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of researchers in various disciplines. Indeed, it was observed that the use of fractional derivatives
is very useful for modeling many problems in engineering sciences (see e.g., [1-10]). Various

notions of fractional derivatives exist in the literature. The basic notions are those introduced by
(t=9)~"

Il—a)’
0 < a < 1. These fractional derivatives play an important role for modeling many phenomena
in physics. However, as it was mentioned in Caputo and Fabrizio [12], certain phenomena related
to material heterogeneities cannot be well-modeled using Riemann-Liouville or Caputo fractional

derivatives. Due to this fact, Caputo and Fabrizio [12] suggested a new fractional derivative

—a(t—s)
1-a

Riemann-Liouville and Caputo (see e.g., [11]), which involve the singular kernel k(t,s) =

involving the non-singular kernel k(t,s) = e ,0 < o < 1. Later, Caputo-Fabrizio fractional
derivative was used by many authors for modeling various problems in engineering sciences (see
e.g., [13-24]). Furthermore, other fractional derivatives with non-singular kernels were introduced
by some authors (see e.g., [10, 25-29]).

In this paper, a new fractional derivative with a non-singular kernel involving exponential and
trigonometric functions is proposed. The introduced fractional derivative includes as a special
case Caputo-Fabrizio fractional derivative. Theoretical and numerical investigations of fractional
differential equations involving this new fractional operator are presented. Next, some applications
to electrical circuits are provided.

In section 2, some preliminaries on harmonic analysis are presented. In section 3, we develop
a general theory of fractional calculus using an arbitrary non-singular kernel. In section 4, we
introduce a generalized Caputo-Fabrizio fractional derivative and study its properties. Some
applications to fractional differential equations are given in section 5. A numerical method based
on Picard iterations is presented in section 6 with some numerical examples. In section 7, some
applications to RC-electrical circuits are provided.
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2. SOME PRELIMINARIES ON HARMONIC
ANALYSIS

We recall briefly some results on harmonic analysis that will be
used later.

Lemma 2.1. Folland [30]. Let v € L'(R) be such that

AwmmzL

Consider the sequence of functions {{r¢}e~0 defined by
1 t
W&(t):*W (7)) tER-
e \¢&
Ifu € L'(R), then
wg*ueLl(R), e>0
and
li - =0,
Jim, Ve * u — i)
where * denotes the convolution product.

Lemma 2.2. Let ¢ € L'(0,00) be such that

/wwmm:L
0

Consider the sequence of functions {{ }¢~o defined by

(2.1)

1 t
Yelt) =~y (7> (>0,
e \e
If u € LY(0,00), then the sequence of functions {I% }¢~o defined by

t
IH(n) =/ Ye(t —s)u(s)ds, t>0
0

satisfies the following properties:
I* e L'0,00), &>0
and

. w _
Sli)%l+ ||Ig M||L1(0,oo) 0.

Proof: For any function f defined almost every where in (0, 00),
let

| f()ae t>0,
f(t)_{o if t<o.

From (2.1), one has ¢ € L'(R) and

/RJ(t)dt: L.

Hence, by Lemma 2.1, for all f € L!(R), we have
YexfeL'(R), &>0

and

Sl_if{)l+ 1We *f — flloiw) = 0s
where

~ 1~/t

wé‘(t)ziw <7>: teR.

e \¢

In particular, for u € L'(0, 00), we have

Yex L e l'(R), &>0 (2.2)
and
lim |1z % & — Bl i) = 0. (2.3)
e—0t

For all t > 0, we have
Toxii) = [ Fe- o) ds
R

t
- /0 Vet — uls) ds
= IH(1).

Hence, using (2.2) and (2.3), one obtains

o0 o0 — —
/ |15<t)|dt=/ T % O dt < [ F0 # il < 00
0 0
and

o0
I~ lsiomey = [ 17500 = 0 d
0
< l¥e * i — Al —> Oase — 0™
This completes the proof of Lemma 2.2. O

Definition 2.1. We say that f is of exponential order 0, if for t
large enough, one has

If(O] < ce,
where C > 0 and 6 are constants.

