1' frontiers
in Physics

REVIEW
published: 14 August 2018
doi: 10.3389/fphy.2018.00077

OPEN ACCESS

Edited by:

Osvaldo Civitarese,

National University of La Plata,
Argentina

Reviewed by:

Marika Taylor,

University of Southampton,
United Kingdom

Alan Stanley Cornell,

University of the Witwatersrand,
South Africa

*Correspondence:
Alberto Salvio
alberto.salvio@cern.ch

Specialty section:

This article was submitted to
High-Energy and Astroparticle
Physics,

a section of the journal
Frontiers in Physics

Received: 26 April 2018
Accepted: 29 June 2018
Published: 14 August 2018

Citation:

Salvio A (2018) Quadratic Gravity.
Front. Phys. 6:77.

doi: 10.3389/fphy.2018.00077

Check for
updates

Quadratic Gravity

Alberto Salvio*

CERN, Theoretical Physics Department, Geneva, Switzerland

Adding the terms quadratic in the curvature to the Einstein-Hilbert action renders
gravity renormalizable. This property is preserved in the presence of the most general
renormalizable couplings with (and of) a generic quantum field theory (QFT). The price to
pay is a massive ghost, which is due to the higher derivatives that the terms quadratic
in the curvature imply. In this paper, the quadratic gravity scenario is reviewed including
the recent progress on the related stability problem of higher derivative theories. The
renormalization of the theory is also reviewed and the final form of the full renormalization
group equations in the presence of a generic renormalizable QFT is presented. The
theory can be extrapolated up to infinite energy through the renormalization group if
all matter couplings flow to a fixed point (either trivial or interacting). Moreover, besides
reviewing the above-mentioned topics, are some further insight on the ghost issue and
the infinite energy extrapolation are provided. There is hope that in the future, this scenario
might provide a phenomenologically viable and UV complete relativistic field theory of all
interactions.
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1. INTRODUCTION AND SUMMARY

Relativistic field theories are the commonly accepted framework to describe particle physics and
gravity, at least at currently accessible energies. An important question is whether such a framework
could hold up to infinite energies and still agree with the experimental data. There are two serious
difficulties that one has to overcome in order to give a positive answer to such a challenging
question: the non-renormalizability of Einstein gravity [1, 2] and the presence of Landau poles
in the Standard Model (SM).

Even if one does not quantize the gravitational field, it is known that quantum corrections due to
any relativistic QFT generate terms that are not present in the Einstein-Hilbert action: specifically,
local terms quadratic in the curvature tensor and with coefficients of dimension of non-negative
powers of energy are generated [3], even if one sets them to zero at the classical level. Therefore, it
is not possible to avoid them in a relativistic field theory. The resulting theory is commonly known
as quadratic gravity1 (QQG). Starobinsky [4] exploited these unavoidable terms and noted that a
non-singular solution that is initially in the de Sitter space can be obtained by taking them into
account. This resulted in a pioneering model of inflation, one of the models favored by the Planck
collaboration [5].

What happens if the quantum dynamics of the gravitational field is taken into account in QG?
Weinberg [6] and Deser [7] suggested that QG is renormalizable (all physical quantities can be
made finite by redefining the parameters and re-normalizing the fields) and few years later Stelle
proved it rigorously [8].

'Other names sometimes used are “R? gravity” and “higher derivative gravity,” as terms quadratic in the curvature have more
than two derivatives of the gravitational field.
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The presence of these local quadratic terms implies that
classical QG belongs to the class of higher derivative theories
analyzed a long time ago by Ostrogradsky [9], who proved
that their Hamiltonian is unbounded from below. In QG, this
manifests in the presence of a massive ghost, which is the price
to pay to have a relativistic field theory of quantum gravity?.
The importance of the quantum gravity problem has, however,
encouraged several physicists to investigate whether QG can
make sense and some recent progress in the ghost problem
has been made. Most of the work done so far addressed the
ghost problem within finite dimensional quantum mechanical
models, and therefore, the case of a relativistic field theory (and
in particular of QG) remains an important target for future
research.

Another potential issue of QG is the clash between stability
(understood as the absence of tachyons) and the absence of
Landau poles [12, 13]: whenever the parameters were chosen
to ensure stability, perturbation theory featured a Landau pole.
Specifically, this Landau pole affected the parameter fy appearing
in the Lagrangian as ./—gR?/f#, where g is the determinant of the
spacetime metric g, and R is the Ricci scalar. Some progress has
also been made in regards to this problem. In Salvio and Strumia
[14], it was shown that QG coupled to a renormalizable QFT
can hold up to infinite energies provided that all the couplings
flow to a UV fixed point and the gravitational sector flows to
conformal gravity (a version of gravity that is invariant under
Weyl transformations, g,.,(x) — eza(x)gw(x), where o is a
generic function of the spacetime point x.). The requirement that
the QFT part enjoys a UV fixed point indicates the presence of
several particles beyond the SM, which could be searched for with
current and/or future particle experiments and could account for
the strong evidence of new physics that we undoubtedly already
have (such as neutrino oscillations and dark matter).

The aim of this work is to review what is known so far about
QG (taking into account the coupling to a general renormalizable
QFT). Other monographs and books on QG are present in the
literature (see e.g., [15, 16], which focused on the renormalization
of the theory). This review also includes the recent progress on
the two problems mentioned above (the ghost and the Landau
poles) and provides further insight on these issues. The article is
structured as follows:

e In section 2, the action of QG coupled to a generic
renormalizable QFT is discussed and the known physical
degrees of freedom are identified with a new physically
transparent method.

e Section 3 discusses the renormalizability of the theory; given
that detailed proofs are present in the literature and, as
mentioned above, books and reviews on this subject already

21t should be noted that QG is distinct from the asymptotic safety proposal for
quantum gravity made in Weinberg [10], where all the possible terms (including
the non-renormalizable ones beyond the quadratic order) are included: in QG
only renormalizable interactions are introduced so that only a finite number of
parameters are present. This guarantees the predictivity of the theory. Possibly
the ghost can be avoided by introducing an infinite series of higher-derivative
terms [11], which can be viewed as non-local terms, but the resulting gravity
theories contain infinite free parameters and are not known to be renormalizable.

exist, we recall and elucidate a known intuitive argument
in favor of renormalizability by providing more details than
those currently available. In section 3, we also collect from
the existing literature the full renormalization group equations
(RGEs) for the dimensionless and dimensionful parameters of
QG coupled to the most general renormalizable QFT.

e Section 4 is devoted to a pedagogical and detailed discussion of
the ghost problem and the recent progress that has been made
on this subject; most of the discussion, however, will be limited
to simple finite dimensional quantum mechanical models and
the extension to the full QG case remains an important target
for future research.

e Section 5 reviews the issue of the Landau poles and how QG
can flow to conformal gravity even in the presence of a generic
QFT sector.

2. THE THEORY (INCLUDING A GENERAL
MATTER SECTOR)

In this review, we do not consider only pure gravity but also its
couplings to a general renormalizable matter sector.

2.1. Jordan-Frame Lagrangian
The full action in the so-called Jordan frame is,
S= / d4x\/ —ga?i L= zgravity + Zatter + Zhon—minimal-
(2.1)
We describe in turn the three pieces—the pure gravitational

Lagrangian, Zravity; the matter Lagrangian, Znatter; the non-
minimal couplings, -Z},on—minimal-

The Pure Gravitational Lagrangian

Zgravity in quadratic gravity is obtained from the Einstein-
Hilbert action by adding all possible local terms quadratic in
the curvature, whose coeflicients have the dimensionality of
non-negative powers of energy:

MZ
ggravity = aR? + ,BRMVRMU + VRuvpaRMVpU - TPR —A, (22)

where R,ivp0»> Ryv» and R are the Riemann tensor, Ricci tensor,
and Ricci scalar, respectively’, and the Greek indices are
raised and lowered with g,,. Furthermore, o, B, and y are
generic real coefficients. If the theory lives on a spacetime with
boundaries, then one should also introduce in Zravity a term
proportional to OR, where O is the covariant d’Alembertian, in
order to preserve renormalizability [17-19]; in the applications
described in this review such a term will not play any
role and, therefore, will be neglected. Finally, Mp and A
are the reduced Planck mass and the cosmological constant,
respectively.

31n this review we use the signature 17, = diag(+1, —1, —1, —1) and define

1
Rp.upa = alirlf)a - avr[fa + r;frrvra - F\f)rr;za’ r;fa = Egpr (aﬂgﬂf
+00gur — 81g;m) , Ry = Rpp_pw R= gMVRIlU‘
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One combination of the terms in (2.2) is a total (covariant)
derivative, the topological Gauss-Bonnet term:

1 .
G = Ryyupo RMP7 —4R, RW 4R = ZEW"ea,«;w;R‘%ﬁwlw% = divs.,

(2.3)
where €, is the antisymmetric Levi-Civita tensor and “divs"
represents the covariant divergence of some current. This total
derivative does not contribute to the field equations and can be
often ignored. It is therefore convenient to write (2.2) as,

MZ
Loravity = (a— V)RZ +(B+4y)Ruw R +yG— TPR_ A (24)

Furthermore, for reasons that will become apparent when the
degrees of freedom will be identified in section 2.3, it is also
convenient to express R,,,R*" in terms of wW? = W vpe WHYPO,
where W, is the Weyl tensor.

1
Wivap = Ruvap + E(gMﬂRva — SuaRvp + gvaRup — gupRua)
1
+g(guagVﬁ — &vagup)R. (2.5)

One has

1 1 1
EW,WU WHYPT — ERWMR’“’W — Ry R™ + ng, (2.6)

which, together with the definition of G in (2.3), gives

w2 R* G
R,RYW = — 4+ — — —. 2.7
v S t3 3 2.7)
By inserting this expression of R,,,R*" in (2.4), one finds,
R2 W2 MZ
Lyravity = —5 — —5 —€G— —LR— A, (2.8)
o 2 2
where
1 1 B
2 2
=— = - , €=—+y. (29
W= 76 2= Fray o tre 29

We have introduced the squares f# and f7 because the absence of
tachyonic instabilities requires fZ > 0 and f7 > 0, as we will see
in Sections 2.2, 2.3, and, in a more general context, in section 5.

The Matter Lagrangian
The general matter content of a renormalizable theory includes
real scalars ¢,, Weyl fermions 1/, and vectors Vﬁ (with field

strength Fﬁv) and its Lagrangian is,

Dyugpa D" pa
2

1 T
Lnatter = —Z(Fﬁv)z + + Vil

S (Vgwda +he) = ¥(@) — 3 (Mydity + he),
(2.10)

where

m Aa

o Gedubeds  (2.11)

2 A
L poty, + S badvbe +

)= 3!

where all the terms are contracted in a gauge-invariant way. The
covariant derivatives are?:

Duta = duda + 0 Viido Dty = 3y + ity Vit

1
+ 5 wzb Yab¥j

The gauge couplings are contained in the matrices #4 and
t4, which are the generators of the gauge group in the scalar
and fermion representation, respectively, whereas Yg- and A gpeq
are the Yukawa and quartic couplings, respectively. We have
also added general renormalizable mass terms and cubic scalar
interactions. Of course, for specific assignments of the gauge and
global symmetries, some of these parameters can vanish, but here
we use a general expression.

The Non-minimal Couplings
Zhon—minimal Tepresents the non-minimal couplings between the
scalar fields ¢, and R:

1
Zhon—minimal = _ESab¢a¢bR’ (2.12)
where all terms are contracted in a gauge-invariant way. Non-
minimal couplings are required by renormalizability, and if they
are omitted at the classical level, quantum corrections generate
them (as we will see in section 3.2.1).

2.2. Einstein Frame Lagrangian
The action in the Jordan frame is most suited to address the
quantum aspects and to make contact with particle physics.
However, when it comes to cosmological applications it is often
better to express the gravitational part of the theory in a form
closer to Einstein gravity [20, 21]. This will also help us in
identifying the degrees of freedom in section 2.3. We now review
how to obtain such a form of the theory and, in doing so, we shall
neglect quantum corrections, which are anyway best studied in
the Jordan frame.

