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We determined many functional representations of interparticle interactions
between water molecules, all of which reproduce the experimentally measured
density-temperature relation at 1 bar with an accuracy better than obtained by
previous models. Numerous similar descriptions of pair interactions will be discovered
increasingly in the coming years, which will help us to understand why solid water
has polymorphic structures and why liquid water has a large number of anomalies. We
used a self-consistent Ornstein-Zernike approximation (SCOZA) with a potential given by
multi-Yukawa terms. Because any smooth potential function can be fitted by multi-Yukawa
terms, the method can be applied to various types of fluids. We also present a new
simple fitting technique that makes the application of the SCOZA to any type of liquid
much easier compared to a conventional Yukawa fit. Our new SCOZA fitting technique is
among the most useful methods for determining the pair interaction between molecules
of any liquid, and the potential will be helpful in improving realistic models.
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1. INTRODUCTION
The thermodynamic properties of liquid water can be derived
by using thermodynamics and statistical mechanics if the inter-
particle interactions between water molecules are understood.
However, the precise shape of the potential function is unknown.
To estimate the interparticle interactions, we first consider the
interaction between two water molecules. A water molecule is
composed of one oxygen atom and two hydrogen atoms. The oxy-
gen atom is made up of one positively-charged oxygen nucleus
and eight negatively-charged electrons. A hydrogen atom is com-
posed of one positively-charged hydrogen nucleus and one neg-
atively charged electron. Therefore, one water molecule is made
of 13 particles. Thus, we would be able to determine the inter-
action potential between two water molecules from the quantum
mechanical wave function that describes this 26-particle system,
which is not an easy task. Furthermore, in real water, a large num-
ber of molecules exist around the molecules under consideration.
The surrounding molecules will affect the wave function. That
is to say, many more particles than those of the system of two
water molecules must be taken into account to obtain the interac-
tion potential between water molecules in real water. Therefore, it
would be impossible to describe the interaction realistically from
the basic equations of quantum mechanics or some other physics.

Presently there are two methods that are often used to approx-
imate the interparticle interactions between water molecules. In
the first method, the positive and negative charges in a water
molecule are treated as point charges and are located at fixed
places near the oxygen atom. The oxygen atoms interact with
each other through the Van der Waals force, and each charged
particle interacts with those of different molecules through the
electrostatic Coulomb force. The thermodynamic properties of a
system composed of such molecules can be estimated by using

molecular dynamics simulations or Monte Carlo methods [1–8].
A large number of models of this type have been put forward,
and their predicted thermodynamic properties have been com-
pared with experimentally measured data. Among them, the
simple m-Water model [8] is known to reproduce experimen-
tal data most accurately. Although it is well known that the
m-Water model produces a tetrahedral network, its reproduc-
tion of the experimental density anomaly is not so good. We
explain below that it is not necessarily the same thing to pro-
duce a tetrahedral network and to reproduce the density anomaly.
Furthermore, it does not seem to be so easy to elucidate the
physics underlying the anomalous behaviors of liquid water. This
is because a realistic model includes a great number of miscella-
neous effects, even if it is highly precise and is able to reproduce
experimentally measured data. In other words, all of the miscella-
neous properties together would not induce the density anomaly,
and therefore it is thought to be almost impossible to iden-
tify the direct causes of the density anomaly from them. In
fact, none of the realistic models tells us anything about how
and why the tetrahedral structure induces positive expansion
at temperatures above 4◦C, but negative expansion below that
temperature.

The second method was proposed to elucidate which shape
characteristics of the interaction potential cause the density
anomaly by assuming that the potential is given by a spherically
symmetric function (simplified or core-softened model). A num-
ber of simplified (core-softened) potentials have been presented
by different authors. These can be divided into two groups: one
composed of a hard-core (HC) plus a purely repulsive tail, and the
other composed of a HC plus a soft repulsion and an attraction.
Models from both groups have presented us with many fruitful
results about the anomalous behaviors of liquids. Although the
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shapes of the potential tails of both groups are quite different,
both exhibit water-like anomalous behaviors (e.g., [9–21] and ref-
erences quoted therein). However, the simplified potential models
presented so far have not been shown to reproduce quantitatively
the experimental behaviors of liquid water with sufficient accu-
racy. This prevents the formation of conclusive explanations of
the density anomaly because the thermodynamic properties of
liquids depend strongly on the interparticle interactions. Here
we present a simplified potential model that reproduces quanti-
tatively the density anomaly of liquid water much better than the
models proposed so far. Moreover, the model decisively explains
the anomalies. A sophisticated model that reproduces experi-
mental data with high accuracy can bring great progress to the
solution of this problem.