We denote by L{f(t)} the Laplace transform of the function f,
ie,

LW = /0 (1) d

Recall that, if f € C[0,00) and f is of exponential order 6, then
L{f(t)}(s) exists for s > 6.
We denote by N the set of positive integers.

Lemma 2.3. Schift [31]. Let n € N. If f € C"[0,00) and
foralli = 0,1,---,n — 1, the function f9 is of exponential
order, then

LD D)) = LD = Y s (0.

i=1
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3. FRACTIONAL DERIVATIVE WITH AN
ARBITRARY NON-SINGULAR KERNEL

We consider the set of non-singular kernel functions

K= {keC[O,oo)ﬁLl(O,oo): /ook(o)da :1}. (3.1)
0

Definition 3.1. Givenk € K, 0 <o < landf € C'0, 00), the
fractional derivative of order a of f with respect to the non-singular
kernel function k is defined by

<D<x (t)_if (d(f

Remark 3.1. We can also define Dy f for functions f € ACI0, 00)
(f is an absolutely continuous function in [0, 00)). In this case, f'(t)
exists for almost every where t > 0 and f' € L'(0, 00).

>f()ds, t>0.

The following properties hold.

Theorem 3.1. Letk € K andf € C'[0, 00). Then
(i) Forall0 <a <1,

Jim (pif) 0 =0

(ii) Iff" € L'(0, 00), one has

Dg)kf e L'(0,00), 0<a <1
and
lim ‘DD‘ =
ail— kf f Li( Ooo)
Proof: (i) Let0 < a < 1.For0 <t < T < oo, one has

kIl o< o, TD,)”f 20, n,

(D) 0] = =

where T, = % T. Passing to the limit as t — 07 in the above
inequality, (i) follows.
(ii) Suppose that f' € L'(0,00). For0 < o < 1,lete = =% One

has
8“/ ( (t—s))f(s)ds
:(5—1—1)/ ( (t—s))f(s)ds

= (e + 1)/ ke(t —s)f'(s)ds, t>0,
0

(D) @

where

ke(x) =

lk(if), x > 0.

Hence, using Lemma 2.2, (ii) follows. O

Definition 3.2. Given k € K, 0 < o« < 1, n € N U {0} and
f € C"10, 00), the fractional derivative of order a + n of f with
respect to the non-singular kernel k is defined by

1 t—
[
l—« 0 1
Remark 3.2. We can also define D‘H”f for functions f €

AC™1[0, 00). In this case, f”+1(t) exists for almost every where
t > 0and "+ e L1(0, 00).

(Dg;"f) () = ) () ds, t> 0.

Similarly to the case n = 0, one has

Theorem 3.2. Let k € K, n € NU {0} and f € C""'[0,00).
Then

(i) Forall0 <« < 1,
: o+ _
tgr(r)l+ (Do,k ) (1) =0.

(i) Iff"+D e LY(0,00), then

Dyi"f € 11(0,00), 0<a <1
and
li ‘DDH_” _ (n+1)’ —
wl- 70k f=f 11(0,00)

Remark 3.3. From the assertion (ii) of Theorem 3.2, if f**+1) ¢
L1(0, 00), one has

lim (Dg'kmf) (t) :_f(”“)(t), aet>0.
a—1" ’

Theorem 3.3. Given k‘ € K0 < a < 1,n € NU{0} and
f e C"10,00) with f®, i = 0,1,-- -, n, are of exponential order,
one has

c{ (o) o} @

_ 1 n+1
= <s L))

n+1

- Zs"—lf““—”(m) Lk (1)} (9),

i=1

ot
), t>0.
l—«o

where

o =k
Proof: One has
e[l
_ fo e (D5"F) (0 e
- [

)> f<"+1>(o)do) dt
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Using Fubini’s theorem, one obtains

cf(pgtr) o} (3.2)
00 00 —
— f () </ ek (“(t ")) dt) do.
l—«o 0 o 11—«
Using the change of variable t = t — o, it holds
00 —
/ ek (M> dr
- l—«o
= e_‘”/oo k(-2 ) de
0 l—«o

=e 7L {ka(t)} (s).