The non-standard R? term can be removed by adding to the
Lagrangian the term

R+ 3f2x/2)?
_\/_—g( fOZX/)
6f5

where x is an auxiliary field. This Lagrangian vanishes once the
x EOM are used and we are therefore free to add it to the total
Lagrangian. However, this has the effect of modifying the non-
minimal couplings. The term linear in R in the Lagrangian now
reads as:

1
_Ex/jgf()(xfi))R,

, (2.13)

FOd) = Mp+E40°¢" +x. (2.14)

“The spin-connection wﬁb is defined as usual by wﬁb = e 9,e + e, T 7 oe? and
_1
Yab = 7 [Va> Vol-
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In order to get rid of this remaining non-standard term, we
perform a Weyl transformation:
Mj a ( f )”2 a ( f )3/4
- —Zu = | = , i— | =
8uv I s @ M}Z, ¢ Vi M}Z,
v, Vl‘:‘ — Vﬁ. (2.15)

Now the Lagrangian can still be written as in (2.1), but with

w2 M3 _
oggravi'ry = _g - TPR + divs., Znonfminimal =0, (216)
1 - 1
gmatter = _Z(Fﬁv)z + 1/fjilDl[/j - E(Ygl//il[/j(pa +h.c)
V6Mp 6M} Dyupg D g + 8, £04C
T (Mg + he) + sz = > =
where we defined® ¢ = ,/6f and
363 32 (¢F 2
U9 = =5 [W) S D } .
(2.18)

In Zyravity> we have not explicitly written the total derivatives as
they typically do not play an important role in cosmology. These
total derivatives emerge when the Weyl transformation is applied
to the two terms proportional to € in (2.8).

The advantage of this form of the Lagrangian, known as the
Einstein frame, is the absence of the non-minimal couplings and
the R? term. The latter has effectively been traded with the new
scalar ¢, which appears non-polynomially. The scalar kinetic
terms are non-canonical and cannot be put in the canonical
form with further field redefinitions given that the scalar field
metric is not flat. Moreover, the Einstein frame potential U differs
considerably from the Jordan-frame one, V + A. This result is a
particular case of a more general theorem involving the generic
functions f(R) of the Ricci scalar (for a review on f(R) theories
see e.g., [22] and references therein). Also, note that the W2 term
is present in the Einstein frame.

It is instructive to write the potential for ¢ when the
other fields ¢, are not present or are at the minimum of the
potential and are not allowed to fluctuate (for example, because
they have very large masses). In this case, one can make the
kinetic term of ¢ canonical through the field redefinition ¢ =
6 Mp exp(w/ (+/6Mp)). The new field w feels a potential,

_ 24 _
Ulw) = Ae™*/Volr 4 LOSM L(1- e—Zw/ﬁMP)z, (2.19)

where we have neglected ¥ (¢) and &,,¢,¢, as they can be
absorbed in A and M3, when the scalar fields ¢, are absent or they
are fixed to constant values. This is the potential of the famous
Starobinsky’s inflationary model [4]. There is a stationary point
of U for

A +3f3M3/8 '

5Notice that in order for the metric redefinition in (2.15) to be regular one has to
have f > 0, and thus we can safely take the square root of f.

whenever the right-hand side of the above equation is positive.
For positive cosmological constant, A > 0, such a stationary
point always exists for f7 > 0 when it is a point of minimum,
but for f} < 0 either the stationary point does not exist or it is
a point of maximum, not minimum. This situation is illustrated
in Figure 1 and it is a special case of a more general result (valid
when the other scalars ¢, can fluctuate freely), which proves that
a minimum of the potential exists only for f7 > 0 and will be
presented in section 5.

2.3. The Degrees of Freedom of Quadratic
Gravity

In section 2.2 we have seen that the R? term is equivalent to a
real scalar {. We now complete the determination of the degrees
of freedom of QG. We do so by working in the Einstein frame,
where the gravity Lagrangian is the same as that in (2.16). The
degrees of freedom associated with the matter Lagrangian can be
identified with standard field theory methods and, therefore, we
do not discuss them explicitly here.

The total derivatives (“divs") in (2.16) do not modify the
degrees of freedom and for this reason will be neglected.
Therefore, we focus on the following two terms in the gravity

action:
Sw + Sen, (2.21)

where Sy is the part due to the unusual Weyl-squared term,

WZ
Sw = /d“x,/—g [ - —2] (2.22)
2f;
and Sgy is the usual Einstein-Hilbert part,
o —[ M

We will use a 3 + 1 formalism (where space and time are treated
separately). We do so because the identification of the degrees of
freedom is particularly simple within that formalism.

In this section, however, we will expand the metric around
the flat spacetime, ds%1at = dt? — dx? as that is sufficient to
determine the degrees of freedom perturbatively®. By choosing
the Newtonian gauge, the metric describing the small linear
fluctuations around the flat spacetime can be written as,

ds = (1+420(t,X))dt* — 2Vi(t, ¥)dtdx' — [(1 — 2W(t,%))8;;
+hij(t, %) ] dx'd. (2.24)

By definition, the vector V; (not to be confused with the
spatial components of the gauge fields Vﬁ) and the tensor h;;
perturbations satisfy the following conditions:

d9;Vi =0, ]’l,] = hji) hi; =0, 3,’]’1,‘]‘ =0. (2.25)
The Newtonian gauge is often used to study the small linear

fluctuations around the Friedmann-Robertson-Walker (FRW)

SFor a discussion of a possible form of the non-perturbative spectrum see Holdom
and Ren [23, 24].
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FIGURE 1 | Einstein frame potential as a function of the canonically normalized scalar  equivalent to the scalar ¢ corresponding to the R2 term in the Lagrangian.
The quantity fg is chosen to be positive (negative) on the left (right). A minimum exists only for fg > 0, which corresponds to Starobinsky'’s inflationary model.
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TABLE 1 | Degrees of freedom in the gravitational sector.

Field Spin Mass
Graviton 2 0

Ghost 2 Mo = follp//2
Scalar ¢ 0 Mg = foMp/~2 + ...

The scalar ¢ is due to the R? term in the Lagrangian; the dots in its mass Mg represent
the possible contribution of other scalars mixing with ¢ (if any), which can be present in
specific models.

cosmological metric (see e.g., [25] for a textbook treatment).
Instead, here we study the fluctuations around the flat spacetime
for simplicity. Also, sometimes the Newtonian gauge is defined
for the scalar perturbations ® and W only (see e.g., [25]). Here
we consider a generalization, which also includes the non-scalar
perturbations’. In Table 1, we provide the degrees of freedom of
the gravitational sector (the part of the spectrum due to Zrayity).
This includes the scalar ¢ found in section 2.2 and the ordinary
graviton and a massive spin-2 ghost graviton, which will be
identified in the following sections (2.3.1, 2.3.2, and 2.3.3).

2.3.1. Helicity-2 Sector

We start with the helicity-2 sector, whose quadratic action is
denoted as S®. Both Sgy and Sy contribute to this action. The
helicity-2 quadratic action from Sgg and Sy are, respectively,

s2 = Mlz’/d‘*x (H-h--—i—hﬁzh--)
ES — 8 gty E) y)>

1 o C o -
S%) = _FZZ / d*x (I’l,]]’llj + Zhijvzhij + h,]V4I’l,]> ,(2.26)

7 A possible gauge dependent divergence of h; has been set to zero by choosing the
gauge appropriately.

where a dot denotes a derivative w.r.t. to time ¢, V4= (62)2 and
V2 is the three-dimensional Laplacian. Therefore,

M? T C oo -
S(Z) = Sgg + Sw = SWPZ / d4x [—hyhy - ZhijVZh,-j — hijV“h,-j
2

+M§ (h,]hlj + h,]62hl])] s (2.27)
where M3 = ffM3/2.

One can go to momentum space with a spatial Fourier
transform,

- &Pp o 5 A
hij(t,x) = / ﬁe’l’"‘ D mLpep),  (2.28)

A==E2

where e?}(f’) are the usual polarization tensors for helicities A =

+2. We recall that for p, along the third axis, the polarization
tensors satisfying (2.25) are given by,

2 2 2 42 12 42
e =€y =1/2, ey = =i/2, e =e5 =0,
. 2
e = () (2.29)

and for a generic momentum direction p we can obtain ef}(ﬁ)
by applying to (2.29) the rotation that connects the third axis
with p. The polarization tensors defined in this way also obey the
orthonormality condition,

e(@)(e @) =8 (2.30)
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By using the Fourier expansion in (2.28), one obtains

P>
8M; =%

+M2 (iigh, — 15 21 ) |

/ dedp [T + 255 s — W5 *hy

M2 . .
=5 2 f dd’p [—hihx+(wf+w§)lhx|2
8M; =32

—wiwslhl?], (2.31)

where

w1 =./p2+ M,

The action S? is the sum of the actions of Pais-Uhlenbeck
oscillators, which will be studied in section 4.1.2. There we
will see that this system is equivalent to a ghost d.o.f. with
frequency w; and a normal d.o.f. with frequency w,. Therefore,
the conclusion is that the helicity-2 sector features a massless
field (the ordinary graviton) and a ghost field® with mass M, =
f>Mp/~/2. Therefore, as anticipated before, we see that f7 > 0
is required to avoid tachyonic instabilities. Lorentz invariance
implies that the helicity-1 and helicity-0 components of the
massive ghost should be present too. We will see how they emerge
in the following sections 2.3.2 and 2.3.3. The derivation of the
ghost field presented here simplifies and agrees with previous
proofs based on the h,, propagator [8, 27].

wy=1p|. (2.32)

2.3.2. Helicity-1 Sector

Next, we move to the helicity-1 sector, whose quadratic action
is denoted here by S!). 1) is given by the sum of the Einstein-
Hilbert contribution,

W _ M [ o 2
Sph = T/d x (8iV5), (2.33)
and the Weyl contribution,
1 L. >
s = T / dx (Vv — vivv). (2.34)
2

Therefore, the full quadratic action in the helicity-1 sector is,

M. =, - -

1 4 P 2 4 2 2

s :/d v [Vjv Vi + Viviv, — M3V;V Vj]. (2.35)
2

Given that V2 is a negatively-defined operator, we see that V;
has a ghost kinetic term and a mass M, and has, therefore, to be
identified with the helicity-1 components of the massive spin-2
ghost.

8Starting from the initial action (2.8), it is possible to perform field redefinitions
and use the auxiliary field method to make the ghost field explicitly appear in the
Lagrangian [26]. This is equivalent to what has been done in section 2.2 to make
the scalar field ¢ appear explicitly in the Lagrangian.

2.3.3. Helicity-0 Sector

We denote the helicity-0 action by S, which has one
contribution from the Weyl-squared term and one from the
Einstein-Hilbert term, $© = S(Vi,.) + S%O})I. Expanding around the
flat spacetime leads to the following helicity-0 action (modulo
total derivatives)

(0) 2 / 4| o2 2
Sy = —— | d'x|V(DP+P)| ,
w 3f7 [ ]

M> . - .
S = TP/d4x[—6\I/2 +4UV2P — 2\w2\y]. (2.37)

(2.36)

The variation of $© with respect to ® gives

V(@ + W) 4+ 2V2W = 0.

— _ 2.38
TR e
We see that this equation does not depend on the time derivative

of the fields and, therefore, has to be considered as a constraint.
Solving for ®:

® = -V +3MIV 2y, (2.39)

In the expression above, V=2 denotes the inverse Laplacian,
which can be defined by going to momentum space, p,
and identifying V2o —1/p 2. Inserting (2.39) into
Equations (2.36) and (2.37) we get,

M? . -
SO — TP/d‘*x [—6\112 — WV +6M§\1/2]

=3M} / d*x[—(0W)* + M3 ¥?]. (2.40)
We see that the kinetic term of W is of the ghost type and its mass
is M,. Therefore, W represents the helicity-0 component of the
ghost spin-2 field.