We concentrate our study on the thermal properties of water in
liquid phases. Our study is blind to freezing and, more generally,
to the solid phases of the system (see e.g., [22]), but it will give
significant insight into the thermodynamic properties of water in
these phases.

Here we report on our study of the thermodynamic properties
of liquid water on the basis of statistical mechanics and thermody-
namics by using the thermodynamically self-consistent Ornstein-
Zernike approximation (SCOZA). The SCOZA is known to
describe the overall thermodynamics of liquids very well and pro-
vide a remarkably accurate critical point and coexistence curve.
This scheme is entirely self-contained, which means that no
supplementary thermodynamic or other input is necessary. So
far, the SCOZA has been applied to the Yukawa, Sogami-Ise,
square-well, triangle-well, and screened-power series potentials,
and many useful results have been obtained (see [23–28] and
references quoted therein). Here we apply the SCOZA to our core-
softened models with a hard-core (HC) repulsion plus a tail. The
tail is composed of a soft repulsion and an attraction. We will
show that a number of tails can reproduce the experimentally
measured density-temperature relation at 1 bar with sufficient
accuracy. This will help us to understand the reasons why solid
water has polymorphic structures and why liquid water has many
anomalies.

In the next section, we present the SCOZA in a general form.
Any smooth potential tails can be approximated with sufficient
accuracy by multi-Yukawa terms. The SCOZA for a hard-core-
multi-Yukawa fluid is described in Section 3. We next apply the
scheme to some potential models in Section 4. In Section 5, we
present a new simple fitting technique for any smooth function
by multi-Yukawa terms, which makes the SCOZA much easier
to apply to liquids with any smooth tail than the SCOZA with
a conventional Yukawa fit. Section 6 presents the summary and
discussion. We will elucidate the thermodynamic mechanism that
induces the density anomaly in a following paper.

2. SCOZA FOR A FLUID
We consider a fluid of spherical particles with a pair potential
given by an HC repulsion and some tail φ(r). The thermodynamic
properties of the fluid can be obtained from the pair distribution
function g(r) or the total correlation function h(r) = g(r) − 1.
The Ornstein-Zernike (OZ) relation defines the direct correlation
function c(r) in terms of the total correlation function

h(r) = c(r) + ρ

∫
c(x)h(|r − x|)dx (1)

where ρ is a number density. Under a thermodynamically self-
consistent Ornstein-Zernike approximation (SCOZA), the clo-
sure relation is written as

h(r) = −1 r < 1 (2)

c(r) = cHS(r) − R(ρ, β)βφ(r) r ≥ 1 (3)

where β = 1/kT, in which k is the Boltzmann constant and T
is temperature. Equation (2) reflects the impenetrability of the
hard cores, and the hard-sphere diameter σu is used as a unit of
length. The direct correction function cHS(r) of the hard-sphere
(HS) fluid is given by

cHS(r) = K(1)(ρ)
exp[−z1(ρ)(r − 1)]

r
r > 1 (4)

where K(1)(ρ) and z1(ρ) are known functions of the density ρ.
The function R(ρ, β) of the thermodynamic state of the system
is introduced to satisfy the thermodynamic consistency condition
between the reduced compressibility χred and the excess internal
energy u per unit volume. The condition is expressed as (see [23]
and references cited therein)

∂

∂β

(
1

χred

)
= ρ

∂2u

∂ρ2
. (5)

The reduced compressibility χred is given by

χred = 1

1 − ρ̃c(k = 0)
(6)

where c̃(k) is the Fourier transform of the direct correlation func-
tion. The excess internal energy u per unit volume is given by
the integral of the interaction weighted by the radial distribution
function:

u = 2πρ2
∫ ∞

1
dr r2φ(r)g(r). (7)

The equations to be solved are the OZ relation (1) with the
thermodynamic consistency relation (5) supplemented with the
closure relations (2) and (3).

