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The occurrence of configuration (design, shape, structure, rhythm) is a universal
phenomenon that occurs in every flow system. Dendritic configuration (or tree-shaped
configurations) is ubiquitous in nature and likely to arise in both animate and inanimate
flow systems (e.g., lungs and river basins). Why is it so important? Is there a principle
from which this configuration can be deduced? In this review paper, we show that these
systems own two of the most important properties of fractals that are self-similarity
and scaling. Their configuration do not develop by chance. It’s occurrence is a universal
phenomenon of physics covered by a principle. Here we also show that the emergence
of dendritic configuration in flow systems constitutes a basic supportive flow path along
which “order” need to persist is propagated.
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INTRODUCTION
In a wide variety of situations the formation of patterns results
from a growth process. Dendritic flow systems exist everywhere
and at every scale ranging from the tiniest vessel network, in
plants and mammals, through the scales of the rivers basins and
deltas. Dendritic geometry characterizes the formation of our
lungs and vascular system [1] but also the growth of bacterial
colonies and stony corals [2, 3] in low nutrient environments.
It characterizes growth shapes in natural systems but also gen-
erates configurations in a variety of physical processes [4]. Much
effort has been devoted to understand the generation of configu-
ration for fundamental reasons but also because of its impact in
the industry. The impact maybe negative (e.g., dendritic growth
in electrodeposition affects the quality of a metal plate or vis-
cous fingering limits oil recovery in porous media) or positive
(e.g., dendritic growth is used to improve catalytic effects because
builds up structures with a large interface).

Among non-equilibrium systems, understanding natural sys-
tems is perhaps one of the most fascinating and challenging. In
the case of human body, it is organized into several specific sys-
tems, each with its own function. Their structure has been the
subject of much interest since a long time ago. Galen, for exam-
ple, who lived in the second century A.D. and spent part of his
lifetime in observation of the human body and its functioning,
described the arteries as “trunks divided into many branches and
twigs” that nourished the body [5].

An examination of the literature reveals that the most com-
mon form of branching in vascular system is bifurcation [6, 7].
While there are heterogeneities in morphological (diameters
and lengths) and hemodynamic (pressure, flow, etc.) param-
eters, studies of blood vessels pointed out a relationship that
links the radius of a parent vessel (immediately upstream from
a vessel bifurcation) to the radii of the daughter (immediately

downstream after a vessel bifurcation). The reduction of vessel
size by a constant factor (2−1/3) is of functional significance [8, 9],
and is usually termed as Murray or Hess–Murray law. Despite pro-
posed based on a theoretical grounds, Hess’s and Murray’s works
went almost unnoticed for nearly five decades [10].

The idea behind Hess–Murray law is that the change in diam-
eter, at each node of bifurcation, is justified based on mini-
mum principles such as the power [9], resistance [11], volume
[12], drag [13], etc., Later, [14] purposed an exponent of 0.43
(∼2−3/7) to all bifurcated vessels whose internal flows obey tur-
bulent conditions. Branching angles are also obtain based on the
minimization of the total volume of fluid by Murray [9].

Not only human vascular system comes in an astounding
number of vessels, forming a network that resembles a tree-like
shape. In fact, Hess–Murray law is supported by a number of
empirical studies in the vascular systems of birds and mammals
[15, 16], mammalian respiratory tree [17, 18], and plants [10, 19].
Lung design, for instances, resembles an inverted tree composed
by a branching structure of 23 generations [17]. It seems that rep-
resents the most efficient structural transition linking atmosphere
to cells [20].

Dendritic flow structures are not exclusive of living organ-
isms. They are of common appearance in natural flow systems
such as river basins and deltas. Their physical structure and evo-
lution has been a subject of major interest [21, 22]. Empirical
evidences led geomorphologists to propose a number of scaling
laws that indicate that some properties of river basins are invari-
ant. The first quantitative treatment of river network structure
was presented by Horton [23]. To provide a means of comparing
stream lengths, drainage areas, etc., indices of significance were
attributed to streams. Horton’s laws [21] state that stream num-
ber, average stream length, and average drainage area decrease
geometrically with stream order defined by the Strahler ordering
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scheme of classifying stream segments [24]. Hack’s law is a power
law relationship between the length of the main stream of a river
basin and the basin’s area [25].

