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Evolution of Public Cooperation in a
Risky Society with Heterogeneous
Assets

Linjie Liu and Xiaojie Chen*

School of Mathematical Sciences, University of Electronic Science and Technology of China, Chengdu, China

The phenomenon of asset heterogeneity is widespread in human society. However,
it is unclear what roles heterogeneous assets play in the evolution of cooperation of
the collective-risk society. In this paper, we thus introduce asset heterogeneity into a
threshold public goods game with collective-risk, and we divide the population into the
rich and the poor according to individual assets. We show that asset heterogeneity
hinders public cooperation no matter whether the temptation to defect is high or low.
We find that cooperation collapses in the conditions of low risk, the high gap between
the rich and the poor, and high threshold. Besides, the increment of individual assets can
significantly enhance the level of public cooperation even the conditions for the evolution
of cooperation are strongly harsh. Our work is instructive to a better understanding of
the emergence of cooperation in the risky society with heterogeneous assets.

Keywords: asset heterogeneity, collective-risk, threshold public goods game, individual assets, public cooperation

1. INTRODUCTION

The emergence and maintenance of cooperative behavior is fundamental for a society to thrive
[1-17]. However, cooperation is often threatened by selfish individuals who only concern the short-
time interests [18-20]. Not surprisingly, if all individuals’ goal is to maximize their own fitness
regardless of the consequences which might have for the whole population, then there will be a
dilemma of cooperation in our society [21-28]. One typical dilemma underlying the tragedy of
commons is described by the public goods game (PGG) [29-35]. In the PGG, an individual will
obtain a higher payoff by contributing nothing, no matter what the other players do. Therefore,
rational players have no incentive to contribute, instead they choose to free ride on the benefits
produced by others. Although the PGG illustrates that defection is the evolutionary stable strategy
and cooperators are prone to be exploited, abundant examples of altruistic behavior exist in animal
and human society [36-39].

In order to solve this inconsistency, the PGG model has been extended by adding the risk
of a collective failure to ensure the emergence of cooperative behavior [40-44]. Besides, several
mechanisms have been proposed in the past decades for supporting the emergence of public
cooperation [45-65].

However, these mentioned works assumed that all individuals have been treated as equivalent
in all respects, in sharp contrast with real-life situations, in which diversity is ubiquitous. Indeed,
our modern societies are grounded in great diversity, in which some individuals play radically
different roles depending on their social positions [66-79]. Until recently, such heterogeneity has
attracted considerable attention. For example, one research assumed that resource heterogeneity
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may enable cooperators to spread and persist if the temptation
to defect is not too large [80]. Some other researches assumed
that players may participant in PGG with different wealth
distributions [70, 81, 82]. More specifically, Wang et al. [70]
showed that participants with lower initial wealth may choose
to cooperate only if all the rich are cooperators. Subsequently,
Vasconcelos et al. [82] studied the evolution of cooperation in two
different scenarios, namely, with wealth inequality and without
wealth inequality, and showed that the former leads to more
global cooperation than the latter.

Interestingly, previous researches involving wealth inequality
always consider that individuals have been provided with
dichotomic initial wealth before participating in the PGG [32,
70, 82]. Indeed in the real world, acquired wealth can only
be regarded as a part of personal assets, such as the wage
earnings. However, the implications of heterogeneous assets for
cooperation have so far remained unexplored. Since uneven
distributions of personal assets are ubiquitous, it remains unclear
how evolutionary stable levels of cooperation are influenced by
asset heterogeneity.

In this study, we thus introduce asset heterogeneity in a
threshold public goods game (TPGG) with collective risk to
investigate how cooperation evolves. Specifically, we first explore
the impact of asset heterogeneity on social cooperation in the
conditions of low and high temptation to defect, and find that
asset heterogeneity can hinder cooperation no matter whether
the temptation to defect is high or low. Then we study the
role of increased asset values in social cooperation at the same
asset heterogeneity level, and observe that the gradual increase
of assets significantly promotes the emergence of cooperative
behavior. Finally, we verify how social cooperation depends on
other important parameters, such as risk, threshold, and the
proportion of the poor.