Here we apply the SCOZA to a fluid of spherical particles with
a pair potential given by an HC repulsion and multi-Yukawa tails
expressed as

φ(r) =

⎧⎪⎨
⎪⎩

∞ r < 1

−
N∑

n = 2

an
exp[−zn(r − 1)]

r
r ≥ 1

(8)

where N is an arbitrary integer, and zn and an are arbitrary
constants. Here, the depth of the tail εu is used as a unit of energy.
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3. SCOZA FOR AN HC-MULTI-YUKAWA FLUID
Following Baxter’s factorization method it can be shown that
under certain conditions the OZ relation (1) is equivalent to the
equations

2πrc(r) = − d

dr
Q(r) + ρ

∫ ∞

0
dt Q(t)

d

dr
Q (r + t) (9)

2πrh(r) = − d

dr
Q(r) + 2πρ

∫ ∞

0
dt Q(t)(r − t)h(|r − t|) (10)

where the factor function Q(r) has been introduced.
To solve the Baxter equations with the SCOZA closure rela-

tions (2) and (3) for the multi-Yukawa tails (8), we can take
advantage of the known analytic properties of the solution under
the mean-spherical approximation [29, 30]. The factor function
Q(r) has the form

Q(r) = Q0(r) +
N∑

n = 1

2π

zn
Dn exp ( − znr). (11)

The function Q0(r) in (11) is written as

Q0(r) = A

2
(r2 − 1) + B(r − 1) +

N∑
n = 1

2π

zn
C̆(zn)

[
exp ( − znr)

− exp ( − zn)
]

(12)

for 0 < r < 1, where

A = A0 + 2π2ρ




N∑
n = 1

exp ( − zn)

z3
n

[
A1(n) + A2(n)Ĝn

]
Dn
(13)

B = B0 + π2ρ




N∑
n = 1

exp ( − zn)

zn

[
B1(n) + B2(n)Ĝn

]
Dn

(14)

C̆(zn) =
[
−1 + 2πρ exp ( − zn)

z2
n

Ĝn

]
Dn. (15)

Here,

Ĝn = zn exp (zn)

∫ ∞

1
dx exp ( − znx)xg(x), 
 = 1 − πρ

6

and coefficients A0, B0, A1(n), B1(n), A2(n) and B2(n) are shown
in the Appendix.

The set of unknowns (Ĝn,Dn) is obtained by solving the fol-
lowing system of 2N Equations (16)-(19) via a Newton-Raphson
technique:

F̂1 = u + 2πρ2
N∑

n = 2

an

zn
Ĝn = 0 (16)

F̂2 = −K(1) exp (z1) + D1

{
1 − ρQ̂0(1)

− ρ

N∑
n = 1

[
Q̂1(1, n) + Q̂2(1, n)Ĝn

]
Dn

}
= 0 (17)

F̂k + 1 = − ak exp (zk)

aN exp (zN )
DN

{
1 − ρQ̂0(N)

− ρ

N∑
n = 1

[
Q̂1(N, n) + Q̂2(N, n)Ĝn

]
Dn

}

+ Dk

{
1 − ρQ̂0(k) − ρ

N∑
n = 1

[
Q̂1(k, n) + Q̂2(k, n)Ĝn

]
Dn

}

= 0 (18)

for (k = 2, 3, · · · , N − 1),

F̂N + k = F0(k) + F1(k)Ĝk +
N∑

n = 1

{
F2(k, n) + F3(k, n)Ĝn

+ Ĝk

[
F4(k, n) + F5(k, n)Ĝn

] }
Dn = 0 (19)

for k = 1, 2, · · · , N. Here, coefficients Q̂0(k), Q̂1(k, n), Q̂2(k, n),
F0(k), F1(k), F2(k, n), F3(k, n), F4(k, n) and F5(k, n) are shown
in the Appendix.

Equation (5) is rewritten as

ρ
∂2u

∂ρ2
= B(ρ, u)

∂u

∂β
(20)

where

B(ρ, u) = ∂

∂u

(
1

χred

)
= A

2π2

2N∑
j = 1

∂A

∂xj

∂xj

∂u
. (21)

Here, xj = Ĝj and xN + j = Dj (j = 1, 2, · · · , N). Unknowns
∂xj/∂u are obtained by solving the following linear equations:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
∂ F̂1

∂x2

∂ F̂1

∂x3
· · · ∂ F̂1

∂xN
0 · · · 0

∂ F̂2

∂x1

∂ F̂2

∂x2

∂ F̂2

∂x3
· · · · · · · · · · · · ∂ F̂2

∂x2N

∂ F̂3

∂x1

∂ F̂3

∂x2

∂ F̂3

∂x3
· · · · · · · · · · · · ∂ F̂3

∂x2N

...

