporous silica (Jain
et al., 2001; Fan et al., 2007; Meza et al., 2014). At ∼1.3 g/cm3,
the modulus drops sharply, and below 1.2 g/cm3, the data display
significantly increased scatter.

Another property of a-BC:H that may be influenced by the
rigidity regime of the a-BC:H network is its permittivity,
a frequency-dependent quantity related to a material’s
polarizability. A material’s polarization may be broken into
three contributions: (1) the electronic polarization (movement
of electrons) at high (optical) frequencies, (2) the distortion
polarization (vibration of bonds) at moderate (infrared)
frequencies, and (3) the orientation polarization (movement
of permanent dipoles) at low (micro-/radio-wave) frequencies
(Maex et al., 2003; Kohl, 2011). In Figure 7 is shown the high-
frequency (1014 Hz) relative permittivity, ε1, which represents
the electronic contribution only, as well as the low-frequency
(105 Hz) or “total” permittivity, k (also commonly referred
to as the dielectric constant), which represents the sum of
the electronic, distortion, and orientation contributions, as
a function of 〈r〉. While we observe a clear trend in ε1 as a
function of 〈r〉, which we attribute primarily to a decrease in
network density (and therefore electronic density), this trend
breaks down for k at low 〈r〉. This is highlighted by the k –
ε1 difference term (Figure 7, inset), which increases below
〈r〉 ≈ 2.4. We hypothesize that this is due to the expected
increase in floppy modes below the rigidity transition which
would contribute to distortion and orientation polarization
effects (Palin, 1967). We note that we have previously found
no relationship between k – ε1 and oxygen concentration
(Nordell et al., 2016b), and therefore the increased polarity
of oxygen-based bonds does not appear to be the cause of
this effect. For low-dielectric-constant or low-k materials, a

key strategy for decreasing k involves decreasing material
density, both by using lower-Z elements (containing fewer
electrons) and lower volume density (i.e., higher porosity or free
volume). A common challenge is the deterioration in mechanical
properties associated with the latter approach (Grill et al., 2014;
Michalak et al., 2015). The result described here suggests that
not only does weak network connectivity decrease mechanical
properties, but may also result in higher-than-anticipated k
values. Thus, establishing low-density yet highly connected
lattices will be essential to attaining both optimal mechanical and
dielectric properties.

CONCLUSIONS

We have shown that amorphous hydrogenated boron carbide
(a-BC:H) exhibits a transition in elastic properties as a
function of average network coordination. By treating the
lattice as a network of rigid icosahedral “superatoms,” the
rigidity transition falls at a critical coordination of 〈r〉 =

2.4 (within a range of 2.2–2.6), essentially consistent with
the Phillips–Thorpe topological constraint theory prediction
with modifications for the contribution from 1-fold-coordinate
atoms. Further, above the rigidity transition, the Young’s
modulus obeys a power law behavior as a function of 〈r〉
with an exponent of 1.5, again consistent with the original
predictions by He and Thorpe and others. We have discussed
how the rigidity theory framework can be used to optimize
properties, such as Young’s modulus and dielectric constant,
for microelectronic applications. Additional analysis remains to
better understand this system. In terms of constraint counting,
using a molecular dynamics approach such as that described
by Bauchy (2019) would be illuminating toward developing a
more rigorous understanding of the constraints present in the
network. Further, studying additional properties, such as glass
transition temperature from differential scanning calorimetry
and vibrational modes from Raman scattering, particularly
in the region of 〈r〉c, could provide valuable complementary
insight into the nature of the transition. Overall, this is one
of the largest and broadest sets, if not the largest/broadest,
of elastic modulus data as a function of coordination number
that we are aware of, and therefore represents a compelling
result in directly supporting the existence of the theoretically
predicted rigidity transition, in addition to supporting the
generalizability of topological constraint theory to a range
of materials.
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