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Current research is intended to examine the hydro-magnetic peristaltic flow of

copper-water nanofluid configured in a symmetric three-dimensional rotating channel

having generalized complaint boundaries incorporating second-order velocity slip

conditions and temperature-dependent viscosity effects. Strong magnetic field with Hall

properties, viscous dissipation, thermal radiations, and heat source/sink phenomenon

have been studied. Constitutive partial differential equations are modeled and then

simplified into a coupled system of ordinary differential equations by employing lubrication

approximation. Consequential governing model is tackled numerically, and the results for

flow quantities and Nusselt number are physically interpreted via graphs and bar charts

toward the assorted parameters. Interpreted numerical results indicate that velocity

components are accelerated with augmentation in first- and second-order velocity slip

parameters and variable viscosity parameter, while it is reduced with a rise in Grashof

number possessing dominant effects in the central region. Also, the temperature of the

fluid increases with an increase in temperature-dependent viscosity effect.

Keywords: nanofluid, peristalsis, rotation, slip conditions, hall effects, variable viscosity

INTRODUCTION

Peristalsis is a transport process of a decisive kind for moving fluids inside a conduit that occurs
due to its surface deformation. Analysis of peristalsis has gained plausible importance in the last
few years due to its wide applications in medical and chemical fields. Peristalsis comes from the
Greek word “Peristalsiskos,” which means spontaneous squeezing and grasping along the flexible
walls of tabular structures. It is a self-regulating and necessary procedure that is precisely useful
to move food in the digestive system, with commercial peristaltic pumping and blood pumping
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in the heart–lung machine, where it is essential to split the fluid
from the walls of the pumping device and move forward without
being infected due to the collision with the machinery. The
idea of peristalsis has been pioneered by Shapiro et al. [1] and
Latham [2], primarily. From then on, several researchers and
scientists have studied the peristaltic transport under different
aspects and assumptions. Representatively, mixed convection
and Joule heating effects on peristaltic transport of water-
based nanofluid by assuming convective boundary conditions
have been examined by Hayat et al. [3]. Eventually, magneto-
hydrodynamics (MHD) peristaltic transport of electrically
conducting fluids is paramount in the medical field. Abbas
et al. [4] have inspected peristalsis of blood transport carrying
nanoparticles with magnetic field effects through a non-uniform
channel, which is applicable in drug delivery. Further, magnetic
field effects on ciliary-induced peristaltic motion of nanofluid
with second law analysis have been investigated by Abrar et al.
[5]. For strong magnetic field and rarefied medium, electric
conductivity of the magnetic fluids becomes anisotropic due
to which Hall current appears prominently and this has been
initially presented by Hall [6]. Recently, Hall effects on peristaltic
transport of Carreau fluid through a channel were examined
by Hayat et al. [7]. The incompressible Eying–Powell fluid
is used to fill the channel. A distinctive description in this
regard is given in Hayat et al., Rashidi et al., Hasona and
Qureshi et al. [8–12].

Fluids have a major role in augmentation of heat transfer rate
in several physiological applications involving heat transfer in
connection with peristalsis such as oxygenation, hemodialysis,
photodynamic therapy, etc. In this regard, suspension of
nanoparticles including metal oxides, metals, and carbide/nitride
etc. are of the essence to boost up the thermal properties
of ordinary fluids like water, engine oil, ethylene glycol,
etc. and friction reduction, which enhances the bioactivity
and bioavailability of therapeutics. In biomedical processes,
nanotechnology is used as a substitute during envisioning
accurate medication of rheumatoid arthritis and it makes
selective targeting possible to damaged joints. Awais et al.
[13] examined analytically and numerically the boundary
layer Maxwell nanofluid transport over stretchable surface
presuming the impacts of heat generation/absorption. Awais
et al. [14] analyzed slippage phenomenon in the flow of non-
Newtonian nanofluid over a stretchable surface. Hayat et al.
[15] studied the nanofluid on the stretched surface. They
analyzed the flow in the presence of magneto-hydrodynamics
and chemical reactions. The generative/absorptive thermal
effects have been analyzed. Several attempts in this regime
have been made by investigators [16–20]. Recently, Shah
et al. [21, 22] studied thermally and electrically conducting
nanofluid and heat transfer in different geometries with
their applications.