∂ F̂2N

∂x1

∂ F̂2N

∂x2

∂ F̂2N

∂x3
· · · · · · · · · · · · ∂ F̂2N

∂x2N

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂x1

∂u

∂x2

∂u

∂x3

∂u

...

∂x2N

∂u

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1

0

0

...

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (22)
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Equation (20) has been solved numerically by an implicit finite-
difference algorithm [31] described in detail in Pini et al. [24] in
the region (β, ρ) ∈ [0, βf] × [0, ρ0]. The integration with respect
to β starts at β = 0 and goes down to lower temperatures. At
each temperature, the set of non-linear Equations (16)–(19) is

solved, yielding
(
Ĝn,Dn

)
. To ensure rapid convergence, the val-

ues of
(
Ĝn,Dn

)
obtained at the previous temperature step are

taken as an initial guess for the solution of the system of non-
linear equations. In the next step, A(ρ, β), ∂A/∂xj, and ∂xj/∂u
are determined to calculate the coefficient B(ρ, u).

The boundary conditions are the same as in Pini et al. [23]; for
ρ = 0 one obtains from (7)

u(ρ = 0, β) = 0 for 0 ≤ β ≤ βf. (23)

If we make use of the so-called high-temperature approximation
[32] at ρ = ρ0 one obtains for reduced compressibility

∂2u

∂ρ2
(ρ0, β) = ∂2u

∂ρ2
(ρ0, β = 0) for 0 ≤ β ≤ βf. (24)

The initial condition u(ρ, β = 0) can be determined by tak-
ing into account that for β = 0; the direct correlation func-
tion c(r) coincides with that of the HS gas. Thus, R(ρ, β =
0)an exp (zn)/kT = 0, yielding Dn = 0 for n > 1. The set of

unknowns
(
Ĝ1,D1

)
is obtained by solving the following set of

equations:

F̂2 = −K(1) exp (z1) + D1

{
1 − ρQ̂0(1)

−ρ
[

Q̂1(1, 1) + Q̂2(1, 1)Ĝ1

]
D1

}
= 0 (25)

F̂N + 1 = F0(1) + F1(1)Ĝ1 +
{

F2(1, 1) + F3(1, 1)Ĝ1

+ Ĝ1

[
F4(1, 1) + F5(1, 1)Ĝ1

] }
D1 = 0. (26)

The unknown Ĝk is obtained by solving the following equation:

F̂N + k = F0(k) + F1(k)Ĝk +
{

F2(k, 1) + F3(k, 1)Ĝ1

+ Ĝk

[
F4(k, 1) + F5(k, 1)Ĝ1

] }
D1 = 0 (27)

for k = 2, 3, · · · , N and thus

u = −2πρ2
N∑

n = 2

an

zn
Ĝn. (28)

The unphysical region inside the spinodal curve is determined
by checking the sign of A(ρ, β) given in (13); in the forbidden
region, A(ρ, β) becomes negative. The boundary conditions on
the spinodal used here are the same as those in Pini et al. [23]

u(ρSi , β) = uS(ρSi ) i = 1, 2 (29)

where ρSi (i = 1, 2) are approximations of the spinodal densities
on the discrete density grid at a given temperature. Their values
are determined by locating the change of sign of A(ρ, β). uS(ρ)
is the value of the excess internal energy per unit volume where
χred

−1 = 0. This value is determined by solving the following set
of equations

A
(
ρ, Ĝ1, Ĝ2, · · · , ĜN ,D1,D2, · · · ,DN

)
= 0

F̂2

(
ρ, Ĝ1, Ĝ2, · · · , ĜN ,D1,D2, · · · ,DN

)
= 0

F̂3

(
ρ, Ĝ1, Ĝ2, · · · , ĜN ,D1,D2, · · · ,DN

)
= 0

...