2. MODEL AND METHOD

We consider the collective-risk dilemma game in a well-mixed
population. We divide the individuals into the poor and the rich,
where the fraction of the poor in the population is p. We assume
that each rich individual has an initial asset a, and each poor
individual has an initial asset a,( @, > ap). Each individual y
either pays a cost ¢ as a cooperator with strategy sy = 1 or pays
nothing as a defector with strategy s, = 0. Denote the proportion
of rich cooperators, poor cooperators, rich defectors, and poor
defectors as x;, xp, yr, and y,, respectively. Then x, +y, = 1 —p
and x, + yp = p. The collective target will be reached if the total
amount of individuals who choose to contribute to the common
pool reaches the threshold T. Thus each individual can gain the
benefit b, such that the payoff is p, = b — cs,. However, if
the collective target is not reached, all the individuals within the
group lose their investment and the assets with probability 7.
Accordingly, the payoff of individual y with strategy S, in group
having i cooperators can be written as:

py = b0 —T)+b(1 =11 —03G—T)]—apr[l —03G—Tle
— ra;[1 =00 — T)](1 - @) — ¢Sy,

where 6(u) = 0if u < 0 and 6(u) = 1 otherwise. Besides, ¢ = 1
denotes that the participant is rich, and ¢ = 0 indicates he is
poor.

We further apply a replicator system for the dynamic analysis,
based on preferentially imitating strategies of the more successful
individuals [83-86]. Unless otherwise specified, problem
formulation and modeling are presented in Supplementary
Material S1. Results are proved analytically in Supplementary
Materials S2, S3.

3. RESULTS

We begin by showing the stationary distribution and the gradient
of selection for different parameters of asset heterogeneity a,/a,
and of asset a,. As shown in Figure 1, for low a, (for example,
a, = 2), when the gap between the rich and the poor is
relatively large, there are nine fixed points but only two are stable
(Figure 1A), and the stability analysis of equilibria can be found
in Supplementary Material $3.2.2(9). We find that the basin of
attraction of the stable equilibrium indicating that most of the
poor and all the rich are cooperators, is larger than that of another
stable point denoting full defection. As a,/a, increases, the higher
location stable fixed point moves toward full cooperation and
the basin of attraction of full defection rapidly shrinks closely
to zero (see Figures 1A-C). For intermediate a, (for example,
ar = 10), we find that the tendency of individuals to choose
defection shrinks as the gap between the rich and the poor shrinks
(see Figures 1D-F). For even larger a, (for example, a, = 50),
individuals no matter whether they are the rich or the poor
do have a higher expected loss than the cost of cooperation
(Figures 1G-I). Particularly, there are very few individuals who
choose to defect when the gap between the rich and the poor is
not obvious (Figure 1I), and the specific theoretical analysis can
be seen in Supplementary Material $3.2.2(10).

Then we explore the effect of asset heterogeneity on
cooperation when the temptation to defect is high. In Figure 2,
we find that the main conclusions in Figure 1 are not changed.
Concretely, the growth of a,/a, can promote the poor to
contribute to the common pool even personal assets are
significantly low. Besides, the proportion of cooperators increases
with personal assets, regardless of whether the gap between the
rich and the poor is high or low. But, more importantly, the
inhibitory effect of asset heterogeneity on cooperative behavior
still exists.