In many physiological and medical procedures, since no-slip
boundary conditions do not remain authentic, slip effects are
important [23–25]. Moreover, variable viscosity is significant
when the physical properties of fluids vary significantly with
the distance and temperature and thus studied intensively
by researchers [26–29]. None of the above-cited attempts

include combined effects of variable viscosity and second-
order velocity slip through a channel with generalized wall
properties; therefore, it is the subject of research in this
study along with the peristaltic flow of nanofluid within a
rotating frame. Modeled system of partial differential equations
is a simplified lubrication approach and analyzed numerically
by employing NDSolve command in MATHEMATICA based
on the standard shooting method with fourth-order Runge-
Kutta integration procedure. Several graphical illustrations and
tables have been prepared to present the real insight of the
current investigation.

MATHEMATICAL FORMULATION OF
PROBLEM

Consider peristaltic flow dynamics of (Cu-H2O) nanofluid in
a homogeneous porous medium through complaint channel
walls sculptured as spring-backed plates having temperature of
upper/lower walls as T1/T0. The nanofluid and channel rotate
with uniform angular speed � parallel to the z-axis (Figure 1).
Flow occurs by expansion of waves having speed c, wavelength
λ, and amplitude a parallel to the walls placed at z = ±η having
the form:

z = ±η(x, t) = ±[d + a sin(
2π

λ
(x− ct))], (1)

in which t and d stand for time and half channel width,
respectively. Moreover, magnetic field B0 is applied along
the z-direction. In view of these facts, conservation laws of
mass, momentum, and energy in the presence of generalized
Hall properties, rotation, dissipative, radiative, internal
heat generation/absorption, and buoyancy effects are of the
form [30–33]:

∂u

∂x
+
∂w

∂z
= 0 (2)

FIGURE 1 | Physical interpretation of the problem.
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ρeff

[

du

dt
− 2�v

]

= −
∂
⌢

P

∂x
+ µeff

[

∂2u

∂x2
+
∂2u

∂z2

]

(3)

+
A1σfB

2
0

1+ (A1m)2
(−u+ A1mv)−

µeff u

k1

+ g(ρβ)eff (T − T0),

ρeff

[

dv

dt
+ 2�u

]

= −
∂
⌢

P

∂y
+ µeff

[

∂2v

∂x2
+
∂2v

∂z2

]

−
A1σfB

2
0

1+ (A1m)2
(v+ A1mu)−

µeff v

k1
, (4)

ρeff

[

dw

dt

]

= −
∂
⌢

P

∂z
+ µeff

[

∂2w

∂x2
+
∂2w

∂z2

]

, (5)

(ρCp)eff
dT

dt
= Keff

[

∂2T

∂x2
+
∂2T

∂z2

]

+ µeff

[

2

{

(

∂u

∂x

)2

+

(

∂w

∂z

)2
}

+

{

∂u

∂z
+
∂w

∂x

}2
]

+
16σ ∗T3

m

3k∗

[

∂2T

∂x2
+
∂2T

∂z2

]

+
µeff u

2

k1
+8, (6)

where modified pressure
⌢

P involving centrifugal effect is given by

P̂ = P −
1

2
ρ�2

(

x2 + y2
)

. (7)

Moreover u, v, and w symbolize the velocities in the respective
directions, while σf , k1, g, A1, m, σ ∗, k∗, T, Tm, and 8,
respectively, represent the electrical conductivity, permeability
of porous medium, gravitational force, effective thermal
conductivity, Hall effect, Stefan–Boltzmann constant, mean
absorption coefficient, fluid temperature, mean temperature
of nanofluid, and internal heat generation/absorption effects.
The relations for effective density ρeff , specific heat CPeff

,

thermal conductivity Keff , effective viscosity µeff with
α as variable viscosity parameter and thermal expansion
coefficient βeff for the dual phase flow model of the nanofluid
are [29]:

ρeff = (1− φ)ρf + φρp, (ρCp)eff = (1− φ)(ρCp)f + φ(ρCp)p,

Keff

Kf
=

Kp + 2kf − 2φ(Kf − Kp)

Kp + 2kf + φ(Kf − Kp)
, µeff =

µf exp[−α(T − Tm)]

(1− φ)2.5
,

(ρβ)eff = (1− φ)(ρβ)f + φ(ρβ)p. (8)

As the wall properties decompose the pressure as rigidity,
stiffness, and damping, thus expression for motion of generalized
complaint boundaries is [29, 30]:

L(η)=p− p0=

[

−τ
∂2

∂x2
+m′ ∂

2

∂t2
+ d

′ ∂

∂t
+ β ′

∂4

∂x4
+ k

]

η. (9)

FIGURE 2 | (A–D) Effects of M, Gr, m, and φ on u(z).
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In the above relation, L is the operator that symbolizes the
movement of elastic walls possessing viscous damping force, P0
represents the pressure outside the elastic walls due to muscular
tension, τ expresses the longitudinal tension per unit area, m′

is mass of the plate, d
′

is the wall damping coefficient, β ′ is
the flexural rigidity, and k is the stiffness effect. Utilizing the
generalized complaint wall-pressure relation in Equation (3) with
the assumption that P0 = 0, we get

∂L

∂x
=
∂p

∂x
(10)

=
µf exp[−α(T − Tm)]

(1− φ)2.5

[

∂2u

∂x2
+
∂2u

∂z2

]

+
A1σfB

2
0

1+ (A1m)2
(−u+ A1mv)−

µf exp[−α(T − Tm)]u

(1− φ)2.5k1

+ g(ρβ)eff (T − Tm)−
[

(1− φ)ρf + φρp
]

[

du

dt
− 2�v

]

. FIGURE 4 | Effects of α on u (z).

FIGURE 3 | (A–D) Effects of K1, α1, α2, and T ′ on u(z).
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Scaling transformations utilized in the above equations are

x∗ =
x

λ
, y∗ =

y

λ
, z∗ =

z

d
, δ =

d

λ
, p =

d2
⌢

P

cµf λ
, t∗ =

ct

λ
,

u∗ =
u

c
, v∗ =

v

c
, w∗

=
w

c
, η∗ =

η

d
,

θ =
T − Tm

T1 − T0
, Tm =

T1 + T0

2
, α1

∗
=
α1

d
, α2

∗
=
α2

d
,

β1
∗
=
β1

d
, β2

∗
=
β2

d
. (11)

Here, α1, α2, β1, and β2, respectively, express first-order
velocity slip, second-order velocity slip, secondary velocity slip,

and thermal slip parameters (T1, T0) are upper and lower wall

temperatures while δ is wave number. Further, introducing

stream function ψ such that u =
∂ψ
∂z andw = −δ

∂ψ
∂x and

suppressing bar notations for ease, conservation laws with

the assumption of long wavelength and small inertial forces,
we reach:

−2T
′

[

(1− φ)+ φ
ρp

ρf

]

v = −
∂p

∂x
+

exp(−α(T − T0)

(1− φ)2.5

(

∂2u

∂z2

)

−
A1M

2

1+ (A1m)2

(

∂ψ

∂z
− A1mv

)

−
exp(−α(T − T0))

(1− φ)2.5K1

∂ψ

∂z

+ Gr(T − Tm), (12)

2T
′

[

(1− φ)+ φ
ρp

ρf

]

u = −
∂p

∂y
+

exp(−α(T − T0))

(1− φ)2.5
∂2v

∂z2

−
A1M

2

1+ (A1m)2

(

v+ A1m
∂ψ

∂z

)

−
exp(−α(T − T0))v

(1− φ)2.5K1

, (13)

(

A2 +
4

3
R

) (

∂2θ

∂z2

)

+
Br exp(−α(T − T0))

(1− φ)2.5K1

(

∂ψ

∂z

)2

+ ε1

+
Br exp(−α(T − T0))