F̂2N

(
ρ, Ĝ1, Ĝ2, · · · , ĜN ,D1,D2, · · · ,DN

)
= 0 (30)

with respect to Ĝ1, Ĝ2, · · · , ĜN , D1, D2, · · · , DN . Inserting the

solutions Ĝ2, Ĝ3, · · · , ĜN into (28) yields uS(ρ).
Once u(ρ, β) has been determined by solving (20), the pres-

sure P and the chemical potential μ are obtained by integrating
(∂βP/∂β) and (∂βμ/∂β) with respect to β from

∂βP

∂β
= −u + ρ

∂u

∂ρ
(31)

∂βμ

∂β
= ∂u

∂ρ
(32)

where at β = 0, we have taken as integration constants the
Carnahan Starling values for βP and βμ

βP(ρ, β = 0) = ρ
1 + η + η2 − η3


3
(33)

βμ(ρ, β = 0) = ln ρ + 8η − 9η2 + 3η3


3
(34)

where η = πρ/6.
Alternatively, βP and βμ can be obtained by integrating,

respectively, χred
−1 and (ρχred)−1 with respect to the density

from

(
∂βP

∂ρ

)
T

= 1

χred
=

(
A

2π

)2

(35)

(
∂βμ

∂ρ

)
T

= 1

ρχred
= 1

ρ

(
A

2π

)2

. (36)

In a manner similar to that described for the energy route, we
have taken the Carnahan Starling values above as integration con-
stants at β = 0. At ρ = ρls on the liquid side spinodal, however,
we have taken the values of βP(ρls, β) and βμ(ρls, β) obtained
from the energy route as integration constants. We have con-
firmed that both paths lead to the same thermodynamics with
remarkable accuracy because of the thermodynamic consistency
enforced by (5).
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4. MODELS OF THE POTENTIAL BETWEEN WATER
MOLECULES

The thermodynamic properties of liquid water are obtained from
the excess internal energy u given by Equation (7). The equation
shows that there will be many different combinations of interpar-
ticle interaction φ(r) and distribution function g(r) that will yield
the same internal energy u and isobaric density-temperature rela-
tion. In this section we present a selection of such potential tails.

Table 1 lists the parameters that determine the shape of the
potential tails of six cases of φ1(r) − φ6(r). We refer hereafter to a
liquid model with tail φi(r) simply as “Model i” (i = 1 − 6). The
tails are shown in Supplementary Figure 1 by blue, red, orange,
purple, black, and dashed lines, respectively, and are all found to
have much different shapes.

Numerical solution of (20) for a model with the initial con-
dition and the boundary conditions have been determined on a
density grid 
ρ for ρ ≤ ρ0 and a temperature grid 
β for β ≤ βf.
To accurately locate the critical point, 
β is decreased when
approaching the critical point and then increased back to the ini-
tial value. The critical point (ρc, βc) is located by the vanishing of
the inverse compressibility χred

−1. Henceforth we express physi-
cal quantities at the critical point by the subscript c. At subcritical
temperatures the region enclosed by the spinodal is excluded. In
the present paper, we focus our study on the thermodynamic
properties of water in liquid phases. The parameters used in the
numerical computations are listed in Table 2.

Supplementary Figure 2 shows the density-temperature rela-
tions at 1 bar obtained by using Models 1−5 (blue, red, orange,
purple, and black full circles, respectively). It is found that Models
1, 2, 4, and 5 produce nearly the same density-temperature rela-
tion, which reproduces the experimentally measured data at 1
bar (open circles [33]) in the wide temperature range of −20 <

T(oC) < 100 much better than previous models (e.g., Figure 4
in [8]). In contrast, the density-temperature curve for Model 3
shown by the full orange circles reproduces relatively well the
experimental data at lower temperatures, although it is worse for
higher temperatures. Those results will help us to obtain a more
optimum potential between water molecules that reproduces the
experimental density at any temperature.

We expect that much more potential functions with shapes
different from those presented here will be found in upcoming
years that will reproduce the same thermodynamic properties as
liquid water. These will help us to understand the reasons why
solid water has polymorphic structures and liquid water has many
anomalous properties.

5. A NEW SIMPLE TECHNIQUE OF FITTING BY
MULTI-YUKAWA TERMS

In the present paper, we have used the SCOZA to estimate the
interparticle interactions between water molecules. We can take
advantage of the known analytic properties of the solution of the
OZ equation for the case in which the potential tail is given by

Table 1 | Fitting parameters for φ1(r)-φ6(r).