A configuration having an irregular or fragmented shape at
different scales can be described by fractals. Basic characteris-
tics of fractal geometry are self-similarity and fractional (fractal)
dimension. In many cases is well suited to the description of sys-
tems that exhibit scaling behavior. Careful analysis of the vascular
system [26–28], lungs [29, 30], and river basins [21, 31] reveal
fractal scaling.

Physics includes principles that are laws of nature. Laws and
calculus are sufficient to explain and quantify the natural phe-
nomena. The constructal law is about the generation of flow
configuration [6, 32]. The domain of this law is when a purpose
exists and the system has the freedom to morph in the search of
the best flow configuration. The emergence of dendritic flow net-
works understood in the light of constructal has been noticed by
authors [6, 18, 33].

This brief overview is designed to introduce some of the
advances that have occurred in our understanding of dendritic
design of natural flow networks. This design is approached based
on fractal and constructal perspectives. The paper is organized
around two simple questions: why so many dendrite flow struc-
tures emerging in nature? apart from the shape, is there anything
else in common between them?

FRACTAL-LIKE FEATURES OF NATURAL DENDRITIC FLOW
NETWORKS
There is a general recognition that many characteristics of living
systems can be expressed as scaling laws (typically of power law
form) which indicate an invariance under appropriate changes of
scale. Some of them can be related to fractal dimensions [26].
The significance of a fractal geometry as a design principle is
defined by Mandelbrot [26] as the outcome of growth mecha-
nisms grounded in self-similar, and recursive development from
bud to tree. In flow systems, the fractal view is focused on their
complexity and the characterization of that complexity through
(fractal) measures and the dynamics of such measures.

Fractal concepts have been associated to a broad class of
anatomic structures. A branching pattern that repeats itself over
multiple length scales characterizes the respiratory and vascular
networks. In these networks the daughter vessels sizes are recur-
sively defined by those of the parent vessel. Mandelbrot [26] was
the first to suggest that the respiratory tree is fractal, and subse-
quently quantitative characterization of other fractal anatomies
(e.g., vascular networks, neural networks, urinary tract, brain
folds, etc.) is studied by different authors [27, 28].

In dendritic flow structures, when vessels bifurcate their diam-
eters should change by a certain factor, and the ratio of succes-
sive vessel diameters (symmetric daughters to parent) is 2−1/3

referred to as Hess–Murray’s law (d1/d0 = 2−1/3). Within the
framework of fractal geometry, the daughter diameter reduc-
tion factor depends on the fractal dimension D of the dendritic
tree (i.e., d1/d0 = 2−1/D). Thus, for a flow network described by
the Hess–Murray law D is equal to 3 which means a volume-
filling dendritic structure [26]. Vascular [34–36] and bronchial
[1, 37, 38] trees have been found to have fractal-like features

and a fractal dimension close to 3. Some organs, like the lungs,
are constructed by fashioning together several fractal entities,
namely the respiratory (bronchoalveolar), arterial and venous
trees [1, 18]. The surface fractal dimension of the mammalian
lung is about 2.5 with that of the bronchial tree of about 3 [1, 18].
The pulmonary vascular system has dimension fractal of about
3, and the fractal dimensions of diameter-element are 2.71 and
2.64 for pulmonary arteries and pulmonary veins, respectively,
while the equivalent values for length-element are 1.97 and 2.86,
respectively, [1, 35].

The existence of a fractal topology in flow systems is also
viewed as imposing constrains on many processes that occur on
it. In the respiratory tree, airflow synchrony [39], elastodynamic
response [40], and signal propagation [41] are example of these
processes. It seems that if the network has fractal properties, then
the flows that are carried should be fractally distributed [42] and
the output of dynamical physiologic networks should be also frac-
tal [43]. Therefore, the output of trees such as the respiratory
or vascular networks are fractal and multifractal statistical time
series [44].

River basins consist of a main flow stream escorted by a hierar-
chy of side streams of decreasing lengths (i.e., dendritic network).
Horton [23] was perhaps the first author to recognize the self-
similar nature of river networks and many of their empirical
measures can also be expressed as scaling laws. These laws reveal
an invariance under changes of scale and can be linked to frac-
tal dimensions [21, 26, 45]. Mandelbrot [26] suggested that the
branching channel of river network is area-filling and takes on
the dimension of a plane (i.e., 2). Several studies have shown
that the branching channel of river network possess characteris-
tics of fractals with a fractal dimension ranging from 1.6 to 1.95
[21, 45, 46].

