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To understand the mechanism of how a droplet of pesticide, nutrient or water is imbibed

via the leaf surface, a simple model-based mathematics for simulating a realistic water

droplet motion over the artificial leaf surface is introduced. The preliminary object of

this model is to reconstruct the leaf surface, so an interpolation finite element method

so-called hybrid Clough–Tocher (CT) radial basis function (RBF) with a cubic polynomial

(CT-MRBFC) has recently been proposed by the authors [1] for this purpose. The surface

consists of a triangular element over which the method of CT-MRBFC is applied. In the

presented droplet motion model, the forces that influence the motion are supposed to be

the internal force due to the drag force and external force caused by gravity. As outcomes

of the proposed model, the droplet model captures realism fairly well and generates

a genuine motion over the surface. More significantly, the droplet movements pursue

the surface contours and falls from the leaf mesh depending on the model parameters.

Furthermore, the droplet height is computed over every triangle and the droplet vanishes

or stops moving if a set tolerance is greater than the droplet height.

Keywords: interpolation, virtual leaf, Clough–Tocher method, radial basis function, droplet motion

INTRODUCTION

Modeling and simulating a droplet motion on the leaf structure are significant research module
of plant spray retention. Therefore, a simple model is presented mathematically for this procedure
using a specific kind of leaf called the Anthurium leaf. A vital aspect of the presented approach is to
create the leaf surface using a surface fitting technique.

When a droplet moves on a compact surface, it might spread out or drop off the surface, and
these actions depend on the surface inclination and nature, the size and the speed of the drop,
and the surface viscosity and tension. Nonetheless, the droplet destination in reality has more
possibilities. For example, an experiment was performed [2], and the results included prompt
splash, deposition, partial rebound and corona splash. Qualitative description is given by Yarin
[3]. Droplet spreading leads to viscous identification, which was studied by Kim et al. [4] and
Thoroddsen and Sakakibara [5]. A significant fact is that the mechanics of the fluid of these results
is fairly sophisticated and needs powerful mathematical modeling.
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The aim of the current research is to propose a basic
mathematical model in order to provide a droplet motion over
an artificial leaf surface. The driven model is one-dimensional,
where a polygonal path is used to describe the droplet movement
as curved arcs. The proposed droplet model generates a
real droplet movement on the leaf surface. Furthermore, the
droplet movement follows the surface contours, stops moving
at times similar with the timeframe or fall off the surface (see
Figures 5–7).

Although this paper formulates its contribution via
visualizing and simulating the genuine motion of a droplet
on an artificial leaf surface, a certain possible significant
phenomena’s are not addressed here, for instance using the
Navier–Stokes equations to illustrate the time-dependent
droplet profile.

In line to simulate the movement of a droplet on the actual
leaf surface, we need first to create the surface using the methods
of surface fitting. Loch [6] used the finite element method to
construct the surface. The authors previously [7–14] suggested
a new hybrid CT-MRBFC technique [15–18] for this goal. The
proposed techniques are based on 3D data points collected from
the surface of a real Anthurium leaf using a scanner. Moreover,
the authors [19] proposed a comparison between some methods
based on surface fitting and concluded that the best is the
hybrid multiquadric RBF-CT. Kempthorne [20, 21] suggested
smoothingD2-splines to create the cotton and wheat leaf surface.
In this paper, we adapted our proposed CT-MRBFC method [1]
to reconstruct the surface of the Anthurium leaf from 3D real
scattered points.

This paper is outlined as follows. A literature review of leaf
surface reconstruction and droplet simulation is given in the
next section. In section Artificial Leaf Surface Model Using the
CT-MRBFC Method, a concise explanation of the hybrid CT-
MRBFC method to construct the Anthurium leaf is clarified.
An outline of the water droplet model is given in section
Water Droplet Model. Moreover, the forces that influence the
movement of the droplet are assumed to be external, including
gravity, and internal, including the drag (friction) force. The
droplet motion is computed over every triangle where the
surface consists of a triangular mesh, and as a result the model
seems to capture reality fairly well. Lastly, the conclusion and
prospects for future research are given in section Results and
Future Work.

FIGURE 1 | The 4,688 Anthurium leaf data points (black dots) and the 79

boundary points (red dots).