φ1 φ2 φ3 φ4 φ5 φ6

n zn an n zn an n zn an n zn an n zn an n zn an

2 0.6395 39.5839 2 1.18 22.4822 2 0.92 180.845 2 0.92 190.139 2 0.54052 4.25009 2 1.7024 0.23543

3 2z2 −433.906 3 2z2 −30.3069 3 2z2 −5105.8 3 2z2 −5587.77 3 3.9274 −25.1902 3 4.1424 1.2028

4 3z2 1478.56 4 3z2 −220.443 4 3z2 50975.1 4 3z2 58748.7 4 7.73812 −7.9332 4 14.564 −0.43837

5 4z2 −1906.08 5 4z2 570.588 5 4z2 −261183 5 4z2 −317663

6 5z2 791.644 6 5z2 −368.031 6 5z2 790863 6 5z2 1.01453 × 106

7 6z2 −1.49607 × 106 7 6z2 −2.02238 × 106

8 7z2 1.78547 × 106 8 7z2 2.54287 × 106

9 8z2 −1.3053 × 106 9 8z2 −1.95997 × 106

10 9z2 533315 10 9z2 845593

11 10z2 −93179.6 11 10z2 −156370

Table 2 | Parameters used in numerical computations for Models 1–6.

φ1 φ2 φ3 φ4 φ5 φ6


ρ 0.001 0.001 0.001 0.001 0.0001 0.001

βc 0.1078 0.10339 0.125387 0.096435 0.10106 1.1162

ρc 0.084 0.158 0.063 0.089 0.1154 0.352


β(β < βc) 2 × 10−10 − 1 × 10−3 1 × 10−5 − 2 × 10−4 1 × 10−8 − 2 × 10−4 1 × 10−6 − 2 × 10−4 10−7 − 2 × 10−4 10−7 − 10−3


β(β > βc) 1 × 10−6 − 2 × 10−4 1 × 10−5 − 2 × 10−4 1 × 10−6 − 2 × 10−4 1 × 10−5 − 2 × 10−4 10−7 − 2 × 10−4 10−7 − 2 × 10−2

ρ0 0.748 0.827 0.676 0.757 0.7535 1.4

βf 1.3299 0.31449 0.35159 0.623654 0.4553 111.6

σu (Å) 1.87698 2.1564 1.59983 2.00112 2.046 Arbitrary

εu (K) 66.6582 60.5545 60.3043 68.0833 64.51 Arbitrary
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multi-Yukawa terms [29, 30] or a screened power series (SPS) [28]
under the mean spherical approximation (MSA). The SCOZA
is applicable to fluids with a large variety of smooth potential
functions because they may be fitted with high accuracy by
multi-Yukawa terms or SPS.

The fitting accuracy can be improved by increasing the Yukawa
terms or the number of z in the case of multi-Yukawa terms, but
the computation time will increase drastically. It would take a few
days, a few months, or a few years to mimic any smooth potential
by five, six, or seven Yukawa terms, respectively. On the contrary,
an SPS fit can greatly reduce the computation time it takes to
attain the same accuracy as that by a conventional Yukawa fit
[28]. However, the computer program required for the SCOZA
with SPS tails is much more complicated than with multi-Yukawa
tails. Here we present a new simple fitting technique that makes
the SCOZA much easier to operate than by using a conventional
Yukawa fit.

In the case of Model 5, we have used a Lennard-Jones-like
function given by

φ5(σur)

εu
= ε̂

[(γ

r

)n −
(γ

r

)m]
, (37)

where n = 4.3, m = 4, γ = 1.537, and ε̂ = 37.595 as a helpful
lead to finding a model that quantitatively reproduces sufficiently
well the density anomaly of liquid water. The function φ5(σur) is
fitted to a high accuracy by three Yukawa terms by using the fitting
technique described in Yasutomi [28]. The parameters an and zn

are listed in Table 1. The computer time is about 30 min.
We present here a new simple fitting technique by multi-

Yukawa terms. First, we determine the shape of the potential
tail so that it is expected to reproduce the experimental density
anomaly of liquid water. The tail is divided into parts in the radial
direction, and each part is expressed by a polynomial or other
function. Each approximate tail φi(r) is fitted by the following
multi-Yukawa terms:

φi(r) = −
N∑

n = 2

an
exp[−zn(r − 1)]

r
r ≥ 1 (38)

where zn = (n − 1)z2 for n > 2. We can easily obtain the opti-
mum z2 by using the method described in Yasutomi [28]. In this
way, we can obtain a tail given by multi-Yukawa terms in a few
minutes of computer time almost independently of N, and it
makes the application of the SCOZA to any liquid much easier
than a conventional Yukawa fit.

