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Solute transport in a single vertical fracture (SVF) cannot be reliably described by

the classical advection-dispersion equation (ADE) model, due to the heterogeneity

nature of fracture. This study conducted a group of experiments to investigate chloride

ion transport in the SVFs under different rough-walled conditions, and then applied

a time fractional advection-dispersion equation (F-ADE) model to offer an accurate

description. A comparison between F-ADE model and a classical ADE model in

describing experimental data, was also carried out. Results show that the FADE model

is better than the ADE model in describing the breakthrough curve and heavy-tail

phenomenon of solute transport in the fracture. Especially in the experiments with lower

flow rate and higher roughness fracture, the FADE model can offer a better description

for non-Fickian transport, indicating that it is a promising tool for characterizing solute

transport heterogeneous vertical fracture.

Keywords: solute transport, single vertical fracture, fractional advection-dispersion equation, non-Fickian

transport, hydrodynamics, hydraulic condition

INTRODUCTION

Fracture water as part of underground water, is of great significance in water resources. It is
closely related to the production and living activities of human beings and involves complex
natural and human factors [1]. In heterogeneous media such as rock fractures, the assessment of
solute transport in fractures can avoid overexploitation of groundwater resources and predict the
diffusion of fluids and pollutants, which is one of the main tasks of hydrogeology [2, 3]. Therefore,
quantifying pollutant transport in fractures has always been regarded as an important research topic
[4, 5]. In recent years, how to quantitatively describe and experiment solute transport in fractured
media has attracted more and more attention [6].

Until now, researchers have developed several theoretical and empirical models to quantify
solute transport in fractured media [7–9]. But solute particles in heterogeneous media will have
different retention zones due to the change of flow rate and space, then the classical solute
transport model deviates from experimental results [10–13]. In many tests, the breakthrough
curves (BTCs) showed anomalous and trailing phenomena, indicating that the classic advection-
dispersion equation (ADE) model based on the average transport could not accurately describe
these phenomena [14–17].

To overcome the drawbacks of classic ADE model, some researchers developed new models to
simulate the non-Fickian transport [18–25]. For example, a continuous time randomwalk (CTRW)
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framework using a set of Langevin equations, has been used
to approximate the random process of particle trajectory [18].
Qian et al. used the mobile-immobile (MIM) model to prove
that it is better than the ADE model in describing the dispersion
phenomenon of BTCs [19]. Fractional-order model has been
used to describe the non-Fickian phenomenon of solute transport
in recent decade. It describes the solute transport in residence
zone by introducing fractional derivative operator in time. But
there are only a few studies have been carried out in fractured
media. Sun et al. [20] developed the time F-ADE model used
to characterize sodium chloride transport in a single fracture
and capture non-Fician transport. But the selection of model
parameters and mechanism of anomalous transport have not
been fully understood.

The objective of this study is to conduct a group of
experiments to investigate chloride ion transport in the SVFs
under different rough-walled conditions, especially observe the
non-Fickian transport phenomena, and to establish a time

FIGURE 1 | The average flow velocity is v = 6.785 mm/s, the crack width is B = 4mm, and the breakthrough curves (BTCs) fitted by ADE model and FADE model

is used.

FIGURE 2 | The average flow rate is v = 13.675 mm/s, the crack width is B = 4mm, and BTCs fitted by ADE model and FADE model is used.

fractional advection-dispersion equation (F-ADE) model to offer
an effective description for the anomalous transport. This
study includes the following contents. First, we introduce the
experimental device and the experiment of NaCl transport in a
single fracture, while the classic ADE model and fractional order
model are provided. Then, we provide experimental analysis and
discussion of experimental results with a comparison of the ADE
model and the time F-ADE model. At last, some conclusions
are given.

MATERIALS AND METHODS

Experiment Description
In last century, some researchers have described breakthrough
curves and concentration profiles, revealing the important
effects of flow velocity, matrix porosity and matrix distribution
coefficient on solute transport in fractures [26]. To investigate
the solute transport in smooth and rough fractures under
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a single fracture, an experiment was conducted here. This
experiment is composed by three parts: upstream water supply
and downstream water discharge and single fracture. Some
concentration measuring devices are also included.

According to the previous experimental design, the main
body of the experimental design is cuboid, which is made of
6mm plexiglass plate. In order to conduct multiple experiments,
the width of cracks can be adjusted [27], and glass plates with
different roughness can be attached to the walls of the plexiglass
plate. To construct an artificial rough single crack, we select two
types of plexiglass plates of coarse degree to stick the inner wall
and ensured that the same rough surface of each test is parallel,
with dimensions are 40 × 40 × 1mm and 40 × 40 × 2mm [28].
So, the thickness of the plywood is the concave-convex height
of the crack, denoted by the symbol 1. The relative roughness
is 1/e. Regarding the average fracture width e, a formula can
be given

e =
Volf

1
2

(

h1 + h2
)

l
(1)

where, Volf represents the water volume in the fracture, h1 is the
water level of the inlet of the fracture, h2 is the water level of
theoutlet of the fracture, and l is the distance from the inlet of
the fracture to the outlet.

In addition, to maintain the stability of water pressure at the
inlet, the high-water tank is used for water supply in the test. The
overflow tank is set in the water tank to keep the water level in the
tank stable. In this way, the problem of unstable water pressure
and flow due to voltage instability can be avoided in the water
supply by the inlet pump to reduce the systematic error of the
test. The flow meter is installed at both ends of the test device. By
adjusting the flow meter valves at the inlet and outlet, the solute
transport can be measured at different flow rates.