RELEVANT LITERATURE

The water droplets animation has been studied by a few
researchers [21–24] since the 1980s. Nevertheless, in the 1990s,
a few methods addressed the phenomenon of droplets flowing
on surfaces. For example [25], modeled droplet shapes using
meta-balls on a flat surface [26, 27], used meta-balls to
model water flows by suggesting a volume-preserving technique
[21], proposed a physical model to model droplets morphing
[28], studied droplet animation on a glass plate, but the
model failed to capture the droplet movements on a curved
surface [29, 30], proposed a model for the water droplet
animation on curved surface where the wetting and merging
phenomenon are addressed in the model [31]. Suggested a
physical model based on a bump map surface to capture the
trend of the droplet flows where a solid sphere is considered
to model the droplet. An efficient model to simulate the
motion and the shape of droplet movements was proposed
by Jonsson [32] where the adhesion, friction, roughness and
gravity forces are considered in the droplet motion. A few
researchers have considered the fluid dynamics to produce a
realistic motion of fluids. For example, Chen [21, 22, 33–35]
applied the Navier–Stokes equations to simulate the flow of
water droplets.

ARTIFICIAL LEAF SURFACE MODEL
USING THE CT-MRBFC METHOD

As stated earlier, we cannot start the simulation of a droplet
on a leaf surface until the virtual leaf surface is constructed.
Previously the authors [7–14] proposed some surface fitting
methods to construct the artificial surface of different types
of leaves. In this research paper we applied the hybrid CT-
MRBFC technique proposed by the author [1] to obtain an
accurate and continuous surface. The mixture of these two
methods permits us to approximate the CT triangle-required
gradients by the multiquadric radial basis function that enhanced
a cubic polynomial; more information about the construction
of this method can be found in Oqielat [1]. Moreover, the
Anthurium leaf data sampled using laser scanner and the
collected data points comprised 4,688 surface points and 79
boundary points, shown in Figure 1. The Point Picker software
was used by Loch [6] and Losasso et al. [36] to determine
the boundary points. Generally, two steps are required in
turn to use the hybrid CT-MRBFC method, which include
a new reference plane for the scanned leaf data points and
leaf surface triangulation. Next, we will briefly explain these
two steps.

The collected Anthurium leaf data do not agree with the
xy-plane; moreover, there is the possibility for multivalued
and vertical surface for the scanned data. Consequently, to
resolve this issue we utilized an orthogonal distance regression
plane (ODRP), and afterward the coordinate system was
rotated to obtain the reference plane; the following paragraphs
summarize the reference plane construction, see Oqielat [14] for
more details.

Frontiers in Physics | www.frontiersin.org 2 September 2019 | Volume 7 | Article 132

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


El-Ajou et al. Movement of Water Droplet on Leaf Surface

Given ψi = (xi, yi, zi)
T , i = 1, 2, . . . ,N, leaf data points, apply

the ODRP to fit the leaf points:

′γ
(

x, y
)

= a1x+ a2y+ a3. (1)

The distance from a plane to a point can be used as starting point,
then the coefficients a1, a2, and a3 that minimize can be found

′γ (a1, a2, a3) =

N
∑

i=1

∣

∣a1xi + a2yi + a3
∣

∣

2

a21 + a22

to obtain the best fit.
Rewrite U as

′γ (a1, a2) =

N
∑

i=1

∣

∣a1(xi − x0)+ a2(yi − y0)
∣

∣

2

a12 + a22
,

then the Rayleigh quotient is given by

′γ (v) =
vTAv

vTv

where vT = [a1, a2 ],

M =











(x1 − x0)
(x2 − x0)

...
(xN − x0)

(y1 − y0)
(y2 − y0)

...
(yN − y0)











,

and
(

x0, y0
)

are the centroid of the data. Finally, the leaf data
points after being projected to the proposed plane are given by

ψ ′
= R(xi, yi, zi)

T , i = 1, 2, . . . ,N. (2)

FIGURE 4 | The droplet movement direction M_d with gravity F_ex and

normal N forces.

FIGURE 2 | (A) The red represents the triangle vertices and the black dots represent the boundary points. (B) The Anthurium surface triangulation generated using

EasyMesh.

FIGURE 3 | (A) Shows the real Anthurium leaf. (B) Shows the Anthurium leaf model constructed using hybrid CT-MRBFC.
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where R = Rx.Ry is a rotation matrix. This matrix rotates the
plane unit normal vector about the x-axis and y-axis—more
information can be found in Oqielat [1].

As mentioned earlier, the hybrid CT-MRBFC method is
employed to construct the Anthurium leaf surface. Therefore,
Anthurium leaf surface triangulation is required. To decrease the
computational expense of this method, we selected a subset of the
Anthurium leaf data set to create the triangulation. Subsequently,
EasyMesh [37] was applied to construct the surface triangulation,
see Oqielat [1] for more details. EasyMesh produces Delaunay
triangulations in 2D, as shown in Figure 2.

Finally, after we constructed the new reference plane and
the leaf surface triangulation, the hybrid CT-MRBFC technique
was used to create the surface of the Anthurium leaf shown in
Figure 3.