3. RENORMALIZATION

One of the main motivations for considering QG is its improved
quantum behavior with respect to Einstein theory. Therefore, it
seems appropriate to discuss the renormalization properties right
after the definition of the theory.

3.1. Renormalizability
The renormalizability of QG is suggested by simple power
counting arguments, general covariance, and dimensional
analysis. It is therefore not surprising that some authors [6, 7]
noted this property several decades ago. There are also formal
proofs [8, 28] of the renormalizability of QG, but we do not
reproduce them here because they are described in detail in the
original articles’.

It is illuminating, however, to recall the main ingredients
of the intuitive arguments in favor of renormalizability. Let
us consider the expansion of QG around the flat spacetime,

9These formal derivations can also be extended to include the general
renormalizable matter sector considered in section 2.
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guv = Nuv + My, and a generic loop correction in momentum
space. The vertices involving h,,, contain at most 4 powers of
the momenta p, whereas the h,,,-propagator behaves as 1/p*
for large momenta if an appropriate quantization is used [8]
(see below). Therefore, in this case, the superficial degree of
divergence should be four or less (see, for example, Chapter 12
of [29]). This conclusion holds good both in the pure QG and in
the presence of the most general renormalizable QFT.

It is instructive to illustrate the quantization that leads to a
propagator that behaves as 1/p* for large momenta. The presence
of the ordinary graviton and the spin-2 ghost with mass M tells
us that the h,, -propagator should have two poles,

Zghost
P — M3 +ie”’

Zgraviton

b .1
p?+ie G

where Zgraviton and Zghost are the corresponding residues and we
have allowed for two a priori different prescriptions, € and €'.
Both the poles are proportional to the same tensor structure as
they both have spin-2. The requirement that the 4, -propagator
behaves as p4 for large momenta leads to the condition Zgrayiton =
—Zghost- In this case, the h,,,-propagator is proportional to,

1 1
Prie  p?— M2 +ie

2
= - My (3.2)
(p* + ie)(p? — M3 + ie)

+is(p? — M3)(sign(e') — sign(e)),

where we have used the formula,

1
x * ie

= t@i Fimd(x) (3.3)
with 7 being the principal part. The second term on the right-
hand side of Equation (3.3) corresponds to the fact that the poles
are shifted in different directions in the complex energy plane
for sign(e’) # sign(e). Therefore, one obtains a propagator that
behaves as 1/p* only if'® sign(e’) = sign(e). Given that the
absolute values of € and €’ are not important this final condition
can be simplified to € = €’

The condition € = ¢’ implies that the ghost should be
quantized by introducing an indefinite metric on the Hilbert
space [8]. The easiest way to show this is by looking at the action
S of the helicity-0 component of the ghost in (2.40). This
allows us to avoid the complications due to spacetime indices.
The corresponding Lagrangian is,

1 . o
20 = (—\112 — VY +M§\y2> , (3.4)

where we have canonically normalized W by rescaling ¥ —
W /+/6Mp. The conjugate variable is then,

5 A0 .
o — (3.5)

v =

10To convince ourselves of the correctness of this statement one could insert the
propagator in (3.3) in a loop integral; the effect of the Dirac §-function is to drop
one momentum integration and to add a power of momentum at the denominator,
for a total of two (not four) momenta in the power counting.

and the canonical commutators are:

(W(t,%), ¥(t))] = —isPE—7), [W(LI),¥(t))] =0,
[\D(t, X), \D(t,}/)] =0. (3.6)

Performing a spatial Fourier transform and demanding W to
solve its EOM leads to,

(bo(;,)ez‘ﬁv‘c—iw@r T bo(ﬁ)Te—iﬁ'R-Hw(ﬁ)I) :

- &p
V(L) = | ——
(- / V210 ()
(3.7)

where w(p) = ,/p 2+ M2, and the commutation rules above
imply the following:

[bo(@), bo@'] = =8 —q),  [bo(B),bo(@] =0.  (3.8)

At this point we have a choice. We can either

1 interpret the by (bg) as annihilation (creation) operators, or

2 interpret the by (bg) as creation (annihilation) operators.

In Case 1, as we will see in section 4.2.1, one should introduce an
indefinite metric on the Hilbert space. In Case 2, the indefinite
metric can be avoided, but the energies are negative; this
statement will be shown in section 4.2.1, but its correctness is
intuitive because in that case one would interpret —w(p) (rather
than +a)(f7)) as the energy. Let us compute the propagator P(x)
in the two cases. The definition is,

P(x) = (0| TW(t,x)W(0)|0) = O(t)P4(x) + O(—t)P_(x), (3.9)
where

P (x) = (019 (£, X)W(0)[0), Py(x) = (0]W(0)¥(£X)[0) (3.10)

1 In Case 1, we have,

34 ,—ipx
mm:_/igg,

om0 =P

(3.11)

where py = w(p). The minus sign in (3.11) is due to the
minus sign in the commutation relation (3.8). Therefore, by
using a standard text-book derivation,

d4p efipx
P(x) = — s
) / @m) (p? — M3 + i€)

(3.12)

where € > 0. We see that this corresponds to Zgnot =
_Zgraviton ande’ = €.

2 In Case 2, we still have,

3 —ipx
hwz_/igg,

207, P_(x) = P4 (—x),

(3.13)

but now py = —w(p) (the energies are negative) and one

ends up with

d4p e—ipx

P(x) = — / It (3.14)
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Note that the overall minus sign has a different origin than
in Case 1: here it is due to the negative energy condition
po = —w(p), not to the commutators as the role of by
and bg is switched. So, in this case, one still has Zgp,s =
—Zgraviton but €/ = —e and renormalizability does not
occur.

Therefore, the conclusion is that renormalizability requires a
quantization with an indefinite metric on the Hilbert space.
In section 4.2.1, we will show that such a metric should be
introduced also to ensure that the Hamiltonian is bounded from
below. This raises an interpretational problem as in quantum
mechanics the positivity of the metric is related to the positivity
of probabilities. This problem will be addressed in section 4.2.6,
where the state of the art of the related literature will be
discussed.

3.2. RGEs

The renormalizability of the theory (including the gravitational
sector) allows us to use the standard renormalization group
machinery developed for field theories without gravity. The
modified minimal subtraction (MS) scheme will be adopted in
this review.

3.2.1. RGEs of the Dimensionless Parameters

The 1-loop RGEs of the dimensionless parameters are
independent of the dimensionful quantities and it is therefore
convenient to present them separately. Their expression for a
general renormalizable matter sector is,

df3 133 Ny Np Ng
D2 g = ), 3.15
dr fi 05 T e (3.15)
afz 5 5 4
% = 5f2“ +50+ G + fi(aab + 650 (Sap + 66ap), (3.16)
de _ P01 L (eany 42 N +N (3.17)
dt — |45 ' 360 v Fs '
dé g L vk ck
dr = 6 Aabed (GSCd + Scd) + (6$ab + ‘Sab) kzb |: 6 725 +
a.
f2 S
ab + f3Eac | Eea + 55d (6&ap + Sav)> (3.18)
dye
= E(Wybw + Y°yToyby 4 oybyfayl 4
T
. 15
+Y? Tr(Y™Y?) — 3{Cop, Y} + Efzzw, (3.19)
n 1 3
— =y [fxahefxeﬂﬁ $10%40%010%,6")cy
T 8 8
perms
avibyeytd 5 5
—TrY*Y"YY'" + +§f2 §av€ed + Egaescf(fseb
f2
+6&e,) (3t + 6E1) + +%(8ae + 6&ae) (S + 6§hf))\efcd:|
+AM[ Y. (Y3 —3GCy) +5f§], (3.20)
k=a,b,c,d
where
T =1In(u/wo) /(47)%, (3.21)

u is the MS energy scale, jio is a fixed energy, and Ny, Nf, and
N are the numbers of gauge fields, Weyl fermions, and real scalars,
respectively. Also, Y%, Cks, and CyF are defined by

00l = Cop = tht4,

Tr(Y™Y?) = v§5%, 02404 = Cisdaps (3.22)
The sum over “perms" in the RGEs of the A4 runs over the 4!
permutations of abcd. We do not show the RGEs of the gauge
couplings because they are not modified by the gravitational
couplings (see [30-33]).

Some terms in the 2-loop RGEs have been determined [14].
For example, switching off all couplings, except fy, one obtains

the 2-loop RGE for fy [14] as,

45 _ S

e gfo fO (3.23)

(471 (47)2 12

However, a complete expression of the 2-loop RGEs for all
couplings is not available yet.

Note that the coefficient € of the topological term G does
not appear in the RGEs of the other parameters. Indeed, G
vanishes when the spacetime is topologically equivalent to the flat
spacetime, and the RGEs, being UV effects, are independent of
the global spacetime properties.

The RGEs obtained as above are the result of several works.
The first attempt to determine the RGEs of f, and f; was presented
in Julve and Tonin [34]. The results of Julve and Tonin [34] are
incomplete and contain some errors. An improved calculation
was later provided by Fradkin and Tseytlin [30, 35], which,
however, still contains an error in the RGE of fy. The first correct
calculation of the RGE of fy in the pure gravity case appeared
in Avramidi and Barvinsky [13]; indeed, the result of Avramidi
and Barvinsky [13] was later checked by Salvio and Strumia
[33] and Codello and Percacci [36] with completely different
techniques. Salvio and Strumia [33] also extended the results
of Avramidi and Barvinsky [13] to include the general couplings
to renormalizable matter sectors. The RGE for € in the presence
of general renormalizable matter fields can be found in Avramidi
[16] (see also [37] for a more recent discussion). Also, Ohta and
Percacci [38] checked the RGEs of f3, f, and € with functional
renormalization group methods.

Equations (3.15) and (3.16) clearly show that even if the
spacetime metric is not quantized and we do not introduce the
terms quadratic in the curvature in the Lagrangian, such terms
are anyhow generated by loops of matter fields, as originally
shown in Utiyama and DeWitt [3].

3.2.2. RGEs of the Dimensionful Parameters
The 1-loop RGEs of the dimensionful parameters are,

a1, 1 L (S
+2X) M3, (3.24)
da miyml, O S
= —ab ab (MM =M
de B r[( )1+ 3 P
+(5f7 + fHA + 4AX, (3.25)
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aM 1
— = E(Y”’YbM—FMY“’Yb)—l—ZYbMTYb

i (3.26)

15
+Y? Tr(YM) + —3{Cor, M} + gfzzM + MX,

dm?
7% = Rabef Mo + AaefAver — 2[ TH(Y Y I MMT) +
+Tr(YHeyP M an) + Tr(yM YPMmY)
+Tr (MY™*MY™)] +
5 4 A2 fé A2
+Ef2 ‘i:abMP + ? (Sab + 6$aeseh) MP +

+f02 (mﬁb + 3.§bfmif + 3Eafmif + 6§ae§'bfm§f) +

+ml, | (Y3 —3C5) +5f +2X |, (3.27)
k=a,b
dAy,
d: = )‘abefAefc + )“acefAeﬂo + )‘bcefAefa +

2Tr (Y{“Yﬂ’YC}MT) ~2Tr (Y“CY“Y“”M) n
+fo (Aave + 38arApc + 3EpfAfac + 365 Arap) +
+6f02 (gaeSbfAefc + 5ae§cfAeﬂz + SbegcfAefa) +

FhAage | Y (Y5 =3Ck) +56 +X |,

k=a,b,c

(3.28)

where the curly brackets represent the sum over the
permutations of the corresponding indices, e.g, Y@y =
Y?Y™ 4 yby®e The symbol X represents a gauge-dependent
quantity [14]. The RGEs of massive parameters are gauge
dependent as the unit of mass is gauge dependent. Any
dimensionless ratio of dimensionful parameters is physical and
the corresponding RGE is indeed gauge-independent, as it can be
easily checked from Equations (3.24) to (3.28).

The RGEs above for the most general renormalizable matter
sector were obtained in Salvio and Strumia [14] and later checked
in Anselmi and Piva [39]. However, before Salvio and Strumia
[14] appeared, a number of articles computed the RGEs of some
massive parameters in less general models. The RGE for A /M3
in the pure gravity theory was determined in Avramidi and
Barvinsky [13] and a detailed description of the methods used
can be found in Avramidi [16]. The RGE of the ratio between
the Higgs squared mass M; and M} was computed in Salvio and
Strumia [33] (where the matter sector was identified with the
SM).