Hence, by (3.2), one deduces that

c{(psir) 0} o = ﬁc [0} ©£ k) ©).
Next, using Lemma 2.3, we obtain
c{(pgirr) o} @

n+1
-— <s"+lc{f(t)}(s) - Zsf—lf("“‘”(o)) £ {ka(0} (),

i=1

which yields the desired result. O

4. A GENERALIZED CAPUTO-FABRIZIO
FRACTIONAL DERIVATIVE

Consider the kernel function

a* + b?

kap(t) = < ) e "cos(bt), t=>0,

where a > 0 and b > 0 are constants. It can be easily seen that

kap € K, (4.1)

where K is the set of kernel functions defined by (3.1). Hence,
using Definition 3.2, we define the fractional derivative with
respect to the kernel function k, ;, as follows.

Definition 4.1. Givena > 0,b> 0,0 <o < 1,n € NU {0} and
f € C"10, 00), the fractional derivative of order o + n of f with
respect to the kernel function k,, is defined by

o1 _ 1 a2 + bz
(s o= (75) (=
¢ t—s —
/(; e G cos <%)f(”+l)(s) ds, t>0.

Remark 4.1. Takinga = 1 and b = 0 in the above definition, one
obtains

(D516 0 = (FDgf) 0, ¢ >0,

where “FD3*" is the Caputo-Fabrizio fractional derivative

operator of order a + n (see [12]).

Remark 4.2. Definition 4.1 can be extended to the case of
functions f € C"T1[0, T], where 0 < T < oo.

From (4.1) and Theorem 3.2, one deduces that

Corollary 4.1. Leta > 0,b > 0,n € NU{0} and f € C"'[0, o0).
Then

(i) Forall0 <ua <1,

tli%l+ (Dg,;r,ﬁf) (t)y=0o.

(i) Iff"+D e LY(0, 00), then

Dytf e L'(0,00), 0<a <1

and
i ‘Dol-‘rn (1) ‘ —o

i 0abf —f 11(0,00)

Let
at
Kb () = kap (7) , t>0,
1l—«o
that is,
2,12
a“+b _ aat bat
kopa(t) = ( )e = c05< ) , t>0.
a 1l—«o

Lemma 4.1. Abramowitz and Stegun [32]. Leta > 0, b > 0 and
0 <o < 1. Then

_ 2 5
[’{ka,b,ot(t)}(s):(l a)(a® +b%) [

1—a)s+aa
a i|’

((1 — a)s + aa)? + b*a?
s> 0.

Using Theorem 3.3 and Lemma 4.1, one deduces that
Corollary 4.2. Leta > 0,b > 0,0 <« < 1, n € NU {0} and

f e C"10,00) with fO, i = 0,1,- - - , n, are of exponential order.
Then

SCHIBIE

@+ [ S (n+1—i)
= T (5 ﬁ{f(t)}(s) - ZS f (0)

i=1

(1—-a)s+aa .
[((1_(¥)S+aa)2+b2(x2]) s> 0.

For n = 0, one obtains

Corollary4.3. Leta > 0,b > 0,0 < a < land f € C'[0,00)
with f is of exponential order. Then

c{(Dg.u) 0} 0 = Lsz) (L)) = f(0)

(1—a)s+aa
|:((1 —a)s+ aa)? + bzaz] '
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5. APPLICATIONS TO FRACTIONAL
DIFFERENTIAL EQUATIONS

Leta>0,b>0,0<T<o0and0 <« < 1.