The existence of a fractal configuration is very often associated
to maximization of efficiency and more tolerance to variabil-
ity. In this view, it provides an advantage in offering persistent
functional role. Has this configuration greater efficiency?

THE CONSTRUCTAL-LAW ORIGIN OF THE NATURAL
DENDRITIC FLOW NETWORKS
The constructal law is about the generation of configuration
(design, shape) in natural flow systems [6, 7, 38]: the necessity
of design to occur, and the time direction of the phenomenon. It
states that “For a finite-size flow system to persist in time (to live)
it must evolve such that it provides greater and greater access to the
currents that flow through it” [6, 32]. The constructal law asserts
that for any flow system there is a property “configuration” and
relates the generation of configuration to its greater access to flow
or minimum travel time. This is possible because systems have the
freedom to morph (i.e., freedom to change their configuration
in time) to achieve their purpose of higher global performance
under constraints.

LAWS OF BRANCHED VESSEL NETWORKS TO FLUID FLOW
Dichotomy (pairing or bifurcation) is an optimized result in tree-
flow structures provided by the constructal law [6, 7]. A central
feature of branched vessels is that when a parent vessel branches
into symmetric daughter vessels their diameters change by a
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constant factor (Hess–Murray law). This law was justified and
extended based on the constructal design [6, 7].

Consider an incompressible flow through a parent vessel of
diameter d0 and length l0 which bifurcates into two symmet-
ric vessels of diameters d1 and lengths l1. According to the
constructal design, flow structures spring out of objectives and
constraints. The constraints are the total space occupied by the
planar structure and the total volume occupied by the vessels that
are constants. The purpose is the maximum flow access (or min-
imum global flow resistance) encountered by the fluid stream.
For both laminar and turbulent flows the following expression is
obtained [47]

d1

d0
= 2−nd (1)

where d0 is the parent vessel diameter, and d1 is the diame-
ter of daughter vessels. The exponent nd depends on the flow
regime: for laminar flow nd is 1/3 (which agrees with the Hess–
Murray law) but for turbulent flow nd is 3/7 (which agrees with
the Uylings’ modification). It is also found that the lengths l are
described by an equation similar to Equation (1) (i.e., l1/l0 =
2−nl) and the power exponent nl is found to be 1/3 and 1/7,
respectively, for laminar and turbulent flows. These are new
results provided by the constructal design, and also indicate that
the geometry similarity d/l is preserved in going from each par-
ent vessel to daughter vessels for all bifurcated vessels whose fluid
stream is under laminar flow conditions. In turbulent flow con-
ditions, the geometry similarity that is preserved is d1/3/l. In this
study, branching angles in the bifurcation are also derived based
on the constructal law [47].

Natural branched networks, such as the coronary vasculature
[48] and the respiratory tree [37], are characterized by asymmet-
ric sizes at bifurcations, which may be an important determinant
of flow distribution. According to Horsfield et al. [49], the res-
piratory tree can be modeled by using explicit rules that spec-
ify asymmetric morphological attributes in a deterministic way.
This model is based on counting bifurcations inwards from the
periphery. Other approaches, focused on change in size of consec-
utive vessels generation, are provided by Reis [50], Serrenho and
Miguel [51], Miguel [52]. Based on the constructal law, a compre-
hensive generalized scaling equations are presented for the vessels
diameters and lengths of non-symmetric flow structures [51]
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Here nD = 1/nd and nL = 1/nl. For laminar flow nD = nL = 3
but for turbulent flow nD = 7/3 and nL = 7. Murray’s law and
Uylings’ modification are obtained from Equation (2) by formally
setting the d1 = d2 (symmetric vessels).