These general RGEs can be used to address issues related to
the high-energy extrapolation, such as the UV-completeness or
the vacuum stability of generic theories of the sort studied here.

4. GHOSTS

In this section, we discuss systems (such as quadratic gravity)
featuring ghosts, recall the related problems, and present some
possible solutions. We will mostly focus on finite dimensional
systems but also discuss both the classical and quantum
mechanical aspects.

4.1. Ghosts in Classical Mechanics

We consider a physical system described by a certain number of
coordinates!! g; and restrict our attention to Lagrangians that
depend on ¢;, gi, g; and, possibly, on time t,

L(9, 4, 4> 1), (4.1)

where the dot is the derivative w.r.t. ¢ and, from now on,
we understand the index i. This setup covers the case we are
interested in: the Lagrangian of quadratic gravity depends both
on the first and second derivatives of the field variables because
of the extra terms quadratic in the curvature; moreover, an
explicit dependence on time emerges, e.g., when a cosmological
background is considered [21].

In the following paragraphs, we will first discuss the derivation
of Euler-Lagrange equations of motion and then introduce the
Hamiltonian approach. This discussion will be valid for QG as a
particular case.

The least action principle in this context tells us that the
variation §S of the action, S = | dfL, with respect to variations 8g
of the coordinates that vanish on the time boundaries (together

with their first derivatives, 84) should be zero!2:

aL aL . AL .
0=08S= [ dt| —8q+ —d8q+ —=38q).
g g 99

Here, we should require that §4 also vanishes on the time
boundaries because the values of g at two times are not sufficient
to identify the motion as the equations involve derivatives higher
than the second order. On performing integration by parts
once on the second term in (4.2) and twice on the third term,
we obtain the Euler-Lagrange equations of motion for four-
derivative theories as follows,

d (0L d L\ oL

dt\ag dtdg) dq
We now move to the Hamiltonian approach. We start by defining
two canonical coordinates,

(4.2)

(4.3)

Q1 =q 4@ =q. (4.4)
In this case, the conjugate momenta are defined by
Pl=8*.LEafL—ia.Ij (4.5)
Sq dq  dtdq

where the index [ runs over {1, 2}. A motivation for this definition

will be given below in section 4.1.1. For I = l and [ = 2
separately, the conjugate momenta read
_oL_doL L we)
=5 @y PP e '
Then as usual, one defines the Hamiltonian H as,
H = pig; — L(q, 4, G 1) (4.7)

'Note that the case of fields can be obtained by interpreting the index i as a space
coordinate X.

12The summation on the index i is understood, for example, %(Sq =y, g—ééq;.
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4.1.1. The Ostrogradsky Theorem
Under a non-degeneracy assumption, ie., the fact that!?
det(d?L/dG*) # 0, it is possible to argue that the system is
classically unstable!*

Indeed, this assumption allows us to express § as,

q=f(q,9,p2,1), (4.8)

where f is the inverse of dL/0q viewed as a function of §. Once
Equations (4.4) and (4.8) are used, H reads

H = p1q2 + p2f(q1, 92, p2, 1) — L(q1, 92, £ (q1, G2 P2, 1), 1), (4.9)
which is manifestly a function of the form,
H = H(qp,p1,t). (4.10)

The form of H in (4.9) implies the celebrated Ostrogradsky
theorem [9]: the Hamiltonian obtained from a Lagrangian of
the form L(q, q, 4,t), which depends non-degenerately on g (i.e.,
det(azL/aijz) # 0), is not bounded from below. Indeed, the
expression of H in (4.9) shows that H depends linearly on the
momentum p; and therefore goes to —oo if p; tends either to
~+00 or —oo (when g5 is non-vanishing). Note that this result is
valid for QG as a particular case.

One may wonder why the conjugate momenta is defined as in
(4.5). The reason is that the standard form of the Hamiltonian
equations of motion follows in this case and, therefore, the
Hamiltonian is a constant of motion if it does not depend
explicitly on time. In order to see this, let us consider an
infinitesimal variation of the Hamiltonian and compute it in two
different ways, by using (4.7) and (4.10). Respectively we have,

oL oL

dH = pidq + qudp; — —dq - —qdq - a—qd - —dt (4.11)
9H 9H
dH = ——dq; + fdpz + ot (4.12)
a9 ap

By using the definition of the conjugate momenta in (4.6) and
q2 = q in the first expression of dH, we obtain,

) oL d oL oL . oL ., oL
dH = qudp— - dq — **d‘l— o7 4 = Qdpi— o dq—padg— - dt.
dq dat 9 9q ot
(4.13)
The Euler-Lagrange equations allow us to write the term %dq as
follows:
L d (0L d oL
ood == )d d 4.14
3qq dt( dt8q> 9= p1dq ( )
s0,
. . oL
dH = qudp, — pidq; — ——d. (4.15)

1392L/9* denotes the Hessian matrix of L, whose elements are 02L/{;0;.
Lagrangians that depend on even higher derivatives of q have been considered
in the literature in the time-independent case [40], but these situations go beyond
our scope as the quadratic gravity Lagrangian only depends on the derivative of g
up to the second order.

Now, by comparing this expression with the one in (4.12) we
obtain,

JoH
g’

OH
ar

oL

OH
at’

3p1,

q = pi (4.16)
Therefore, we see that in theories with a Lagrangian of the
form L(q,q,4,t), which depends non-degenerately on g (i.e.,
det(d*L/35?) # 0), the Hamiltonian equations have the standard
form provided that the definition of the conjugate momenta are
modified according to (4.5). By inserting the first two equations
in (4.16) into (4.12), we obtain that the Hamiltonian is a constant
of motion provided that dH/dt = 0.

(In)stabilities

If a system fulfills the hypothesis of the Ostrogradsky theorem,
then it can develop instabilities. However, this theorem does not
directly imply that all solutions of such a system are unstable.
Here, by “stable solution” we mean a solution of the equations
of motion such that for initial conditions close enough to the
region of the phase space spanned by this solution the motion
is bounded (it does not run away). There are several examples
of systems of this type that feature bounded motions: the Pais-
Uhlenbeck model [40] to be discussed in section 4.1.2 (in some
cases even in the presence of interactions [41-46]) and quadratic
gravity expanded at linear level around the flat or de Sitter
spacetime [21, 47, 48].

4.1.2. The Pais-Uhlenbeck Model

The Ostrogradsky theorem applies to a large class of higher
derivative theories, but we have seen that it does not directly
forbid the existence of stable solutions. To further understand
the issues of higher derivative theories, it is convenient to
analyze a simple system, which captures some of the essential
characteristics of quadratic gravity. Therefore, in this section we
focus on the Pais-Uhlenbeck model [40], whose Lagrangian is

qz qZ q2
L= -+ (@? + w%)— - w%wﬁ; - V(g = (4.17)
2q(E + wl)(dtz + w3)q — V(q) + total derivatives.

Here, V is a function of g representing a possible interaction,
and w; and w, are real parameters. As we will see, w; and w;
represent the frequencies of two decoupled oscillators when V =
0. Apart from its simplicity, another reason for considering this
model is that it closely resembles the helicity-2 sector of QG (see
Equation 2.31). In QG w; # w; at finite spatial momentum
(see Equation 2.32); therefore, the unequal frequency case is
particularly relevant.

Lagrangian Analysis
The Lagrangian equation of motion is,

d2 4
Gt wl)(dtz teRqt Vi@ = di* o+ 2) dt2
+wlwiqg+ V'(g) =0. (4.18)
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Equation (4.18) makes it clear why one chooses w% and a)% to
be positive; otherwise the solutions of the equations of motion
would feature tachyonic instabilities at least for vanishing V.

The corresponding classical solution, for given initial
conditions gy = ¢(0), g0 = §(0), o = §(0), 9o = 4(0) at t = 0,
is

q(t) = —w cos(wt) + M cos(wyt) (4.19)
] — a)2 ‘U1 - a’z
5. 5.
—70)2‘12 + q(; sin(w;t) + 70)1(12 + q(; sin(wyt).
a)l(wl - Cl)z) (1)2(0)1 - (1)2)

This is a well-behaved system without run-away issues for
unequal frequencies, w; # w;. By taking the limit w1 — w; = w
in the expression above, one obtains

; 2L sl 4G
q(t) = sin(tw) |: (qw;w qo) + QOaz)w;i- q0i| + cos(tw)
t (qo0® + 9o
|:q0 - (2wz):| . (420)

Note that the amplitudes of the sine and cosine functions above
grow linearly with ¢.

Run-away (i.e, unstable) solutions can also appear for
w1 # w; if a non-quadratic potential, ie, V # 0, is
introduced. However, it has been found numerically that the
system admits stable solutions regardless of the unboundedness
of the Hamiltonian for some choices of V, such as V(g) o sin(g)*
[43]. The situation for this potential is illustrated in Figure 2.
In Pavsic [45], it was found that the solutions are unstable unless
V is bounded from below and above. Of course, this can only be
generically true for w; # w; because, for equal frequencies, we
have seen that the motion is unbounded even for V' = 0, which is
certainly bounded from below and above.

Hamiltonian Analysis

We can now construct the Hamiltonian!® by using the general
formulee of section 4.1. Ostrogradsky’s canonical variables
defined in (4.5) and (4.4) in this case read

oL _doL (0 +@3)g+ 1
=49 = . T i = C() [ >
q1 =4 p1 9q  dt 9q 1 24
(4.21)
L
612—61,172—3.61— q-

Note that the non-degeneracy hypothesis of the Ostrogradsky
theorem is obviously satisfied in this case: 92L/d§* = —1 # 0.
Indeed, by using the general formula in (4.9) we obtain (in the
Pais-Uhlenbeck model f(g, ¢, p2, t) = —p2),

of+a3 , % 3 >

g+ (4.22)

1
H=piq — E‘D% 4 + Viq),

15An analogous construction for QG was performed in Buchbinder et al. [15],
Buchbinder and Lyakhovich [49, 50], and Kluson et al. [51].

which is obviously unbounded from below. From (4.16) the
Hamiltonian equations of motion are,

oH oH

511 = 37171 =q2 Pl = —3711 = —a)%a)%ql - V/(lh),
. _OH _ OH .,
2= 55 = —p2 2= T —p1 + (0] + 03)qa.

(4.23)
They imply the classical Euler-Lagrange equation of motion in
(4.18).
When w; # w;, the Hamiltonian in (4.22) can be brought in
diagonal form (except for the effect of the interaction V)

H=— (Pl +oiq)) + = (Pz + 0335) + V(q1) (4.24)
through the canonical transformation,
72 — pi/w 2 — w141
o= p/oy p=? @
Jol — w3 w} — w3
w1pz - w2q1 _ 3Gy — wlﬁl. (4.25)
Jor — w3 Joi — w3
which satisfies q1p1 — qap2 = P22 — p1q1. Its inverse is
~ P — ol ~ wiq — Pz
q = , )=
N wl — w%
2 2
- wyq1 — P2 - 1 — w5
P S Y N Y (4.26)
wl — w3 wl — w3

Note that, given the first equation in (4.25), V(q;) introduces
interactions between g, and p;. However, from (4.24) one can
see that the system for V' = 0 is equivalent to two decoupled
oscillators with frequencies w; and w,. Note that the first
oscillator contributes negatively to the Hamiltonian; this is the
manifestation of the Ostrogradsky theorem in this basis. Since the
derivation of (4.24) is valid only for w; # w; (because otherwise
the transformation in (4.25) would be singular), one might hope
to have a classical Hamiltonian that is bounded from below for
w1 w,. This is not the case as the Hamiltonian in the form
given in (4.22) is valid for w; = w; too and is not bounded from
below.