6. SUMMARY AND DISCUSSION
We have determined several pair interactions between water
molecules. All of them reproduce the experimental density
anomaly at 1 bar with better accuracy than other models avail-
able in the literature. There will be numerous other such pair
interactions discovered in the near future. These will help us
to understand the reasons why solid water has polymorphic
structures and why liquid water has a number of anomalies.

We have considered a liquid of spherical particles with a pair
potential given by a hard-core repulsion and a tail. The tail is

composed of a soft repulsion and an attraction and is given by
multi-Yukawa terms. We have presented a new simple fitting
method to any smooth function by multi-Yukawa terms. The new
scheme makes the application of the SCOZA to any type of liq-
uid much easier compared to a conventional Yukawa fit. This new
SCOZA technique is one of the most useful methods for deter-
mining the pair interaction between molecules of any liquid, and
the potential will help to improve realistic models.

We have assumed here that the interparticle interaction is
independent of density and temperature, but the effect by the
surrounding water molecules on the relative positions and phys-
ical states of the oxygen nucleus, two hydrogen nuclei, and ten
electrons constituting a water molecule depends on the density
and temperature. Therefore, such effects should be taken into
consideration to optimize the interparticle interactions between
molecules.

Finally we discuss what thermodynamic mechanism induces
the density anomaly, which has been long studied by different
authors with numerous ideas put forward [34–47]. However, it
has also been long pointed out that these ideas tell us nothing
about what causes the negative thermal expansion at temper-
atures below 4◦C. For example, one claim is that the tetrahe-
dral structure of ice causes the density anomaly, but there is
no evidence for this. As a counter analogy, consider a folding
umbrella. To open or close it, one pushes or pulls the base of
the frame with hand power. The frame itself has no power to
open or close itself without human intervention. In the case of
the umbrella, the direct cause of its expansion and contraction
is human hand power and not the frame itself. To clarify the
thermodynamic mechanism that causes the density anomaly, it
is necessary to find the power that acts as an attractive force to
condense water at temperatures above 4◦C, but acts as a repul-
sive force to expand water below 4◦C with reducing temperature.
Such a force (hereafter referred to for simplicity as the “anomaly
force”) is the immediate cause of the density anomaly of liquid
water. It is difficult to imagine how the tetrahedral structure could
have an “anomaly force”analogous with the case of the folding
umbrella.

Another suggestion is that hydrogen bonding causes the den-
sity anomaly. However, hydrogen bonding is attractive at any
temperature and has the tendency to reduce the distance between
molecules in thermodynamic equilibrium to condense liquid
water. Therefore, it is difficult to consider how hydrogen bond-
ing could turn into a repulsive force below 4◦C to cause negative
thermal expansion.

Regarding the network or clathrate models [8–12], even
though it may be plausible that isolated water molecules go into
cavities as the temperature lowers to cause liquid water to con-
dense, the models tell us nothing about what makes isolated water
molecules leave the filled cavities at temperatures below 4◦C with
reducing temperature to induce negative expansion.

Lactic acid was long believed to be the substance that causes
muscle fatigue because it increases with fatigue, but lactic acid
was recently found to be a substance that assists in recovery
from fatigue. It is now known that active oxygen is the substance
responsible for fatigue. Similarly, it cannot be claimed that the
density anomaly is caused by some phenomenon just because it
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accompanies the density anomaly. We can apply this principle to
almost every idea put forward until now.

A large number of numerical simulations using realistic mod-
els have been performed by many different authors with the goal
of understanding the physics underlying the density anomaly
of liquid water. However, these studies tell us little about what
induces the anomaly because it is impossible to extract the essen-
tial effects that induce the anomaly from the numerous miscel-
laneous effects included in the models. We believe that we have
succeeded in constructing a model that includes only the essential
effects that cause the density anomaly and in finding the “anomaly
force”. Our next paper is in preparation.

SUPPLEMENTARY MATERIAL
The Supplementary Material for this article can be found
online at: http://www.frontiersin.org/journal/10.3389/fphy.2014.
00064/abstract
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