WATER DROPLET MODEL

The triangular elements form the primary component of the
droplet model. The advantages of using the triangulations are
the animation and location of the droplet are straightforward
to compute over each triangle and the droplet location can be

FIGURE 5 | The figures given on the left column represent the droplet motion employed by our model across the constructed leaf, while the figures given on the right

column show the corresponding droplet movement on the leaf triangulation.
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determined at any time on the surface. Such droplet simulations
can be expensive computationally if we use a large number of
triangles, so a subset of the leaf points is implemented to obtain
less triangles, which represent the main surface features (see
Figure 2).

In the droplet model, the forces that influence motion that
are considered to be external forces (Fex) include gravity (FG)
and internal forces (Fin) includes drag (friction) force (Ff ). The
force of gravity is projected in the movement direction (Md), see
Figure 4, as follows:0

Md = FG − (FG.N)N (3)

where N is the surface unit normal vector [32]. Let δ =

(x, y,Z(x, y)) denote the interest surface, where Z(x, y) is the
surface value for

(

x, y
)

, then the surface normal is the cross

product of the tangent vectors δx = (1, 0,Zx)
T and δy =

(

0, 1,Zy
)T
. Therefore, the surface unit vector is defined as follows:

N =
(−Zx,−Zy, 1)
√

Z2
x + Z2

y + 1
. (4)

where Zx, Zy and 1 are the components of the surface normal
vector. The force of friction Ff is treated as a retarding force with
a fixed negative factor (λ) consequent of the roughness of the

FIGURE 6 | The figures given on the left column represent the droplet motion using our model across the constructed leaf, while the figures given on the right column

show the corresponding droplet movement on the leaf triangulation.

Frontiers in Physics | www.frontiersin.org 5 September 2019 | Volume 7 | Article 132

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


El-Ajou et al. Movement of Water Droplet on Leaf Surface

surface [32]:

Ff = −λv (t) , (5)

where the droplet velocity at time t is denoted by v(t). The droplet
begins to move down on the surface if the Fex exceeds the Fin.

As stated earlier, the Anthurium surface is characterized
by a triangular mesh over which the droplet transfer occurs.
The droplet height is computed on every triangle to find the
droplet height along its triangular path. Furthermore, the droplet

movement is stopped if a set tolerance (κ = 10−5) is greater than
the droplet height (see Figure 7), otherwise the droplet continues
its movement to the following triangle (see Figures 5,6).

The Water Droplet Movements Over the
Surface
We proposed in this paper a single droplet model to
simulate the droplet motion over the leaf surface. Moreover,
in the future the model will be extended to a multiple droplet

FIGURE 7 | The figures given on the left column represent the droplet motion by implementing the stopping tolerance in our model across the constructed leaf, while

the figures given on the right column show the corresponding droplet movement on the leaf triangulation.
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model. However, the current model offers several advantages—
it is easy to control the droplet motion and location at any
given time. The same notation used by the authors [38] has
been adopted in this article along with new notations for vectors.
The droplet movements at any given time (T) are defined by
employing the Newton’s second law F = ma therefore the
droplet has mass (m), position (p), velocity (v) and acceleration
(a). Thus, taking into account the internal and external forces
acting on the droplet, the droplet motion model is derived
as follows:

mMd − λv (T) = mv′ (T) , (6)

which is a linear first order differential equation. We estimated
the friction coefficient to be λ ∼ O(10−8) (kg m/s2) using Stokes’s
law for a sphere of radius r = 0.001(m), moreover we supposed
the droplet mass to be constant.

As mentioned before, the virtual surface of the leaf consists
of a triangular element (Figure 2) and the droplet moves down
over this surface. To start our simulation, first we should identify
the initial position (p0), time (t0), velocity (v0), the transit time
(Tt), the frame time (Ft) and the initial triangle which is found
using tsearch (Matlab command). Then Equation (3) is used to
specify the movement direction and permit the droplet to move
to the flowing triangle. Suppose Tn is the entrance time of the
droplet of nth triangle, we computed the time that the droplet
needs to move to the following triangle as [Tn,Tn + Tt] and we
stored the accumulated transit time. The new position and new
velocity of the droplet over the new triangle are calculated using
Equations (8, 7), respectively. Finally, if the time frame is greater
than the transit time, and the droplet height is greater than a
defined tolerance (κ = 10−5), then the droplet moves to the
following triangle.

The equation of water droplet velocity (7) and position (8) at
any time is obtained by solving Equation (6) as follows:

v (T) = v0 (Tn) e
−
λ
m T

+
m

λ
Mn

d −
m

λ
Mn

de
−
λ
m T , (7)

p (T) = p0 (Tn)+
m

λ
Mn

dT +

(

v0 (Tn)−
m

λ
Mn

d

) (

−
m

λ
e−

λ
m T

+
m

λ

)

, (8)

where Mn
d
, p0(Tn) and v0(Tn) are the droplet movement

direction, the initial position, and velocity, respectively, at time
Tn of the nth triangle. Assume that, at time Tn, the droplet arrives
to the nth triangle, then the transit and exit time are denoted,
respectively, by Tt and Te = Tn + Tt and the exit position p(Te)
and exit velocity v(Te) are also computed.