4.2. Quantum Mechanics With Ghosts

Before examining the peculiar features of the quantization with
ghosts, let us spell out some basic assumptions of standard
quantum mechanics, which will be made in the presence of ghosts
too, including in the case of QG.

e Quantizing the theory consists in substituting the canonical
coordinates g; and conjugate momenta p; with some operators
acting on a vector space, whose elements are identified with
the possible states of the system!®

16For simplicity, we will continue to use the same symbol to denote the quantum
operators and the corresponding classical variables (when this does not create
confusion).

Frontiers in Physics | www.frontiersin.org

11

August 2018 | Volume 6 | Article 77


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Salvio

Renormalizable Gravity and Matter

=N W

)

g o ||\

FIGURE 2 | Solution to the equation of motion (4.18) of the Pais-Ulhenbeck model with V(g) = A sin(q)A. The plot is presented in units of wy. The other parameters
are set as follows: w1 = 2.1, A = 1.022. The motion appears to be bounded and periodic (the vertical dashed lines indicate the period).

100 150

e The Hamiltonian H in quantum mechanics is defined as a self-
adjoint operator (H' = H) with respect to some metric on the
vector space of states. H generates the time evolution: the state
|;) at time ¢ is given by,

U =e .

[Y¥e) = U®)|Yo)s (4.27)

Moreover, the Hamiltonian is assumed to have the same
expression in terms of g; and p; as in classical mechanics,
Equation (4.10).

e The canonical coordinates g; and their conjugate momenta
pj are promoted to operators by imposing the canonical
commutators, i.e.,

(g, pr] = ik, [gj>qk] = 0, pjpxl =0 (4.28)

and requiring them to be self-adjoint: qur = gjand p;r = pj.

The possible probabilistic interpretations of quantum theories
with ghosts will be discussed in section 4.2.6.

Most of the efforts that have been done so far in quantizing
theories with ghosts have focused on simple toy models, which
isolate the main source of concern—the presence of four time-
derivatives. The model that is typically studied is the quantum
version of the Pais-Uhlenbeck construction given in section 4.1.2,
which is perhaps the simplest four-derivative extension of an
ordinary quantum mechanical model. Therefore, we will mostly
focus on it. However, some of the results reviewed in this section
can be applied to other models too.

4.2.1. Trading Negative Energies With Negative
Norms

The first thing one can prove is that some Hamiltonians that are
not bounded from below can be quantized in a way that their
quantum spectrum is instead bounded from below, but this is
achieved by introducing an indefinite metric on the Hilbert space
(as we will see, this is precisely the metric with respect to which
H, gj, and pj have been assumed to be self-adjoint). A classic
example is the Pais-Uhlenbeck Hamiltonian!” in Equation (4.24)
for vanishing V, which we will now discuss in some detail.

171t is important to recall that Hamiltonian (4.24) is equivalent to the original
Hamiltonian in (4.22) when w; # ®; a condition that is assumed to hold
here (for the quantization of the equal frequency Pais-Uhlenbeck model see
e.g., [46, 52-55]).

The part of the classical Hamiltonian that contributes
negatively is

Hy = = G + ol (4.29)
and it is on this part that we shall focus as the other one H, =
%(ﬁ% + w333), being positive, can be quantized with standard
methods. Note that the quadratic Hamiltonian of the ghost of QG
can be written as the sum of Hamiltonians of the form (4.29), as
is clear from Equations (2.40) and (2.35) and the fact that the
Lagrangian (2.31) of the helicity-2 sector of QG is the sum of
Pais-Uhlenbeck Lagrangians.

What allows us to trade the negative energy in Equation (4.29)
with negative norm is the exchange of creation and annihilation
operators: one defines the annihilation and creation operators,

respectively, as
Jor (- Pt = [z
) (% 1w1>, 4G =47 <q1+

where we used ZI'{ = q; and ﬂ = p1. The relative signs between
q1 and p; have been switched with respect to the standard case.
Here, we keep the label 1 to recall that the oscillator with label
2 is subject to the usual definition of annihilation and creation

Operators:
&2 <q2 - ip—z> . (431)
2 wy

From the canonical commutators (4.28) and by using the
canonical transformation in (4.26) it follows

P

it
w1

Q!
=

) , (4.30)

w

(- B
<Q2+1w2>,

2

(7125 ZIEE

(G Pk] =8k, [@pa@x]l =0,  [pppxl =0,  (4.32)
which leads to

e . .y ~ oty

[aj, a1 = Njs [aj,ax] =0, la;,a,] =0, (4.33)

where 111
q1 and p; in terms of a; and ZzJ{ as usual and find

—1,m2 = 1, n12 = n21 = 0. One can now express

H, = —wlﬁIﬁl + % = wN; + %, (4.34)

Frontiers in Physics | www.frontiersin.org

12

August 2018 | Volume 6 | Article 77


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Salvio

Renormalizable Gravity and Matter

where we defined a number operator N = —ﬁI&l (see below)
with an unusual minus sign. Indeed, with this definition Ny, aj,
and ZIJ{ satisfy the usual commutation relations
NLal=—a,  [Nyajl =aj, (4.35)
which allows us to interpret a; and Tzi as annihilation and
creation operators, respectively: the eigenstates of Nj, ie.,
Ni|n1) = ny|ny), satisty
arlny) = c(n)ln — 1), aylm) =d(n)m +1). (4.36)
We can determine ¢ and d up to an overall phase, once the
normalization of |n) is fixed. Here, for reasons that will become
clear shortly, we allow some norms to be negative and we choose
the normalizations'® (n1|n;) = v,,, where v,, = 1. Notice now

—vum = (mlajaln) = e (m—1m—1) = |c(m)Pv, -1,

(4.37)
which leads to
v
le(n)? = ———ni. (4.38)
Vini—1
If all the norms are positive, ie., all v,y = 1, then it

is possible to show with a standard textbook argument
that the spectrum of N; (and therefore, because of
Equation (4.34), that of the Hamiltonian) is not bounded
from below. This is because Equation (4.38) tells us
that n; < 0 and we can then reach an arbitrary large
and negative value of n; by acting with the annihilation
operator.

The only way to avoid n; < 0is to take v,, = —v,, 1. Indeed,
in this case (4.38) gives19

le(n)? = i, (4.41)

which as usual implies that the spectrum of N; is
{n1} {0,1,2,3,...} (and therefore N; can appropriately
be identified with a number operator) and the spectrum
of the Hamiltonian is thus bounded from below. The
state with n; 0 is interpreted as that without ghost
quanta and so we require it to have a positive norm.
Therefore, vy, —Vp,—1 implies that the states with an
even (odd) number of ghost quanta have positive (negative)
norm.

A similar reasoning can be done in QG linearized around
the flat spacetime: the energy becomes bounded from below

8More general assignments, v, # =1 are equivalent because we can always re-
normalize the states in a way that v,, = =1 as long as there are no zero norm
states, which we assume here.

91n order to fix d(n;) consider

— v (1 + 1) = (mlalar — 1m) = (mlara)[m) = [d(n)[(m + ng + 1)

= 1d(n1)* 1,41 (4.39)

which gives

ldn)? = m +1. (4.40)

if an indefinite metric on the Hilbert space is introduced
(see section 3.1). Furthermore, we saw in section 3.1 that an
indefinite metric should also be present in order for QG to
be renormalizable. Therefore, insisting on having arbitrarily
negative energies to preserve the positivity of the metric appears
to have very little motivation.

As mentioned before, in this construction gj, pj, and H are self-
adjoint w.r.t. the indefinite metric. This leads to problems in the
definition of probabilities, which we shall address in section 4.2.6.

4.2.2. The Problem of the Wave-Function
Normalization

So far we have given some features of the quantum theory, but
we have not yet specified completely the quantization procedure.
We still have to define the spectrum of the operators g;.

Let us discuss this point in the Pais-Uhlenbeck model with
w1 # w, for the sake of definiteness. One possibility would be
to assume, as usual, that the spectrum is real for both q; and
q2- However, this leads to non-normalizable wave functions [56,
57]. To see this, we consider the ground-state wave function
Yo(q1,92) = (q1,92/0), where |0) is the vacuum, defined as
a|0) 0 and a3|0) = 0, while |q;,¢2) is an eigenstate of
q1 and ¢q,. Using the standard representation for the conjugate
momentum acting on the wave functions, p; = —id/dqg;, one
obtains the ground-state wave function

2 2
%ﬁqz(m + @2) — i1 w10 |.
(4.42)
With this quantization, ¥(q1, 2) is non-normalizable along the
q2-direction. However, ¥(q1,4q2) becomes normalizable when
one performs the integral of |1/o(q1,g2)|? on the imaginary g;-
axis.
This suggests that one could obtain a consistent quantization
by requiring g, to have a purely imaginary spectrum, while
assuming a standard quantization (with real spectrum) for

ql [58].

Yo(q1, g2) exP<

4.2.3. The Dirac-Pauli Quantization
The quantization with purely imaginary eigenvalues for a
canonical variable X was first discussed by Pauli [59] for
Lagrangians with at most 2 time-derivatives, elaborating on a
previous work by Dirac [60]. In the rest of this work, we will refer
to this unusual quantization as the Dirac-Pauli quantization. To
proceed, let us deduce some basic properties of the Dirac-Pauli
quantization for a generic variable x.

The defining property is that the spectrum of X is purely
imaginary:

X|x) = ix|x). (4.43)
It follows (x'|x|x) = ix(x'|x), which, together with the self-
adjointness of %, i.e, (x'|X|x) = (x|X|x)* = —ix/(x|x)* =
—ix' (x'|x), implies (x + x')(x'|x) = 0. The general solution to

this equation is (x'|x) = §(x + x/)h(x), where h is a function that
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we set to 1 without loss of generality: this can always be done by
rescaling the states |x). Then, one obtains

(¥ |x) = 8(x + x) (4.44)
and the completeness®® condition reads
/dxlx)(—x| =1 < /dxlx) (x| =mn,
= /dxlx) (xIln =1, (4.45)
where 7 is the operator defined by n|x) = | — x).
It can be shown that the variable p canonically conjugate to
X is also a Dirac-Pauli variable: i.e., plp) = ip|p), where p is

a generic real number. To show this, we first notice that the
operator exp(pa), where a is a generic real number, generates
translations in the coordinate space; for an infinitesimal a we
have,

%eP?x) = %(1 + pa)|x) = i(x + a)e??|x), (4.46)

where, in the second step, we have used the canonical
commutators in (4.28). This means

%) = |x + a) (4.47)

(a possible overall factor k(a, x) in front of |x 4+ a) can be set to
one by a suitable definition of p). From here we can construct the
entire spectrum of p. By applying eP® on J dx|x), one discovers
that this is an eigenstate with zero momentum, and by applying
e~P* on it, where p is a generic real number, one generates all
possible eigenstates [p):

Ip) = %/dxe_f’ﬂx \/_/dxe_’f’ﬂx

1 eipx
2

where the factor 1/4/27 has been introduced to ensure the
normalization condition

= (4.48)

(xlp) =

®'lp) =8(p +p), (4.49)

which, once again, leads to the completeness relation [ |p)(p|n =
1. The states |p) satisfy

plp) = iplp). (4.50)
There are no other eigenstates as ip is self-adjoint with respect to
the positively defined metric (..}, = (.|n|.) and, therefore, p can
only have purely imaginary eigenvalues.

The Dirac-Pauli quantization may look strange at first sight,
but it can be seen as a complex canonical transformation
performed on variables quantized in the ordinary way: x — ix,
p— —ip.

In Table 2, the basic properties of a Dirac-Pauli variable are
summarized.

20We require the completeness of the states |x) as part of the definition of the vector
space.