Definition 5.1. Let g € C[0, T]. The fractional integral of order o
of g is defined by

(15,06) (0= 252250

¢ bZ t —aa(t—o)
+a /(;g(o')do'_m/o\e I-a g(U)dU

0<t<T,

with (I2,,¢) (0) = 0.

Givenfy € Randg € C'0, T] with g(0) = 0, we consider the
initial value problem

{ (Pa.f) 0 =g, 0<t<T,
f(0) = fo.

Theorem 5.1. Problem (5.1) admits a unique solution f €
CY0, T), which is given by

(5.1)

fO =fo+ (18,,8) @, 0<t=T. (5.2)
Proof: Let f € C'[0, T] be a solution of (5.1). One has
(Dg,a)bf)/ =g, 0<t<T. (5.3)

By Definition 4.1, one has

(=) (2
{f(t)+ ( = (b";“ ))f()ds}
=<1_1a> +b2>f(t)2

=) (530)

fo fme (b‘j(t_ S)) £1(5)ds

() () (50)

[t () o

(r2a) (7)o (2

_(1b_aa)(1ia) (a :b2>y(t),

/\/—\&\

o

(5.4)

where

t
)’(t)=/ e
0
On the other hand,
Jrpy td _% . ba(t
J/(t)—/oa<e sin (17>)f()ds
ao ba
=_<1—a)y(t)+<1—a>
/te e cos (L)f( ) ds
0 1
ao aba
:_<ﬂ) WH( 2+b2) (0

Integrating the above equality and using that y(0) = 0, one
obtains

= sin <7bo;(t )f( ) ds.

aba P aat=y)
y(t) = P +b2A e 1-a g(s)ds.

Hence by (5.4), one deduces that

v 2V 1 +1?
CAICE (1 _a) (“ )f(r) (
l’) 2 t ac(t—s,
(i) [ e

Next, using (5.3), one obtains

) g

. ab*a? e
0= s+ ((1 —a)(a2+b2)>/0 R
a(l— ) /
a? + b? g

Integrating the above equality, using that £(0)
it holds

2 t —
£~ fo = (%) / g(0) do + %g(t)

= fp and g(0) = 0,

abZ 2
-~ dsd
" ((1 —oz)(a2+b2)>/ / 7 gt dsdo
(5.5)
On the other hand, using Fubini’s theorem, one gets
/ / —5 g(s ) ds do
aos f aco
/ g(s)et—« </ e T« da) ds (5.6)
N

1— t 1— 4 aa(t—s
= () [ (155 [ awas
ao 0 ao 0
It follows from (5.5) and (5.6) that

50 = o+ (5 008)
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i.e., f is a solution of (5.2).
Suppose now that f satisfies (5.2). Clearly, one has f €
C'10, T]. Since g(0) = 0, one has f(0) = fy. On the other hand,

an elementary calculation shows that (Dg‘u bf) (t) = g(t) for all
0 < t < T. Therefore, f is a solution of (5.1).

Consider now the non-linear initial value problem

(D) (0 = Pt (o),
u(0) = U,

0<t<T, (5.7)

where the function F:[0, T] x R — R is continuous and satisfies
F(O, u()) =0.

Definition 5.2. We say that u € C[0,T] is a weak solution of
(5.7), if u solves the integral equation

u(t) = up + (I, FCu()) (0, 0=t=T,
ie.,

a(l — )
u(t) = up + WF(L u(t))

b2 t
a? + b2 /

Remark 5.1. Observe that, if F € CY[0,T] x R), and u €
C'10, T] is a solution of (5.7), then u € C[0, T] is a weak solution
of (5.7).

—aozt o)

t
+a (/ F(o,u(o))do — F(o, u(a))do)
0

forall0 <t <T.