In what follows, we present that public cooperation can be
destroyed in the conditions of high gap between the rich and
the poor and a relatively high threshold T at a low r value.
From Figure 3 we can see there is only one stable point which
represents full defection (more detailed analysis of equilibria is
presented in Supplementary Materials S2, $3.2.1(3)). Indeed, in
this case, low risk causes individuals to worry less about losing
all their assets when the target is not reached. Besides, the high
gap between the rich and the poor makes the poor reluctant to
contribute. Not only that, the rich will be also no longer willing
to cooperate if they need to complete a relatively high target.
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FIGURE 1 | (Color online) Stationary fraction of cooperators and gradient of selection for different levels of asset heterogeneity ap/ar and of assets (A-l). In each
panel, open and filled circles denote unstable and stable fixed points, respectively. The curved arrows show the so-called gradient of selection, which provides the
most likely direction of evolution. For each arrow, we use a continuous color bar associated with the likelihood of such a transition (red lines denote the highest speed
of transition while purple lines represent the lowest speed of transition). The initial assets for the rich and the poor individuals are (A) a- =2 and ap = 0.2; (B) ar =2
andap =1;(C)ar =2andap =1.8;(D)ar =10andap = 1; (E)ar = 10andap = 5; (F)ar = 10 and ap = 9; (G) ar = 50 and ap = 5; (H) a- = 50 and ap = 25; (I)
ar = 50 and ap = 45. Other parameters valuesare N =6,7 =3,r =0.5,p = 0.7, and ¢/b = 0.1.
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In Figure 3 we mainly study the effects of relatively high
threshold value on cooperation in the specific conditions.
However, it remains of interest to show how different
combinations of threshold and asset heterogeneity affect the
stationary distribution. As shown in Figure 4, for low value of
T (top row), we can see that the system can converge to the
state where all the rich and nearly half of the poor choose
to contribute when the gap between the rich and the poor
is large (Figure 4A), and for more details see Supplementary
Materials S2, S3.1(8). What’s more, we find that the proportion
of the poor cooperators increases with a,/a, (see Figures 4A-C).
When T takes an intermediate value (second row), the basin
of attraction of full defection state increases with increasing
T. Specially, when T is sufficiently large (third row), for
low ap/ay, there are three stable fixed points, and the newly
added one located at the top left represents that all the rich

are cooperators but the poor cooperators cannot survive (see
Figure 4G and Supplementary Material S$3.2.1(9)). But this
stable equilibrium will disappear when we increase the value of
ap/ar.

Furthermore, we investigate how risk values influence the
stationary fraction of cooperators at an intermediate threshold
value, as shown in Figure 5. We find that for a relatively small
ap/a, (for example, a,/a, = 0.1 ), the poor cooperators
cannot survive when r is low (see Figure 5A and Supplementary
Material S3.2.2(3)). In fact, the expected loss for the poor is
less than the cost of cooperation. This adverse situation will be
reversed if we enhance the value of risk r (see Figure 5D and
Supplementary Material $3.2.2(9)). More specifically, the growth
of the risk leads to the higher location stable point moving
toward full cooperation (see Figure5G and Supplementary
Material $3.2.2(10)). Besides, the effect of asset heterogeneity on
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N =6,T =3r=05p=07andc/b = 0.5.

0.00.10.20.30.40.50.60.7

0.00.10.20.30.40.50.60.7

0.00.10.20.30.40.50.60.7
Fraction of poor cooperators
FIGURE 2 | (Color online) Stationary fraction of cooperators and gradient of selection for different values of ap /ar and ar when the temptation to defect is high (A-l).

The initial assets for the rich and the poor individuals are (A)a, = 2andap = 0.2;(B)ar = 2andap = 1;(C)ar = 2andap
10andap = 9;(G)ar = 50andap = 5;(H)ar = 50andap = 25; () ar = 50andap = 45; Other parameters values are
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= 18;(D)ar = 10andap = 1;

cooperation is consistent with our above conclusion, namely,
narrowing the gap between the rich and the poor can promote
public cooperation (see Figures 5G-I).

In order to study how the fraction of cooperators depends on
the proportion of the poor p, we show the stationary distribution
of cooperators as a function of the proportion of the poor p
at 7 = 0.5and T = 3 for three different values of a,/a, in
Figure 6. For a low p (top row), all the poor will choose to free
ride even the gap between the rich and the poor is significantly
small (see Figures 6A-C). Besides, it is obvious that not all the
rich are enthusiastic to contribute, which means that there exist
free-riders among the rich if they constitute the vast majority of
the group. For an intermediate value of p (second row), the poor
cooperators can survive, and beyond that, as a,/a, increases,
the proportion of the poor cooperators increases as well [more
details can be found in Supplementary Material $3.1(10)]. For
much larger p (third row), we can find that the stable point in

the upper left corner will disappear when a,/a; is significantly
high [see Figures 6G-I and Supplementary Material $3.2.2(6)
and (8)].