4.2.4. Making the Wave Functions Normalizable

Let us now come back to our original problem, the non-
normalizability of the wave functions. For the sake of
definiteness, we again consider the Pais-Uhlenbeck model with
] # w; and assume that g is a Dirac-Pauli variable, whereas g;
is an ordinary one. Then we obtain

2
—qiwrw —

2
5 % (w1 + w) + 6116]2601602>,

(4.51)

Yo(q1,q2) o< exp (

which is now normalizable:

(0]0) =/dQ1d612(0|6I1,—612)(611)92|0)

- / dqudqvo(ar -2 volqiqn) < oo, (452)

where we have used the decomposition of the identity in terms
of eigenstates of the coordinate operators and we have taken
into account Equation (4.45) for the Dirac-Pauli variable g5.
Moreover, recall that we have earlier required (0]0) to be positive;
we fix (0[0) 1 by appropriately choosing the normalization
constant. Then, by using (4.33), one can easily show that the state
|n1, ny), where nj ; are the occupation numbers of a; », has norm
(—1)™. So, not only the ground state but also all the excited states
are normalizable with this quantization.

At this point it is good to mention that Hawking and
Hertog [61] proposed a way to deal with four-derivative
degrees of freedom, but they ended up with non-normalizable
wave functions. They then suggested solving the problem by
integrating out 4. As we have seen, this issue does not arise if the
appropriate quantization described above is performed (treating
q as an ordinary variable and g as a Dirac-Pauli one)

Other consistent quantizations are possible [62, 63]. For
example, one could quantize §; a la Dirac-Pauli, by treating g,
as an ordinary variable (the variables with a tilde have been
defined in Equation 4.26). We will address this point after having
introduced the path-integral formulation of the theory.

A Dirac-Pauli quantization for the ghost of QG has not been
studied yet and is a very interesting topic for future research. By
analogy, with the results obtained in the Pais-Uhlenbeck model,
one expects normalizable wave functions in the QG case too.

4.2.5. Path-Integral Formulation

We now present the path-integral formulation of a theory with
an arbitrary number of ordinary canonical variables gy, ...,q,
and Dirac-Pauli variables gy, ..., g [58, 64]. A state with definite
canonical coordinates is denoted here as,

lq) = (4.53)

|q1, o qns (_]1, wees (_1?71)
We are interested in understanding whether the quantization
presented above is consistent in the presence of interactions. Even
in ordinary quantum theories the real-time path integral is only a
formal object, whose consistency at the rigorous level is unclear.
For this reason, we consider the imaginary-time path integral
(what would be called the Euclidean path integral in a QFT).
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TABLE 2 | Basic properties of a Dirac-Pauli variable (and its conjugate momentum) compared to the ordinary case.

Canonical variable X on states

p on states

X on functions p on functions

Dirac-Pauli variable Kx) = ix|x) plp) = iplp) XIRIy) = —ix{xy) wIplY) = & iy
xlp) = - & Ip) Ay = L (PRIY) = - & olv) PIPIY) = —io(pl¥)

Ordinary variable XIx) = x|x) plp) = plp) XIXIY) = x(xlv) wply) = =i S xiy)
Xlp) = —i &5 1p) Pl =i g ) (ORIY) =i ©ly) (©IBlY) =pPY)

These properties are derived in the text or are simple extensions of the properties derived in the text.

In formulating a quantum theory with the path integral, one
notices that the full information on the dynamics of the system is
encoded in the object (gf| exp (—iHt)|q;), where |g;) and |qy) are
generic states with definite coordinates. Indeed, once this object
is known we can determine how the wave function evolves in
time. In the presence of some Dirac-Pauli variables, one can do
something similar, but one inserts an operator 1 defined by

17|ql, veey qn, él) veey qm) = |q1, veey qn, —él, veey —qm>. (4.54)
Namely, instead of considering (q|exp(—iHt)|q;), one
tries to evaluate (qr|nexp(—iHt)|q;). This is convenient
for reasons that will become apparent soon, but note that
(qrIn exp (—iHt)|q;) encodes the full dynamical information just
like (gy| exp (—iHt)|q;) as they both give the matrix elements of
the time-evolution operators with respect to a complete basis.

Working with an imaginary time ¢ —  —it, one
is thus interested in computing the matrix element
(qrlnexp (—HAT)|g;), where At is some imaginary-time
interval. This, as usual, can be done by decomposing At in the
sum of a very large number N of very small intervals dt, i..,
dt = At/N. By writing exp (—HA71) = l'Iin1 exp (—Hdrt) and
inserting N — 1 times the identity [ dglq){(gln = 1, one ends up
with

N N-1
(qrln e 7| qi) = / [ T@iine ™ 1gi-0) [ ] daw  (455)
j=1 k=1

where gy = gy and g1 = qo. To evaluate (g;|n exp (—=Hd7)|gj-1),
we insert the identity in the form [ dp;_17|pj_1)(pj—1| = 1:

(gjln exp (—Hdxt)|gj—1) = /defl(Qj|Pj71><Pj71|67Hd1|‘]j71>(4-56)

g

where we have used Equation (4.48) and defined

i1 ¢Pi1@=q-D)~H(@g1pj-1)dT
27

(p|Hlq)
(plg)

H(g,p) = (4.57)

Here we use a compact notation where the indices and sums over
the various degrees of gqy,....q, and gy, ...., 4, are understood.

By letting N — o0, one, thus, obtains the imaginary-time path
integral

(qfln e 87 |q;) = / 5qdp el 47(ipa ~H(ap) where
N—-1
dpo . dajdp;
3qdp = - leéo E Sy (4.58)

a prime denotes a derivative w.r.t. 7, the integral over t is from
an initial time 7; and a final time 77, such that At = 17 — 7 and
it is understood that the integral over 84 is performed only over
those configurations that satisfy q(v;) = ¢; and q(t7) = ¢y

We see that, modulo the usual subtleties related to the
integration over an infinite-dimensional functional space that are
present in any quantum theory, the only requirement for the
existence of the path integral is that the real part of H(g, p) (not?!
the classical Hamiltonian H(g, p)) be bounded from below and
that H(q, p) diverge fast enough when the canonical coordinates
tend to infinity (so that the integrations over g and p converge).

These conditions are satisfied in the Pais-Uhlenbeck model
where g is quantized in the ordinary way and g, is quantized a la
Dirac-Pauli, at least when the interaction term V is bounded from
below?? (the usual condition). Indeed, from the Hamiltonian
(4.22) it follows
w% + a)%

2

2.2
19

2

()
B+

_ 1
H(q,p) = ip1q2+ 51’% + ar+V(g1), (4.59)

which has the required properties. For the Pais-Uhlenbeck
model, the Euclidean path integral is

(arin e 4% |gi) = / 8q18928p15p> eXp[ / df(iplq’ﬁipzqé—ﬁ(q)p))}

(4.60)
This expression can be further simplified since some integrations
can be explicitly performed. Given the first term in (4.59), the
8p1 integral gives 8(q2 — ¢q)), such that the §g, path integral

2!In ordinary quantum theories H(q,p) = H(q, p), but in the presence of Dirac-
Pauli variables this is not generically the case because of the extra i appearing in the
eigenvalues of the Dirac-Pauli coordinates and momenta.

221f one introduces a more complicated interaction that depends on the other
coordinate and momenta V(g, p), the condition is that ReV(q, p) be bounded from
below.
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just fixes g q;. Next, the remaining terms in H are a
sum of positive squares and V(q;) so all other integrals are
convergent assuming that V is bounded from below. Performing
the remaining integrals, one finds the Lagrangian Euclidean path
integral:

(grln e 47 |g;) o / 3q exp [ - f erE(q)],

where the classical Euclidean Lagrangian is

1(d*q\* dq
2 <dt2> + (dr)
The Lagrangian path integral appears to be well-defined as Lg is
bounded from below.

The expression in (4.62) also allows us to study the classical
limit. Going back to real time one obtains precisely the
Lagrangian we started from, Equation (4.17). As discussed in
section 4.1.2, for some interactions V(q) (bounded from below
and above) there are stable solutions. In a generic theory, one
expects that the requirement of having stable solutions place
stringent conditions on the possible interactions, which so far
have not been fully classified. The path integral formulation
tells us that, in the classical limit, the dynamics is dominated
by the solution(s) with least Euclidean action. In the Pais-
Uhlenbeck case, these correspond to time-independent solutions

that minimize the full potential @qz + V(q). All unbounded
solutions, if any, should be negligible in the classical limit as the
derivative terms always contribute positively to the Lagrangian
in (4.62). As usual, perturbations around a given solution should
be computed through the path integral and, given that the path
integral appears to be well-defined, no pathologies are expected.
Therefore, it is possible that the Dirac-Pauli quantization could
solve the potential problems raised by the Ostrogradsky theorem.

The path integral (4.61) makes it clear that, if V(q) is chosen
to be non-negative everywhere, no negative energies can be
present. If they did, then we should observe a divergence of
(qrIn exp (—HAT)|gi) as At — 00, but the right-hand side of
(4.61) does not diverge in that limit as the Lagrangian is a sum of
positive terms.

Another issue is that in a theory where the Hamiltonian H
is self-adjoint with respect to an indefinite norm (and nothing
else is known) there is no theorem guaranteeing the reality of the
energy spectrum. However, it is still possible that the spectrum
is real, as we have seen in the case of the unequal-frequency
Pais-Uhlenbeck model in section 4.2.1. Even if one introduces
a non-trivial interaction term V # 0 in the Pais-Uhlenbeck
model with generic unequal frequencies, no complex energies
can appear as long as V' is small enough that perturbation theory
can be trusted. Indeed, a complex energy would require a zero-
norm state, but only positive and negative norm eigenstates of H
with no degeneracies are found in section 4.2.1. In a theory where
some of the eigenvalues of H turn out to be complex, one should
find a sensible interpretation for them. A possible interpretation
could be that those states are unstable and some of them (the ones
with eigenvalues with positive imaginary parts) lead to a violation

(4.61)

wZ +w2 2 w2w2
e + =20+ V(). (462)

L
E 2

of causality23 [66, 67]. However, in Sotiriou and Faraoni [21] it
was pointed out that there are some conditions to be fulfilled in
order for this violation of causality to be observable and it is easy
to engineer a model where these conditions are not met.

Let us come back to the path integral. What would have
happened if we had used a different quantization? One could have
quantized g; a la Dirac-Pauli and g, as an ordinary variable (the
variables with a tilde have been defined in Equation (4.26) when
] # ;). Then, one would have obtained

/5%57125]315132 exp [/df(iﬁlzj/l-i-iﬁzé/z—ﬁ(zj,ﬁ))],
(4.63)

(@rln e 747 |3
where

- . 1 . N 1 . N - .

H@p) = 5 (P + i) + S (53 + @333) + V(@2 pr) - (4.64)

and, according to Equation (4.25),

V{2, p1) = V(w). (4.65)
w? — w?

Given that V is computed in the complex quantity (q, —
ip1/w1)/ a)% — a)%, the requirement that ReI:I(é,‘f)) is bounded
from below leads to very peculiar conditions on the function
V, which seems very hard to be fulfilled for reasonable V, and
thus very hard to be kept in generalizing these results to QG.
Therefore, while other quantizations could still be consistent,
dedicated studies of these alternative path-integral quantizations
in the presence of interactions are not known.

The computation of the Lagrangian path integral has been
carried out here within the Pais-Uhlenbeck model. We have used
explicitly that some variables are quantized a la Dirac-Pauli. If
a Dirac-Pauli quantization for QG will be provided, then one
could also perform the same calculation in QG. One expects that
the Lagrangian path-integral for QG is consistent if the classical
Euclidean Lagrangian is bounded from below, which is the case
for some choices of the parameters, but there is no substitute of a
complete calculation to reach this conclusion. Such calculation
would also provide a non-perturbative definition of quantum

QG.

4.2.6. Probabilities

We now turn to the possible definitions of probabilities in the
presence of ghosts. We have learned in Sections 3.1 and 4.2.1
that both the renormalizability of QG and the requirement that
the quantum Hamiltonian must be bounded from below lead
to the presence of an indefinite metric. This raises problems in
defining the probability that a certain event occurs. In quantum
mechanics, the possible outcomes of the measurement of an
observable A (a self-adjoint operator, AT = A) are in one-to-one

Z3Nevertheless the commutators between any two field operators at points
separated by a spacelike distance are zero [65], like in usual QFT. In QG, this
property can be easily proved by using the expansion of the free ghost field in
creation and annihilation operators introduced as in section 4.2.1 and then by
applying the unitary operator that transforms the free ghost field in the interacting
one.
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correspondence with the eigenstates |a) of A with probabilities
given by the Born rule

{aly)?