Theorem 5.2. Suppose that

|F(t,m) — F(,6)| < tn — &1, (n,§) € R, (5.8)
where £ > 0 is a constant. If
C(Ag + (@ +B)T) < 1, (5.9)

where Ay = “;21;;‘2) and By, = 2+b2’ then (5.7) admits a unique
weak solution u* € C[0, T]. Moreover, for any zy € C[0, T], the
Picard sequence {z,} defined by

a(l —a)

Zn1 (1) = ug + e E(t, zu(1))

b2 t a(t
2+b2/

forall 0 <t < T, converges uniformly to u*.

t
+a (/ F(o,z,(0))do — F(a zn(a))da)
0

Proof: Consider the self-mapping H : C[0, T] — C[0, T] defined
by

a(l — )
(Hu)(t) = uop + m

t b2 t aa(
+a (/0 F(o,u(o))do — m/

F(t, u(t))

F(a u(o)) da)

forall0 < t < T. We endow C[0, T] with the norm
lulloo = max {[u(t)]: 0 <t < T}.

Then (C[0, T], || - ||s) is @ Banach space. For all u, v € C[0, T] and
0 <t < T, using (5.8), one has

|(Hu)(t) — (Hv)(1)]
t
< Aq|F(t, u(t)) — F(t, v(1)| + Ot/ |F(o,u(0)) — F(o,v(0))| do
0

t
/
0

< LAgllu = Vlloo + alTl[u = Vlco + Bal Tt — vlioo
= £ (Ag + (¢ + B)T) llu — vloos

e |F(o, u(0)) — Flo, v(0))| do

which yields
[[Hu — Hvlloo < € (Aq + (@ 4+ Bo)T) lu — Vlloo.

Hence by (5.9), one deduces that H is a contraction. Therefore,
the result follows from Banach fixed point theorem. O

6. NUMERICAL SOLUTION VIA PICARD
ITERATION

Consider the initial value problem

_ u(®
(DG iau) () = 52+, 0<t<]l, (6.1)
u(0) = -3,
where 0 < @ < 1. For @ = 1, (6.1) reduces to
’ _u() t
u(t) = 57 +¢, 0<t<l, (6.2)
u(0) = —3.

The exact solution of (6.2) is given by

3 9
ui(t) = Eet - feé, 0<t<l.

2

(6.1) is a special case of (5.7) with T = 1, a =b = 1,uy = =3
and F(t,x) = % + e’. One can check easily that F satisfies (5.8)
with £ = % Moreover, one has

1/1
Z(Aa—i—(oe—i—Ba)T) =3 (5 +oe> <1
Hence by Theorem 5.2, (6.1) has a unique weak solution u* €
CI[0, 1]. Consider now the Picard sequence {z,} C C[0, 1] given
by zo(t) = —3 and

Zpp1(t) = =3+

a ;"‘)Fu, ()

(6.3)

£ ¢ —a(t—o
+a (/ F(o,z,(0))do — 1/ e = )F(a,zn(o)) dcr) R
0 2 Jo

for all n = 0,1,,2,--- By Theorem 5.2, the sequence {z,}
converges uniformly to u*. In Figure 1A, for « = 0.95, we
plot u;(¢) [the exact solution of (6.2)], z;(t), z3(t), and z10(f). In
Figure 1B, for o = 0.7, we plot z; (1), z3(t), and z;1¢(?).
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o ] o8 o o8

a=0.95

FIGURE 1 | Picard iterations for different values of . (A) & = 0.95. (B) « = 0.7.

- Zy(Y)
Z5(t)
- Zu(®)

---------

7. APPLICATIONS TO RC ELECTRICAL
CIRCUITS

In this section, we give some applications to RC electrical circuits
using the generalized Caputo-Fabrizio fractional derivative
introduced in section 4.