As also shown in Figure 6, the proportion of the poor p acts
an important factor in supporting cooperation. More specifically,
when p is particularly small, the change of asset heterogeneity
will not have any effect on cooperation. When the proportions
of the poor and the rich in the group are the same, then the
poor cooperators can survive. At the same time, the region of
attraction of full defection has a slight expansion in comparison
with a smaller p. As p continues to increase, the poor account
for 90 percent of the population. Then the contributions from
the rich are far from meeting the target. In order to prevent their
assets from losing, the majority of the poor will contribute to the
common pool. Besides, narrowing the gap between the rich and
the poor can effectively reduce the occurrence of defection as long
as the proportion of the poor is not too small.
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FIGURE 3 | (Color online) Stationary fraction of cooperators and gradient of
selection for low values of risk r and asset heterogeneity ap /ar, together with a
relatively high threshold 7. And the initial assets for the rich and the poor
individuals are ar = 2 and ap = 0.2. Other parameters: N =6, T =4,p = 0.7,

4. DISCUSSION

We have introduced asset heterogeneity in the collective-risk
social dilemma game, and intensively studied its effects on
the evolution of public cooperation. We have been motivated
by the fact that an uneven distribution of personal assets is
surprisingly common in human societies, as well as by the
fact that recent research on a similar variant of the collective-
risk social dilemma game in a well-mixed population has
shown that heterogeneous wealth distributions can affect public
cooperation [70]. By considering personal asset rather than
wealth, we mainly investigate the effects of asset heterogeneity
on cooperation. Our research reveals that asset heterogeneity
hinders cooperation no matter whether the temptation to
defect is high or low. In addition, four important parameters
have been considered in our work, namely, personal assets,
threshold, risk, and the proportion of the poor. Specifically,
we have shown that the increment of personal assets and
risk can both significantly promote social cooperation [43,
44]. Furthermore, the cooperation level increases with the
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growth of the poor proportion. But a small number of the
rich will no longer enthusiastic to contribute when the rich
make up a large proportion of the population. Our model also
shows an interesting phenomenon: an increase in threshold
can contribute to the increase of poor cooperators. However,
in some special conditions, a higher threshold can destroy
cooperation.

Temptation to defect has been seen as a key factor for
exploring the effect of heterogeneity on cooperation in
recent years [80, 87, 88]. Kun and Dieckmann [80] have
revealed that resource heterogeneity leads to decreased
level of cooperation once when the temptation to defect
is significantly lowered, otherwise, heterogeneity facilitates
the maintenance of cooperation. Unlike previous study,
however, our model introduces threshold and the risk of
collective failure into the public goods game, and shows

that asset heterogeneity can hinder cooperation no matter
whether the temptation to defect is high or low (see
Figures 1, 2).

Besides, it is worth noting that the impacts of the increment
of the threshold value on public cooperation are two-sided.
On the one hand, the growth of the threshold enlarges the
region of attraction of full defection. On the other hand, it
enhances the proportion of poor cooperators (see Figure 4).
In addition, social cooperation will collapse at low risk, high
poverty gap, and high threshold (see Figure 3). Recently, the
effects of the threshold value have been studied theoretically and
experimentally [72, 82, 89]. Vasconcelos et al. [82], for instance,
verified that threshold uncertainty has a disruptive effect on
cooperation when all individuals in the group are equivalent,
but they neglected the presence of wealth inequality. Our model
proves that, in the specific conditions, a larger target value
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will destroy cooperation in a risky society with heterogeneous
assets.

As we said earlier, our model is inspired partly by the realistic
situation, in which it is relatively straightforward to come up with
examples where our model could apply. One widely considered
example is the problem of climate change. The Paris climate
agreement aims at holding global warming to well below 2°C
and to “pursue efforts” to limit it to 1.5°C [90]. To accomplish
this, countries, no matter whether developed countries or
developing countries, have submitted national plans that spell
out their intentions for addressing the climate change challenge.
Nevertheless, targets and actions for reducing greenhouse gas
(GHG) emissions are core components [91, 92]. Therefore, it is
of greatest importance for countries to set a measurable emission
reduction target. Besides, the action by all countries is effective in
averting climate catastrophes, thus it is also a challenge for policy
makers to enhance the level of cooperation among different
countries. Our research may contribute to a better understanding
of the emergence of cooperative behavior in risk society with

heterogeneous assets, and thus may provide some insights to
how to solve the climate change problem in the realistic world
including developed and developing countries.
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