P = 0
W= 9= W

(4.66)

where |y) is the state of the system before the measurement.
If some of the states have negative norms, then the direct
application of the Born rule in the presence of ghosts leads to
some negative probabilities.

Since P(y — a) can be negative only when the denominator
(ala)(¥|yr) is negative, a first idea could be to substitute (4.66)
with the following modified Born rule:

{aly)

P = T
W= 9= W

(4.67)

However, (4.67) does not generically satisfy another basic
requirement, that the sum of P(¥y — a) over all possible
eigenvalues a is 1. This is because

laly))*
2 Tala w19 Z (469
and here generically we have
|a){al
2 faiay ! o

Indeed, if we assume the eigenstates |a) to form a complete basis
and decompose an arbitrary state |o) as |¢) = >, |a’), where
o are complex numbers, we have
Z . Z ayla)(ala’)

a aa

l{ala)|

|a){al¥)
l{ala)|

(4.70)

and in general (ala’)/ |{ala)| is not equal to §,, because some of
the states can have negative norm. This is what some people call
the “unitarity problem" (we do not use this terminology here as
the time evolution operator is unitary w.r.t. indefinite norm).

We now discuss the most popular ways to address this
problem.

Lee-Wick Idea
Lee and Wick [68] proposed that a theory with an indefinite
metric can still have a unitary S-matrix provided that all stable
states have positive norm. Since the S-matrix connects only
asymptotic states that, by definition, are stable, one expects
that under this hypothesis the transition probabilities between
asymptotic states are positive and add up to one. The Lee-Wick
idea has been studied in the context of QG in a number of
papers [39, 69-76].

To understand this idea more in detail, let us denote with
|o) and |o”) two generic stable states and consider the S-matrix
elements

Soro = (0'|Slo), (4.71)

where we have normalized |o) and |o’) to 1 (the Lee-Wick
hypothesis implies that the norm of stable states are positive
and therefore can be normalized to 1). The operator S
limas— 00 U(At) is unitary with respect to the indefinite norm by
construction, but we are interested in proving the unitarity of the
S-matrix in 4.71 because this is what would allow us to claim that
the probabilities add up to one: indeed, using the standard Born
rule (4.66) leads to

Y Po > o)=Y (IS} =) Sh,Ser.  (4.72)
o’ o’ o’
Now, one can rewrite
> Ko'ISlo) P =) (olSTlo’) o 1Slo)  (473)
o’ o’

and this expression would be equal to 1 in two cases:

1. if Y,/ lo")(o’| = 1 or, more generally,
2. if S|o) can be written as a linear combination of the stable
states only.

The first condition cannot be true because we know there are
negative norm states, which can never be written as linear
combinations of positive norm states only; indeed, in the
presence of negative norm states Y, [0’){c’| = 1 is replaced
by

|=1-T1I_, (4.74)

> o) e’

where TI_ is the projector on the negative-norm subspace. So,
one has to assume Condition 2, which, although plausible (as
one expects S to connect stable states with stable states only), has
to be proved. To see when the important probabilistic condition
Do [{(c’|S|o)|> = 1 is satisfied, it is convenient to rewrite it in
a form that can be more easily verified by an explicit calculation.
To do so, we note that

> (elsTlo") (o' ISlo) =1 — (oIS'TT_S|o), (4.75)

o

where we have used Equation (4.74). By writing as usual S =
1+ iT, one has
(c|T'TI_T|o),

(c|STTI_S|o) = (4.76)

which follows from I1_|o) 0. The unitarity of S implies
i(T" — T) = T'T and, by taking the diagonal matrix element
Tso = (0|T|o) and using once again Equation (4.74),

2AmT,e = Y (o|T'|o") (o |Tlo) + (0| T T1_T]o)

’

(4.77)

[ea

Given that IT_ can be written as Zg |g)(g| where |g) represents
a complete basis on the negative-norm subspace, we see that the
condition that the probabilities sum up to one is equivalent to
the condition that the ghost states |g) do not contribute to the
imaginary part of the forward scattering amplitude, represented
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here by T, . Anselmi [75] has recently found that this condition
is satisfied if one modifies appropriately the prescription to
determine the ghost propagator?*.

One issue is that, in order to claim that the negative norm
states are unstable, which is a basic assumption of the Lee-
Wick proposal, one needs a consistent way of computing the
probability of ghost decays; otherwise how do we tell if the ghost
is unstable or not? Since there is one ghost field in QG, the use of
the standard Born rule (4.66) to compute this probability leads to
a negative number. This is not necessarily a non-sense as Lee and
Wick proposed to consider as physical states only the asymptotic
ones and regard the ghost just as a virtual state, which is not
directly observable. In this case, it might be consistent to assign
negative probabilities to such somewhat unobservable events, as
pointed out by Feynman [79].

However, one can also argue that the Lee-Wick proposal
might not address all potential problems because scattering
theory (described by the S-matrix) is not the only application of
quantum mechanics.

Defining Positive Norms

Although renormalizability and the existence of a state of
minimum energy lead to an indefinite metric, one can still try
to define positively defined metrics with the desired property:
positive probabilities that add up to one when used in the Born
rule. This possibility was studied in a number of articles [58, 63,
80-85].

Let us consider an example of a positively defined metric.
The path-integral formula (4.58) suggests to consider the 7-
metric (.|.), = (.Inl.), where n is defined for a generic theory
in Equation (4.54). This metric is positively defined because

n m
Qs s @ @ o G110 s G 15 o G) = [ [ 85 — ) [ [ 8@ — 7))
j=1 k=1

(4.78)
and |41, .. Gn> 1> - Gm) is complete. In (4.78), we used (4.44) for
the Dirac-Pauli variables gy, ..., g, and the usual normalization
(gjlq}) = 8(qj — q)) for the ordinary variables g1, ..., 4n. The 7-
metric can be used to compute the probabilities of measuring
q1> - qn> 15 --» §m and the corresponding conjugate momenta (in
the case of Dirac-Pauli variables, the outcomes of an experiment
can be identified with the imaginary parts of the eigenvalues).
Below we will show that the probabilities add up to one.

Before doing so, we generalize this approach to other
observables. First, we have to clarify the meaning of “observables"
in this context. An observable A is represented by an operator
with a complete set of eigenstates, |a). Indeed, in this case we
can define a positively defined metric in the following way. Let
us define an operator P4 through?

(d'|Pala) = 840 (4.79)

24See also Abe et al. [77] and Donoghue and Menezes [78] for other discussions
about unitarity.

%5This defines P4 because an operator is defined once we give all matrix elements
in a complete basis.

Note that P4 satisfies PL = P, and depends in general on A. The
new positively defined metric is defined by

(Y2|¥1)a = (Y2|Palvh), (4.80)

where |11 ,) are generic states. By using this new metric, one can
define the probabilities with the usual Born rule: the probability
that the outcome of an experiment will measure a for an
observable A given that the state before the measurement is )
is given by

laly)al?
P = .
W= 9= v

These probabilities indeed satisfy the basic properties—they are
positive and they add up to one,

(4.81)

(Wlaataly)a  (WIPa
P = f—
; W= ;wmmwm WA
@)@l )
=1, (4.82
(Z <a|PA|a>) o 8
where we used
|a) al P
2 apya =" (4.83)

a

which follows from the completeness of {|a)} and the defining
property of P4, Equation (4.79). Note that this result also holds
for time-dependent |) and, therefore, probability is conserved
under time evolution. In the specific case when (ala) is either
positive or negative (it never vanishes), an explicit expression for
P, is (after having normalized the state in a way that (a|a) = £1)

Py=T1% — T4, (4.84)
where l'[‘i and T4 are the projectors on the positive norm and
negative norm eigenstates of A, respectively.

4.3. Cosmology

In practice, the cosmological predictions of QG would be
basically those of a standard QFT coupled to Einstein gravity
if it were not for the W? term. This term, as we have seen,
corresponds to a spin-2 ghost with mass M, = szp/ﬁ.
Therefore, unless one takes f, really tiny, the only significant
effects of the ghost occur in an inflationary context. We will focus
then on the inflationary behavior of the theory here.

The first step in studying the cosmological applications
of the theory is to find an FRW metric that satisfies the
classical equations. From the experience gained with the Pais-
Uhlenbeck model in section 4.2.5, one expects that the classical
limit provides precisely the classical action we started from,
Equations (2.8), (2.10), and (2.12). This is what is assumed
basically in the entire literature on the subject. The actual
proof of this property would be a significant progress in the
understanding of QG.

The FRW metric is

ds* = dt* — a(t)*8;dx'dx, (4.85)
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where a is the scale factor and we have neglected the spatial
curvature parameter as during inflation the energy density is
dominated by the scalar fields. The metric in (4.85) leads to
standard Friedmann equations as the W? term vanishes on
conformally flat metrics and does not contribute to the equations
of motion. When the hypothesis of homogeneity and isotropy is
relaxed the W? term contributes instead and its effect has been
studied in a number of works [21, 47, 86-94] (see [21] for a
general treatment), where the perturbations around the FRW
metrics were considered. We do not reproduce the calculations
here as they are performed in detail in the original articles.
One of the most important results obtained so far is that all
perturbations found by solving the linear equations around the
FRW metric remain bounded as time passes by Peter et al.
[19], Salvio [21], Ivanov and Tokareva [47], Tokareva [48], and
Salles and Shapiro [95], contrary to what one would naively
expect from the Ostrogradsky theorem. Moreover, by quantizing
these linear perturbations with an indefinite metric (with an
appropriate generalization of section 4.2.1) one obtains that
the conserved Hamiltonian of the full system is bounded from
below [21]. What happens beyond the linear order, however, has
not been discussed in detail and is an important target for future
research.

In QG, there are several possible inflaton candidates.
First, QG gives a natural implementation of Starobinsky’s
inflationary model [4] as the R? is mandatory in order to have
renormalizability. Furthermore, other possible scalar fields can
participate: at the very least the theory should contain the Higgs
boson, which has been discovered at the Large Hadron Collider.
A detailed analysis of the inflationary dynamics and observable
predictions in some specific realizations of the QG scenario is
provided in Kannike et al. [20], Salvio [21], and Salvio and
Strumia [33].

4.4. Black Holes

After the discovery of gravitational waves interpreted as the
product of a binary black hole merger [96], the interest in
black hole solutions have increased. Therefore, it is important
to study the existence and properties of static spherically
symmetric solutions in QG, where the metric is given in spherical
coordinates {r, 0, ¢} by two functions f; and f, of r:

2
— 12(d6? + sin® 0dg?).

d
2 2
ds® = fi(r)dt fiz(r)

(4.86)

This has been initiated in a number of articles. The first work was
done by Stelle [12], who computed the correction to Newton’s
law due to the extra gravitational terms. A first, the observation
is that the Schwarzschild solution of Einstein gravity in the
vacuum (fi(r) = fo(r)) is also a solution of the vacuum
equations of QG (i.e., in the absence of matter) [12, 97, 98].
Also, Lu et al. [98], Holdom [99], Lii et al. [100, 103], Cai
et al. [101], Lin et al. [102], Goldstein and Mashiyane [104],
Kokkotas et al. [105], and Stelle [106] found numerically and
studied new black hole solutions (not present in Einstein gravity)
and Holdom and Ren [107] identified a new class of static

spherically symmetric solutions without horizon (called the 2-2-
hole), which can, nevertheless, mimic the Schwarzschild solution
outside the horizon, with interesting implications for the black
hole information paradox.

Keeping in mind the Ostrogradsky theorem, an important
question is whether a stable black hole (or pseudo black hole, such
as the 2-2-hole) exists in the theory. Lii et al. [103] pointed out
that the Schwarzschild solution is stable for large horizon radius
4, but becomes unstable (see also [108]) when 7y, is taken below
a critical value set basically by the inverse ghost mass ~ 1/M;
(see also [106]). The endpoint of the instability is conjectured
to be another black hole solution, which is not present in
Einstein gravity and may be stable when r; is small. Holdom
and Ren [107] considered the creation of a static spherically
symmetric solution generated by a thin spherically symmetric
shell of matter; when the shell radius I < r;, the new 2-2-hole
is found.