(1− φ)2.5

(

∂2ψ

∂z2

)2

= 0. (14)

In the above equations, Re =
ρf cd

µf
denotes the Reynolds number,

δ = d
λ
represents wave number, T

′

= Re�d
c is the Taylor number,

FIGURE 5 | (A–D) Effects of M, m, φ, and K1 on v(z).
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M = B0d
√

σf

µf exp[−α(T−T0)]
is the Hartman number, R =

4σ ∗T3
m

k∗κf

is radiation parameter, K1 =
k1
d2

is the permeability parameter,

Pr = µf exp[−α(T − T0)]
Cf

kf
is the Prandtl number, Br = EcPr

expresses the Brinkman number, Ec = c2

Cf (T1−T0)
stands for the

Eckert number, ε1 =
d28

kf (T1−T0)
shows heat generation/absorption

parameter,m =
σf B0
ene

is the Hall parameter, andGr = d2

cµf
g(ρβ)eff

is the Grashof number.Moreover, the nanofluidics parametersA1

and A2 are expressed as

A1 = 1+
3(
σp
σf

− 1)φ

(
σp

σf
+ 2)− (

σp

σf
− 1)φ

,A2 =
Kp + 2kf − 2φ(Kf − Kp)

Kp + 2Kf + φ(Kf − Kp)
.

(15)

The wall properties for η = 1 + εSin (2π (x− t)) with ε

representing amplitude ratio parameter becomes:

∂ψ

∂z
±

α1

(1− φ)2.5
∂2ψ

∂z2
±

α2

(1− φ)2.5
∂3ψ

∂z3
= 0, z = ±η, (16)

[

E1
∂3

∂x3
+ E2

∂3

∂x∂t2
+ E3

∂2

∂x∂t
+ E4

∂5

∂x5
+ E5

∂

∂x

]

η

=
exp(−α(T − T0))

(1− φ)2.5
∂3ψ

∂z3
+

d2

cµf
g(ρβ)nf (T − T0)

−
A1M

2

1+ (A1m)2

(

∂ψ

∂z
− A1mv

)

−
exp(−α(T − T0))

(1− φ)2.5K1

∂ψ

∂z

+ 2T
′

[

(1− φ)+ φ
ρp

ρf

]

v, at z = ±η, (17)

v±
β1

(1− φ)2.5
∂v

∂z
= 0, θ ± β2

∂θ

∂z
= ±

1

2
at z = ±η.

(18)

where (E1, E2, E3, E4, E5) exposed the dimensionless
wall parameters.

E1 = −
τd3

λ3µf exp[−α(T − T0)]c
, E2 =

m1cd
3

λ3µf exp[−α(T − T0)]c
,

E3 =
d
′

d3

λ2µf exp[−α(T − T0)]c
, E4 =

β ′d3

λ5µf c
, E5 =

kd3

λµf c
. (19)

FIGURE 6 | (A–C) Effects of β1, α, and T ′ on v(z).
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NUMERICAL RESULTS AND DISCUSSION

A series of analysis is physically interpreted in this section
in order to understand behaviors of primary and secondary
velocities, temperature, and heat exchange rate against involving
parameters for x = 0.2, t = 0.1, ε = 0.3, φ = 0.01, E1 =

0.03, E2 = 0.02, E3 = 0.01, E4 = 0.03, E5 = 0.02.

Analysis of Axial Velocity
The physical behavior of the axial velocity component is exploited
in Figures 2–4 for various substantial parameters with the
numerical values α = 0.03, α1 = 0.01, α2 = −0.01, β1 =