CONSTRUCTAL BRANCHING LEVELS OF THE RESPIRATORY TREE
The purpose of the lungs is the supply of oxygen to the blood
and the drainage of carbon dioxide from it. Basically, there

are two main flow mechanisms to accomplish this purpose:
streams/convection (low-resistivity flow) and diffusion (high-
resistivity flow). In the lungs, air moves from trachea through suc-
cessive bifurcations of the respiratory tree into ducts of decreasing
diameter up to reach the alveoli. Therefore, lungs stem from the
need to connect a source (or sink) with several points (volume).
Constructal design begins with the objective and constraints. The
purpose is to provide minimum resistance (maximum access)
to flow, and the constraint is the thorax volume. Reis et al.
[20] showed that within this perspective the architecture that
emerges is a tree branched dichotomously over 23 generations.
They showed that this tree geometry constitutes the best oxygen
access to the tissues but also the best for carbon dioxide removal
[i.e., the minimum of Equation (9) is attained at 23.4 and 23.2
for O2 and CO2, respectively, but as the number of bifurcations
must be an integer, it must be 23]. This number of bifurcation
levels matches the 23 levels that the literature indicates for the
lungs [17].

Reis et al. [20] also predicted the dimension of the alveolar sac,
the total alveolar surface area, the total alveolar volume, and the
total length of the airways. Besides, they reported that there is a
constant characteristic length (i.e., the ratio of the square of the
airway diameter to its length is a constant) that characterizes all
individuals of the same species, which is linked to the characteris-
tics of the space allocated to the respiratory process. It determines
univocally the branching level of the respiratory tree.

In the lung, air moves through a multiscale branching net-
work. According to the continuity equation, the reduction of
vessel sizes by a constant factor (Hess–Murray law) leads to a rela-
tionship between velocities in parent and daughters vessels that
can be expressed by v1 = 2−1/3v0 (symmetric daughter vessels),
where v0 is the velocity in the parent vessel diameter, and v1 is the
velocity in the daughter vessels. In the Weibel’s generation scheme
[17] vessels are classified according to their proximity to the tra-
chea (i.e., trachea is level 0). Therefore, the size of this vessel is
related with the size of vessels at level i by di/d0 = 2−i·nd , and
then the relationship between the velocity in the first vessel and
the velocity in the vessels at level i is

v0 = 2i·nd vi (4)

where v0 is the velocity in first vessel (trachea).
To perform its function safely and efficiently, lungs should pro-

vide a velocity near the acinar level not larger than the diffusion
velocity. The Peclet number is a measure between convection and
diffusion. For Pe ∼ 1 both processes are about equally important
but if Pe < 0.3 convection is so slow that dispersive effects are
dominated by molecular diffusion [4]. Therefore,

Pei = vidi

Ddf
= 2−2ind

v0d0

Ddf
< 0.3 (5)

where Pei is the Peclet number at branching generation i and
Ddf is the diffusion coefficient for oxygen or carbon dioxide in
air (i.e., 22.1 × 10−6 m2/s and 17.6 × 10−6 m2/s, respectively, at
temperature of 36◦C).
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The trachea has a diameter of about 25 mm, and at rest airflow
through it experiences a velocity of about 80 cm/s [17, 20]. So, the
Peclet number for the respiratory tree at branching generation 23
is 0.02 and 0.03 for O2 and CO2, respectively, which is much less
than the criterion of Pe23 < 0.3. This criterion is satisfied for tra-
cheal air velocities up to around 8 m/s. Therefore, lung design not
only maximize the airflow access under the constraints posed to
the flow but, after the 23 generations of branches, it also promotes
an efficient slowing of air velocity permitting the gas exchange
between the air within the alveoli and the pulmonary capillaries.

In summary, minimum resistance (maximum access) pro-
vided by a tree with 23 levels of bifurcation and Pe23 < 0.3 enables
the respiratory tree (dendritic network) acting as basic supportive
flow paths along which flows need to survive are propagated.

LUNG AS A NATURAL POROUS MEDIA: RESISTANCE AND HOMOTHETY
RATIO
Tree pattern of tubes may be viewed as a porous material [18]
and the fluid flow may be approached based on hydrodynamics
and on the geometric description of the network. Miguel [53]
derived analytical expressions for steady and transient flows, both
for laminar and turbulent conditions.