Now, to compute Tt we intersect the droplet trajectory
(Equation 8 with the three edges of the triangle, Equation 9)
by means of a Newton algorithm. The triangle edge equation is
given by

Ei (κ) = ri + κ(rj − ri), (9)

and it has three components
(

Ex,Ey,Ez
)T
, 0 ≤ κ ≤ 1. The ri, rj

are the two vertices of the triangle edge. The point of intersection

(T, κ) is then obtained using Newton algorithm by solving the
following non-linear system:

Ki (T, κ) = pi (T)− Ei (κ) = 0, i = 1, 2, 3. (10)

Using Equation (8), the path of the droplet can be followed over
any triangle by increasing Tt till Te is reached. Moreover, the
velocity projected in the movement direction to guarantee that
the droplet stays on the surface and the initial velocity updated
each time the droplet enters the nth triangle. As stated, before
we used tsearch to find the new triangle to which the droplet
transfers, whereas the droplet leaves the leaf surface if we cannot
locate such a triangle. The following algorithm describes the
droplet flow simulating on the Anthurium leaf surface:

Algorithm 4.1. Water droplet flow simulation

INPUT: Triangular elements (virtual leaf surface), initial velocity, position,

time, friction coefficient, gravity force.

Step 1. Position the droplet anywhere on the surface.

Step 2. Set the droplet transit time and accumulate this time as the droplet

transfer within the triangles.

Step 3. Use tsearch to find the triangle (element) to which the

droplet transfers.

Step 4. Use Equation (3) to identify the movement direction.

Step 5. At Tn, compute the velocity and position using Equations (7) and

(8), respectively.

Step 6. Use Newton’s algorithm to compute the transit time needed for

the droplet to transfer to the following element via intersecting the

element edges with the displacement Equation (8).

Step 7. Compute the droplet height.

Step 8. If the time frame is greater than the transit time, and the droplet

height is greater than the tolerance (κ = 10−5), then transfer the

droplet to the following element.

Step 9. Upgrade the accumulative time, compute the droplet initial

position and velocity at Te
using step6.

Step 10. Find the new triangle to which the droplet transfers.

Step 11. Iterate steps 4 through 10 till the droplet falls from the leaf surface.

The MATLAB software is used to perform our simulation
over the leaf surface given in Figures 2, 3. As exhibited in
Figures 5–7, the droplet model captures the movement fairly
well and produces genuine motion of the droplet on the surface;
moreover the droplet movements follow the surface contours
and fall from the leaf mesh depending on the model parameters.
Additionally, the droplet stops moving at times consistent with
timeframe and if a set tolerance is greater than the droplet height.

The droplet motion shown in Figures 5–7. is classified into
four cases as follows:

Case 1: If the droplet is located close to the leaf upper edge, then
the droplet crosses the surface and passes the leaf vein
till it gets to the lower edge of the leaf and falls off the
surface. However, this is due to the droplet large velocity.

Case 2: If the droplet is placed on the upper leaf side it transfers
across the triangular element till it gets to the vein of the
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leaf, then it continues tomove alongside the vein because
of the internal force controlled by the external force.

Case 3: When the droplet is closed to the surface edge, as
expected, it ultimately falls off the surface.

Case 4: Figure 7 shows that the droplet movement is stopped
somewhere on the surface before it reaches the leaf edge
because the specified tolerance (κ = 10−5) is greater
than the droplet height and the time frame is less than
the transit time.

RESULTS AND FUTURE WORK

In this article, we presented a mathematical model for simulating
droplet motion of the Anthurium leaf. Two forces supposed to
influence the droplet motion in our model included the external
force due to gravity and internal force due to drag force. The
model flexibility permits the researcher to understand how a
water droplet transfers over a virtual leaf surface and how a small
adjustment in the main parameters creates diverse movements
of the droplet over the surface. Furthermore, the droplet model
captures realism fairly well and produces genuine motion of the

droplet on the surface of the leaf. More importantly, the droplet
movements follow the surface contours and falls from the leaf
mesh depending on the model parameters as well as the droplet
stops moving at times consistent with time frame.

The model can be extended to create a more physical
simulation by including additional forces and dominant factors
that affect the motion of the droplet, such as spraying and
adhesion [39–41]. Moreover, the physical leaf surface properties
can be included as well as the paths of several droplets, which
is important in modeling of a pesticide implementation to plant
[42, 43].
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