Once again in all these works the classical equations (valid as
h — 0) of QG are taken to be those generated by the starting
action in (2.8), which is what we expect, but as pointed out in
section 4.3, a proof is still missing in the literature.

5. REACHING INFINITE ENERGY

Given that QG (coupled to a general renormalizable matter
sector) is renormalizable, one can hope that the theory remains
valid up to infinite energy. However, soon after the calculation of
the gravitational S-functions of Avramidi and Barvinsky [13] it
was realized to be a major obstacle to UV-completeness: the -
function of f7 in (3.16) is not negative for f7 > 0 and, therefore,
the theory features a growth of fy as the energy increases, until
perturbation theory in fy cannot be trusted anymore?®.

Then, a number of authors [15, 109-113] explored the case
f& < 0 claiming that asymptotic freedom can be achieved
for all couplings (both the gravitational and matter couplings)
if the matter sector is chosen appropriately. Although such
programme can lead to mathematically consistent asymptotically
free theories, there is a big phenomenological problem when one
chooses f# < 0.

Let us consider for simplicity the case where the scalar ¢
(corresponding to the R? term and introduced in section 2.2)
does not mix with other scalars (if any). Then, the squared
mass of ¢ equals Mg = ﬁMf)/Z (see Table 1), which clearly
indicates that for f7 < 0 the scalar ¢ is tachyonic. One way to
obtain M} = f}M3/2 is to use the Einstein frame Lagrangian
in (2.17) and (2.18) and compute its quadratic approximation
for the small fluctuations around the flat spacetime. Another way
is to calculate (directly in the Jordan frame) the propagator of
huv = guv — Ny, a procedure that was originally performed in
Stelle [8], which obtained precisely the masses given in Table 1.
This confirms that f7 < 0 leads to a tachyonic instability®”. Yet

ZDifferent statements in the literature (even recent) appear because some results
for the B of fy (obtained before the correct results of [13]) contained wrong signs.
YSimilarly, f2 < 0 leads to a tachyonic instability in the ghost sector and,
therefore, this case is commonly avoided as not even consistent with asymptotic
freedom (for a discussion of the tachyonic case see, however, [115-117]).
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another way to see why f < 0 is phenomenolgically problematic
is to look at the Newtonian potential Viy(r) due to the Lagrangian
(2.8) [12, 114],

Va(r) = =M (1 _ 2y le—MOf>, (5.1)

r 3 3
where Gy is Newton’s gravitational constant and M is the
mass of the point particle generating the potential. As noted
even in the original article [12] by Stelle, this expression only
gives an acceptable Newtonian limit for real M, and M (ie.,
for positive f; and f7): otherwise one would obtain oscillating
1/r terms.

One could hope that a phenomenologically viable f3 < 0 is
achieved by introducing more scalars (besides ¢). However, a
general argument, which we now describe, indicates that this is
not the case. Consider the Einstein frame potential U (defined in
Equation 2.18) along the ¢-direction, which can be conveniently
parameterized as

1
U= F [a1 + az(é‘z — a3)2] (5.2)
where ay, az are suitable coefﬁc_ients, which depend on the other
scalar fields, whereas a, = 3f; M3/8 < 0 (having assumed f§ < 0

here). A necessary condition for the existence of a minimum of
U is that

U

Y ap +a2a§
ac '

axas

0, thatis  ¢2 = (5.3)

Notice that, if the solution for ¢ % exists, that is (a1 +a2a3)/a2a3 >
0, then it is unique. Moreover, note that a, < 0 implies that U
goes to a negative value as { — oo. Therefore, there are only
three possibilities:

e There is no acceptable solution to (5.3) (no solution with ¢2 >
0).

e The solution to (5.3) is a maximum of the potential (or at most
a saddle point once the other scalars are included).

e The solution to (5.3) is a point of minimum of U, but occurs
for a negative value of U (in contradiction with the positive
value of the observed cosmological constant). Indeed, if it
corresponded to a positive value of U then there would also be
a maximum (or a saddle point) given that U goes to a negative
value for { — oo and this would contradict the uniqueness of
the solution in (5.3).

The conclusion is that a minimum of U (if any) must have U < 0.
This argument generalizes the situation illustrated in Figure 1,
where only the field ¢ was considered.

5.1. Conformal Gravity as the Infinite
Energy Limit of Quadratic Gravity

Given that the experiments lead us to take f? > 0, what happens
when f; grows and leaves the domain of validity of perturbation
theory? In Salvio and Strumia [14] (see also references therein),
by using a perturbative expansion in 1/f, it was shown that,
when f; grows up to infinity in the infinite energy limit, the

scalar due to the R? term decouples from the rest of the theory
and fy does not hit any Landau pole, provided that all scalars
have asymptotically Weyl-invariant couplings (see below) and
all other couplings approach fixed points. Then, QG can flow
to a Weyl-invariant theory, a.k.a. conformal gravity, at infinite
energy. Given the importance of Weyl invariance for the high-
energy limit of QG, let us give some more details on this topic.
A Weyl transformation acts as follows on the various fields (the
metric g, the scalars ¢,, the fermions ¥, and the vectors
Vﬁ‘):

20(%) ba(x) = e 7D, (x),

A A
VM — Vu’

g/w(x) — € g/w(x)x

Yi(x) — e300 2y(x), (5.4)

where o is a generic function of x. A scalar has Weyl-
invariant couplings when all dimensionful parameters vanish
and &, = —8,,/6. This precise value of £,, emerges because
in this case the non-invariance of the kinetic term of the
¢q precisely cancels the non-invariance of the non-minimal
couplings, Equation (2.12).

The idea that one can approach a Weyl-invariant theory at
large energy has been investigated in a number of articles [78,
118-124]. We do not reproduce the proof of Salvio and
Strumia [14] because it is described in detail there, but
some remarks are in order regarding the implications of this
result.

It is important to note that the condition to have a UV
fixed point guarantees not only the UV-completeness of the
QFT part?® but also of the gravitational part of the theory
(when all parameters flow to their conformal value). This opens
the road to the construction and study of relativistic field
theories of all interactions that are fundamental, i.e., hold up
to infinite energy. This scenario leads to several extra fields
(in addition to those present in the SM) as the study of
the one-loop B-functions of the SM reveals the presence of
Landau poles. These new fields can then be used to explain in
an innovative way the current pieces of evidence for physics
beyond the SM (such as neutrino oscillations, dark matter, and
baryon asymmetry of the universe). This nearly unexplored
field of research represents a very important target for future
research.

5.2. RGEs for Conformal Gravity and Matter
Although flowing to conformal gravity at infinite energy can be
consistent, at finite energy, conformal invariance is broken by the
scale anomaly and the R? term as well as a non-vanishing value of
8ap + 6&,p are generated. However, this is a multiloop effect (see
[14, 130-132] and references therein). The full set of one-loop

28Some SM extensions including gauge fields, fermions and scalars can feature a
UV fixed point for all couplings and their corresponding phenomenology have
been studied [125-129].
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mass of the W-boson My, the ghost mass M» and the Planck mass Mp)).

big
Jo
Einstein gravity Quasi-conformal gravity
non—perturbative
small
tiny 1+6§ —_—
Aqgep Mw M, Mpy - Energy

FIGURE 3 | Schematic behavior of the gravitational couplings as functions of the energy in a possible interesting scenario. At high energies the theory is
approximately given by conformal gravity, with small corrections (which include the UV irrelevant Einstein-Hilbert and cosmological constant terms). Both 1/ and
84p + BE4p remain very small for the reasons given above. The coupling f» associated with the W2 term is also chosen to be small both to maintain perturbativity and
thus calculability and to provide interesting and potentially observable effects at the inflationary scales. The running of f5 is depicted only up to the mass of the
corresponding degrees of freedom, My = foMp/+/2. A large coupling fy influences physics only at energies much above the Planck mass as its role compared to the
Einstein-Hilbert term is suppressed by E2/ (fgl\_dl%), where E is the typical energy of the process under study. Below M5 the gravitational theory resembles Einstein
gravity plus small corrections. The energy flows from the scale below which strong interactions are non-perturbative, Aqgp, up to infinite energy (passing through the

RGE in conformal gravity are given by,

df} 4(199 Ny Np Ng

2= =+ === 5.5

dr A 5 T Tw 5.3)
? - %(YT”YZ’Y“ + Yy YY) 4 2vbyTey? 4

T

. 15
YO THY Y = 3{Cor, Y7L + AT (5.6)

dAabed 1 3.0A 2By (A 4B
= D | habehaed + 510%,07)ap (04,07 g

perms

I 5
—TrY°yyeyt 4 +@f248ab5cd + Aabed

|

for f — oo and §; — —éSab. We do not show the
RGE of the gauge couplings because they are not modified
by the gravitational couplings (see [30-33]). The RGE of f,
was originally derived in Salvio and Strumia [14], Fradkin
and Tseytlin [30], Shapiro and Zheksenaev [133], de Berredo-
Peixoto and Shapiro [134], while those of Y* and Ay were
obtained in Salvio and Strumia [14]. Also, Ohta and Percacci
[135] checked the RGEs of f, with functional renormalization
group methods. This set of equations allows us to search for
fundamental theories that enjoy total asymptotic freedom/safety:
all couplings (including the gravitational ones) flow either to zero
or to an interacting fixed point in the UV.

In Figure 3, a pictorial representation of a possible resulting
gravitational scenario (described in the caption) is provided.
That behavior suggests a new paradigm of inflation based on a
quasi-conformal theory, a theory where f; is large and &,,
—84,/6, which so far has been left as a very interesting future
development.

> (5 -3C) + SfZZ] (5.7)

k=a,b,c,d

%

The general RGEs in (5.5)-(5.7) can be used to address high-
energy issues in the scenario presented above, e.g., the actual
verification of a UV fixed point and vacuum stability.

6. CONCLUDING REMARKS

QG, appropriately extended to include renormalizable couplings
with and of a QFT, gives a renormalizable relativistic field
theory of all interactions, which is predictive and computable.
It has therefore attracted the interest of several researchers since
decades and continues to be an important framework in the quest
for a UV complete and phenomenologically viable relativistic
field theory.

The price to pay is the presence of a ghost and consequently of
an indefinite norm on the Hilbert space (which is implied both by
renormalizability and the requirement of having a Hamiltonian
that is bounded from below). Therefore, much of this review
has been dedicated to illustrate some possible ways to address
the ghost problem (such as the Dirac-Pauli quantization, the
Lee-Wick approach and the possibility to introduce positively
defined metrics on the Hilbert space) focusing on simple finite
dimensional quantum mechanical models. The full extension of
these techniques to the field theory case (and especially the QG
case) has not been done yet and is an important goal for future
research.

If QG is coupled to a QFT, which enjoys a UV fixed point, then
the whole theory can hold up to infinite energy?® and might still

21f a full solution of the ghost problem in quadratic gravity is found and the
theory can be made UV complete (possibly with the inclusion of matter fields) one
could also have a window on strongly coupled theories through the holographic
principle [136, 137] (in particular the AdS/CFT correspondence [138]) by using
QG as the higher dimensional theory on an asymptotically anti-de Sitter (AdS)
space. Actually, several works in this direction already appear in the literature (see
e.g., [139-142]).
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be compatible with data. So far, potentially viable theories have
only be found for f > 0, given that 7 < 0 leads to a tachyonic
instability (as is clear both in the Jordan and Einstein frame). The
explicit construction of a QFT sector that satisfies all collider and
cosmological bounds and explain the evidence for new physics
has not been achieved yet and is an outstanding target for future
research. The deep UV behavior of the theory may be the one
of a Weyl invariant theory (conformal gravity): the gravitational
coupling fy and the non-minimal couplings of the scalar &,, reach
the Weyl invariant values fy — oo and &;, — —&,,/6, whereas
all other couplings approach a UV fixed point.
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