Fluid flow through porous materials is generally well char-
acterized by the Darcy’s law. Darcy’s law, just as the Hagen–
Poiseuille equation, assumes a linear relation between the pres-
sure drop and the fluid flow velocity with the proportional
coefficient depending on the fluid viscosity (fluid property) and
intrinsic permeability of media (transport property for flow). It
is valid at small values of the Reynolds and for dendritic flow
systems can be written as [53]

(
�p

ρνQ

)
1

= 32l0
αsf d4

o

1 − 21 − 3nd

1 − (1 − 21 − 3nd)i + 1
(6)

Therefore, the intrinsic dimensionless permeability, K∗, is
given by
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and the total dimensionless volume of the network, V∗, is

V∗ = π

4

[
1 − (

21 − 3nd
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]
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(8)

where K∗ is the intrinsic dimensionless permeability (=K/d02),
V∗ is the total dimensionless volume of the network (=V/l0d02),
ν is the kinematic fluid viscosity, p is the pressure, Q is the airflow,
ρ is the air density and αsf is a shape factor.

Lungs can be viewed as a network with vessels flow resis-
tances (bronchial tree) and diffusive resistances (acinar level).
This means that at the higher scale the flow is characterized by
viscous forces while at the small scale, diffusional transfer of gases
dominates. According to [20], the global dimensionless resistance
is given by

R∗ = 256l20 Ddf φgν

π d4
0 RgT

(
φg0 − φg

) (i + 1) + 0.13

π
2−2ndi (9)

where R∗ is the global dimensionless resistance (and 1/R∗ is the
global dimensionless permeation), i is the number of bifurcations
of the tree, T is the temperature, Ddf is the diffusivity of gas (O2

or CO2) in the air, Rg is the gas (O2 or CO2) constant, and φg

and φg0 are the concentration of gas (O2 or CO2) at the acinar
level, respectively, and can be obtained from Reis et al. [20]. The
first term on the right-hand side of Equation (9) represents the
global resistance associated to higher scale (tree network) and the
second term is the global diffusive resistance of acinar and sub-
acinar scales.

Important design features can be understood in the light of
Equations (6–9). As mentioned before, the geometric ratio that
optimizes the diameters between parent and daughters vessels
(i.e., the homothety ratio) is 2−1/3 or ∼0.79 (Hess–Murray law).
What is the meaning of this result from the perspective of these
equations?

For the 23 generations of branches, Figure 1 shows K∗, V∗ and
1/R∗ vs. the 2−nd. According to this figure, 1/R∗ is almost con-
stant up to 2−nd = 0.79 but after it rapidly decreases. On the other
hand, K∗ and V∗ increase with 2−nd especially for 2−nd > 0.79.
A homothety ratio of 0.79 means that the best design solution is
between the (almost) maximum global permeation and a good
V∗ and K∗. Therefore, global permeation (1/R∗) is dominant in
this trade-off because is essential to survival.

Mauroy et al. [54] suggest that the average homothety ratio
for small lung vessels (around the generation 16) is about 0.85.
Figure 2 shows K∗, V∗ and 1/R∗ vs. 2−nd for the 16th to the
23rd generations of the tree network. According to this figure,
an increase of homothety ratio from 0.79 to 0.85 yields a reduc-
tion of about 30% in permeation and an increase of about 250%
in volume and in intrinsic permeability. This means that a small
decrease in permeation is offset by a huge increase in intrinsic
permeability (to gas flow). This result agrees with the explanation
presented by Mauroy et al. [54] that state that this zone of the res-
piratory tree is built with a certain safety factor to mitigate asthma
or other episodes characterized by progressive narrowing of small
airways.

FIGURE 1 | Dimensionless intrinsic permeability (_______), volume

(__..__..__), and global permeation (__ __ __) vs. the homothety ratio (i.e.,

reduction factor between parent and daughters vessels): 23

generations of branches in the dendritic network.
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FIGURE 2 | Dimensionless intrinsic permeability (_______), volume

(__..__..__), and global permeation (__ __ __) vs. the homothety ratio (i.e.,

reduction factor between parent and daughters vessels): from the 16th

to the 23rd generations of branches in the dendritic network.

Lung design seems to have incorporated another safety feature.
During sedentary and light activity less than 50% of the alveolar
surface is involved in gas exchange between the alveolar air and
pulmonary blood, while during heavy breathing the percentage
reaches 80% [55]. This means that most of time operates below
its full capacity (i.e., full capacity occurs only for extreme con-
ditions), and therefore, has a considerable degree of redundancy
that can be used when is necessary.