β2 = 0.02,m = 1.0, M = 2.0, Gr = 3.0, Br = 0.01, T′ =

1.0, R = 0.1, ε1 = 0.3, K1 = 0.5. Figure 2A depicts the
consequence of applied magnetic field on velocity associated
with Hartmann number M. Enhancement in values of M
makes the impact of Lorentz force strong, which opposes the
body forces with dominant retarding effects, and therefore,
axial velocity is observed as a decreasing function of M. It
is described in Figure 2B that velocity at the boundaries of

channel shows almost a negligible variation against Gr, whereas
it is trimmed down in the center of the channel, which
clearly shows that thermal convection opposes the flow in an
important manner. Variational trend of velocity toward Hall
parameter m is noticed in Figure 2C. Effective viscosity of
copper nanoparticles abbreviates with rise in values of m, which

consequently reduces magnetic damping force, and thus, velocity
seems to be accelerating. Furthermore, an augmentation in

nanoparticle volume fraction (φ) offers more resistance to the
fluid transport, which drops the flow velocity. This trend is

represented in Figure 2D. Behavior of u (z) for non-identical
values of permeability parameter K1 is illustrated in Figure 3A.
Large values of porosity parameter lessen frictional effects as well
as lead to high permeability, which causes flow rate to accelerate.
The effect of hydrodynamic slip parameter α1 on velocity is
depicted physically in Figure 3B. One can notice that as the
values of slip parameter enlarge, fluid flows smoothly since it
indicates that fluid velocity is unaffected by surface motion and
that slippage reduces the resistive forces. A relevant behavior
of second slip parameter α2 is exposed in Figure 3C as well.

FIGURE 7 | (A–D) Effects of M, m, φ, and K1 on θ (z).
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An increase in α2 accelerates flow in the vicinity of the lower
half of the channel while a completely conflicting trend is seen
in the region of the upper half. It is depicted in Figure 3D

that velocity in axial direction is reduced for rising values of
rotation parameter T′. It validates physically that a flow in the
perpendicular direction is generated due to angular velocity with
consequences in axial flow abbreviation. Moreover, it can be seen
interestingly that velocity has its maximum values in absence of
rotation. The effect of variable viscosity parameter is shown in
Figure 4 in which velocity u (z) rises due to reducing frictional
forces with increment in α.

Secondary Velocity
Effect of rotating motion induces a velocity component
perpendicular to axial direction, which is known as secondary
velocity v(z). In order to understand physical insight of secondary
velocity against pertinent parameters for numerical values α =

0.03, α1 = 0.1, α2 = 0.1, β1 = β2 = 0.02, m= 1.0, M = 2.0,
Br = 0.1, Gr = 3.0, T′ = 1.0, R = 0.1, ε1 = 0.3, K1 = 0.5,
Figures 5, 6 are prepared. Figure 5A presents secondary velocity
v(z) as a decreasing function of M whereas Hall effects enhance

the secondary velocity as noticed in Figure 5B. Moreover,
inspection of other plots in Figures 5, 6 signifies that physical
behaviors of velocity v (z) for escalating values of φ, K1, β1, α,
and T′ as well as motivation behind such behaviors are similar
to those for axial velocity. Also, graphical estimation reveals that
maximum velocity occurs in the middle region of the channel.

Temperature Distribution
Variational trends of dimensionless temperature distribution
toward the influence of substantial parameters in case of
α = 0.02, α1 = 0.01, α2 = −0.01, β1 = β2 =

0.5, m = 2.0, M = 2.0, Gr = 3.0, Br=0.01, T′ =

1.0, R = 0.2, ε1 = 0.3, and K1 = 0.5 is plotted and
presented in Figures 7–9. As demonstrated in Figure 7A, the
temperature of the fluid decreases owing to the enhancing values
of Hartmann number. This happens because magnetic field
clustered the nanoparticles, thereby increasing viscous effects
that reduce average kinetic energy leading to temperature rise.
An increment in θ (z) corresponding to enlargement in Hall
parameter is seen in Figure 7B. It is of factual significance
that augmentation in m enhances electrical conductivity, i.e.,

FIGURE 8 | (A–D) Effects of β2, α, Rd , and Br on θ (z).
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FIGURE 9 | (A–E) Variation in −
κeff
κf
θ ′(0) against ε1, φ, α, Rd , and β2.
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TABLE 1 | Numerical values of thermal properties of copper and water.