The governing ODE of an RC electrical circuit (see Figure 2)
is given by

ave | Ve _

d ~ RC RC’
where V is the voltage, R is the resistance, C is the capacitance
and () is the source of volt. In this part, we consider a fractional
version of (7.1) using the generalized Caputo-Fabrizio fractional
derivative introduced in section 4. Namely, using the following
transformation suggested in [33]:

d 1 D
E - ol—a " 0ab

(7.1)

a>0,b>0,0<a <1, (7.2)

where o is a positive parameter having dimensions of seconds,
we obtain the fractional differential equation

1 1
(DhasV) O+ — V(D) = —p(o), (7.3)
> Kq Ky
where
RC
Ky = e
We consider (7.3) with the source term
wu(t) = sin(¢t)
and the initial condition
V(0) = 0. (7.4)

In this case, (7.3) reduces to

(Dg,a,h V) (t) = AV(t) + Bsin(¢t),

C_r) 0 ——c

FIGURE 2 | RC circuit.

where A = —é and B = —A. Applying the Laplace transform
and using Corollary 4.3, one obtains

(@® +b?) (1 —a)s+aa
a (VD)) — V() |:((1 —a)s + aa)? + bzaz]
B¢
Using (7.4), it holds
Bo _
awmw=§¢?¢am®—al,
where
B (a* + b?) 1—a)s+aa
Faap(s) = — [((1 YRR b2a2] . (75)

By Laplace transform inverse, one gets

- B¢ -1

_ -l

V(t) =L {m (SFOt,a,b(S) — A) } (t)
Examples. All simulations are obtained using MATLAB 7.5.
Consider an RC circuit with R = 102, C = 0.1F, ¢ =
15 and ¢ = RCu. In this case, we have kK, = o® 1(RC)Y,
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A = —a'%(RC)™™ and B = «!"¥(RC)7“. Figure 3 shows
the voltage V(t) for different values of « in the case (a,b) =
(1,0) (Caputo-Fabrizio case). Figure 4 shows the voltage
V(t) for different values of « in the case (a,b) = (2,/2).
Figure 5 shows the voltage V(¢) for different values of « in the
case (a, b) = (10, 3).

8. CONCLUSION

In this contribution, we suggested a fractional derivative
involving the kernel function

1 a? + b2\ a9 ba(t —s
ka’h(t’s):<1—a>( p, )e = cos(%),

a>0,b>0,0<a < 1.

In the particular case (a,b) = (1,0), the above function
reduces to Caputo-Fabrizio kernel. We studied fractional
differential equations via this new concept in both theoretical
and numerical aspects. In the theoretical point of view, we
investigated the existence and uniqueness of solutions to non-
linear fractional boundary value problems involving the new
introduced fractional derivative. Namely, using Banach fixed
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alpha=0.95
alpha=0.85

0.1
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0.06

= 0.04

0.02
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alpha=0.95
alpha=0.9
alpha=0.85

-0.06

FIGURE 4 | Graph of the voltage in the RC circuit for different values of o with () = sin(15t) and (a, b) = (2, v/2).
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0.1

0.08
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= 0.04
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—  alpha=0.95

—  alpha=0.9
alpha=0.85

-0.06 : .

FIGURE 5 | Graph of the voltage in the RC circuit for different values of o with w(t) = sin(15t) and (a, b) = (10, 3).

point theorem, the existence and uniqueness of weak solutions
to (5.7) was established under certain conditions imposed on
the non-linear term F and the parameters a4,b and «. In
the numerical point of view, a numerical algorithm based
on Picard iterations was proposed for solving the considered
problem. Numerical experiments were provided using as a
model example the fractional boundary value problem (6.1).
In Figure 1, we presented the exact solution (u;(t)) for =
1 and numerical solutions z(t),z3(t), and z19(¢) to (6.1) for
a € {0.95,0.7}. One observes that for n = 10, z,(t) is
close enough to u;(f), which confirms the convergence of
the proposed algorithm. Finally, as application, we proposed
a fractional model of an RC electrical circuit using the new
introduced fractional derivative. One can compare the voltage
V(t) obtained for different values of « in the Caputo-Fabrizio
case (a,b) = (1,0) (see Figure3) with that obtained using
different values of (a, b) (see Figures 4, 5). Namely, one can show
that the voltage V(¢) obtained with the use of the generalized
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