Finally, another interesting result is the finding that the total
pressure difference (or drop) at each branching level of the tree
is the same. Consider dichotomic branches whose length and
diameter between parent and daughter vessels change by a con-
stant factor (i.e., d1/d0 = l1/l0 = 2−1/3). As the total flow at each
branching level is a constant (i.e., Q0 = �jQ1j = �jQ2j = . . . .),
then the gas transport efficiency for each one of the 23 genera-
tions of branches, that carry air since the trachea, is equivalent,
because the total pressure difference at each branching level is the
same.

SCALING LAWS OF RIVER BASINS AND THE CONSTRUCTAL LAW
Like the respiratory tree, river basins also display the same den-
dritic flow design. At the smallest scale (soil), Darcy flow prevails
but at higher scale, channeling is developed where the smaller
tributaries move more and more water flow into the bigger
channels.

River basins also generate their area-to-point flow configura-
tion in accordance with the constructal law. The river channels
evolve such that, for a certain water flow input, the ensuing flow
structure has less flow resistance to the drainage basin. Consider
an elemental area filled with a stream. Minimizing the flow resis-
tance with respect to a shape parameter of the stream is equivalent
to minimize the peak pressure, and the configuration that pro-
vides easier flow access is obtained [6, 56]. Next, a larger area (first
construct) filled entirely with elemental streams is considered,
and the geometry of this first construct is optimized by repeating

the procedure used in the optimization of the elemental stream.
Higher order constructs are also optimized using a similar proce-
dure until the specified area is completely covered. Therefore, the
configuration that emerges is a fluid tree in which optimization
has been performed at every scale [6, 56]. The dendrite net-
work for river basins is the optimal result for point to area flow
access.

The scaling laws of river basins are counterparts of the allo-
metric laws of biology. The design features of the constructal
dendritic network provides a theoretical basis for Horton’s and
Hack’s laws, but also a more accurate exponent for Melton’s law,
i.e., 2.45 instead of 2 [6, 56]. Geophysical scaling laws are not
unique with regard to be based on dendritic networks. Based
on the idea of two constructal trees for maximum fluid-flow
access and minimum heat loss, [57] showed that the Kleiber’s law
(i.e., the 3/4-power metabolic scaling) is predictable from pure
theory.

FINAL REMARKS
Configuration is ubiquitous in nature and a key subject in sci-
ence. In this review, dendritic flow configurations in Nature are
treated under to different views: as fractal objects and as prob-
lem of access to flow (i.e., line/area/volume to point or point to
line/area/volume) under the constructal law.

Fractals were introduced by Benoit Mandelbrot in the 1970s.
The fractal view is focused on the complexity of systems and
the characterization of that complexity through (fractal) mea-
sures and the dynamics of such measures. Fractal objects are
statistically self-similar and the value measured for a property
depends on the scale or resolution at which it is measured
(scaling). The self-similarity and scaling can be quantitatively
measured by the fractal dimension. The existence of a fractal
topology suggests a maximization of the efficiency of trans-
port, more tolerant to variability and more adaptive to changes
(internal or external). The respiratory tract studied in this paper
is a good example of this. Why do fractal topologies occur?
What they tell us about nature? The answer is provided by the
constructal paradigm of Adrian Bejan, which had its start in
1996. It clearly links configuration and dynamics. For systems
that are not purposeless (i.e., the ultimate target is to persist)
and are free to morph, configuration is the constructal path to
carry currents (mass, fluid, heat, information, etc.) more and
more easily over time. Configuration features can be anticipated
based on the line/area/volume-to-point flow access optimization.
Therefore, although the differences both fractal and construc-
tal views changed our view of the Nature, and laid important
foundations for measuring and understanding the complexity of
design.

Benefits associated to dendritic flow networks explain why
Nature seems to prefer these configurations. These benefits are
common to biological and geophysical systems and are covered
by the same law. In both cases, dendritic flow configuration acts
as basic supportive path along which flows need to “persist” are
propagated, and underlies allometric laws. In this sense, den-
dritic design links and unites biological and geophysical flow
systems.
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