Phase ρ(kg m−3) C( j kg−1 K−1) K(Wm−1K−1) β(K−1) × 10−6 σ (�m)−1

Water 997.1 4,179 0.613 210 0.05

Copper 8,933 385 401 16.65 5.96× 107

TABLE 2 | Comparison of results for −κeff/κf θ
′(0) with Tanveer et al. [27] when

α = α2 = E4 = E5 = ε1 = Gr = R = 0.

φ M m K1 Present results Tanveer et al. [27]

0.0 1.0 1.0 0.8 0.352189 0.352191

0.02 0.381989 0.381991

0.04 0.413208 0.413211

0.1 0.0 0.516370 0.516373

0.5 0.516282 0.516284

1.0 0.516065 0.516068

1.0 0.0 0.515520 0.515523

0.2 0.515060 0.515063

0.4 0.514906 0.514908

1.0 1.0 0.516113 0.516115

2.0 0.516979 0.516981

3.0 0.517233 0.517235

number of free electrons to conduct electric current increases
and correspondingly rising conduction rate leads to temperature
increase. Figure 7C exposed a reduction in temperature for rise
in φ due to increasing thermal exchange rate. More to the point,
an increase in porosity parameter increases the permeability
of channel walls and corresponds to larger time relaxation,
which enhances resistive effects and, hence, temperature dropoff.
This fact can be observed in Figure 7D. A corresponding
enhancement in temperature profile vs. gradually mounting
values of thermal slip parameter is observed in Figure 8A. This
behavior is consistent with the physics of the problem that a rise
in β2 leads to a reduction in retarding effects and dominates
the temperature difference between fluid and boundaries of
the channel due to which temperature rises accordingly. The
purpose of Figure 8B is to explore the impact of the non-
uniform viscosity parameter on θ (z), which serves to boost the
temperature markedly due to the fact that α is inversely related
to viscous forces and its growing values reduce such forces.
Obstinately, Figure 8C signifies a contour of the variation in θ (z)
for increasing values of Rd evolving. It is known that an increase
in Rd values corresponds to a drop in mean absorption parameter
prominently and in so doing refers to less energy absorption and
temperature decreases accordingly. Further, Figure 8D portrays
the variation in θ (z) toward Br. It is seen that temperature
absolutely grows for the increase in Br due to increasing thermal
energy generated by internal friction of fluid.

Deviation in a few of the emerging parameters for heat
transfer rate is probed as well. For this purpose, bar charts
are structured and exhibited in Figures 9A–E. An increment
in rate of heat exchange for increasing values of ε1 and φ is

expressed in Figures 9A,B due to internal heat production and
ever-increasing thermal conduction, accordingly. Figures 9C,D,
respectively, depict a decreasing trend in heat transfer rate as
the values of α and Rd become larger while an acceleration
is reported for β2 as demonstrated in Figure 9E. Additionally,
experimental numerical values of thermal properties are
articulated in Table 1. A comparative analysis has been carried
out and results are displayed in Table 2. A very good
agreement is observed between existing results and those of
Hayat et al. [27].

CONCLUDING REMARKS

Peristaltic flow dynamics of Cu-H2O nanofluid through channel
with complaint walls having porous medium in a rotating frame
is investigated in the presence of Hall current along with some
physical factors. Major outcomes are recapped as:

➢ Enhancement in slip parameters α1, α2, and β1 has
consequences in axial and secondary velocity acceleration
while the impact of Gr shows a decrease in axial velocity.

➢ Variation inM and T′ corresponds to a decrease in velocities
as well as temperature but the profiles show a conflicting
trend towardm.

➢ Increase in values of K1 enhances velocities and drops fluid
temperature, whereas consequences of φ depict a dropoff in
velocities as well as temperature.

➢ Comparatively, both the axial and secondary velocities
correspond to a similar variational trend.

➢ Dimensionless temperature distribution increases toward a
rise in β2, Br, α, and ε1, whereas a conflicting variation is
noticed for Rd.

➢ Heat transfer rate is maximum in the vicinity of the surface
of the channel for boosting values of ε1, φ, and α, but it
decreases for radiation and thermal slip parameters.

➢ Both velocity and temperature fields exhibit their maximum
values in the central region of complaint walled channel.
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