FIGURE 3 | The average flow rate is v = 20.36 mm/s, the crack width is B = 4mm, and BTCs fitted by using the ADE model and the FADE model.

FIGURE 4 | The average flow rate is v = 26.962 mm/s, the crack width is B = 4mm, the BTCs are fitted by ADE model and FADE model.
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METHODS

Experimental Method
First, we make the model according to the designed size, and
then confirm the water tightness of the whole device is intact
before further test. Second, adjust the upstream and downstream
water tanks and fill them with water to stabilize the water level.

TABLE 1 | Parameter fitting of the FADE model with fracture width of 4mm at

different flow rates.

V(mm/s) α R2 RMSE

6.785 0.95 0.9529 0.0663

13.675 0.9 0.9898 0.0268

20.36 0.9 0.9408 0.0612

26.962 0.86 0.9172 0.0743

The configured NaCl solution is then rapidly injected, and the
timing starts. Samples were taken at regular intervals and the
concentration was measured. Third, clean the equipment after
every experiment. According to the above method, two kinds of
experiments were carried out in the crack with different flow rate,
different surface roughness and different crack width.

(1) Seven pulse tracer tests are successfully carried out under
different hydraulic conditions and different fracture widths.

(2) Five experiments are carried out on the cracks under
different occurrence conditions, including multiple gap
widths, multiple relative roughness and multiple average
flow rates.

Test Methods
NaCl solution is used as the tracer solution in this experiment.
Since trace determination is needed, the conductivity method
is selected for the determination within the permitted range of

FIGURE 5 | The average flow rate is v = 9.02 mm/s, the crack width is B = 6mm, the BTCs are fitted by ADE model and FADE model.

FIGURE 6 | The average flow rate is v = 7.924 mm/s, the crack width is B = 7mm, the BTCs are fitted by ADE model and FADE model.
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experimental conditions. Its basic principle is the conductivity
of water and its inorganic acid, alkali, salt content has a certain
relationship. When the concentration is low, the conductivity
increases with the concentration, so this index can be used to
predict the total concentration or salt content of ions in water.
The solution concentration can be converted by measuring the
conductivity of the solution and the background value of the
conductivity of tap water. The conductivity used in the test has
the function of temperature compensation, that is, regardless of
the solution temperature, it can be automatically converted to the
conductivity value at 25◦C.

Before the experiment, a series of NaCl solutions with different
concentrations were accurately prepared by using an electronic
balance, and their conductivity values were measured [29].
Then, the standard curve equation is solved by using the least
square method

c = 0.0006771∗EC + 0.00014 (2)

Where c is the concentration of NaCl in g/L, EC is the electrical
conductivity value in us/cm, and the correlation coefficient of the
equation is 0.99977.

Model Methods
For many years, the advection—dispersion equation (ADE)
based on Fick’s law has been used to simulate the curve (BTCs)
of solute transport in uniform media. For one-dimensional flow,
the expression of ADE is

∂C

∂t
= D

∂2C

∂x2
− v

∂C

∂x
(3)

Where C is the solute concentration, D is the dispersion
coefficient, v is the average flow rate, x is the solute transport
distance, and t is the transport time. In recent years, fractional
differential equations have been used more and more widely,
which can better describe some natural physical phenomena and

dynamic processes [30–32]. In the aspect of solute transport in
groundwater, F-ADE model can be used to describe the non-
Fickian phenomena and anomalous diffusion in solute transport
[33, 34]. If time dependence is considered, the time FADE is
established as

∂αC (x, t)

∂tα
= D

∂2C (x, t)

∂x2
− v

∂C (x, t)

∂x
(4)

In the formula, α is the fractional derivative order. According
to the experimental results of Sun et al. [20], because the time
fractional derivative term can well-describe the influence of
fracture heterogeneity, the time fractional derivative model can
accurately describe the overall trend of BTCs, especially the
phenomena of tail-dragging [35].

To evaluate the fitting results of the time fractional advection-
dispersion equation, the root mean square error (RMSE) and the
coefficient of determination (R2) are selected as the important
parameters [36, 37]. RMSE is also known as the effective value
[37], which is the square root of the square number of deviations
between the predicted value and the true value and the ratio
of n times of observation. R2 shows the extent to which all the
explanatory variables included in the model affect the association
of dependent variables. In this experiment, the closer the error
value is to 0, the value of the coefficient is to 1, indicating that the

TABLE 2 | Parameters of the FADE model with similar low average velocity and

different fracture widths.

B(mm) V(mm/s) α R2 RMSE

4 6.785 0.95 0.9529 0.0663

6 9.02 0.93 0.955 0.0607

7 7.924 0.94 0.9062 0.096

9 6.161 0.94 0.9239 0.0858

FIGURE 7 | The average flow velocity is v = 6.161 mm/s, the crack width is B = 9mm, the BTCs are fitted by ADE model and FADE model.
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fitting result is better. The expression is

RMSE =

√

√

√

√

1

N

N
∑

i=1

(Cio − Cie)
2 (5)

R2 = 1−

∑N
i=1 (Cio − Cie)

2

∑N
i=1 (Cio − Cio)

2
(6)

where N is the number of individual observation points,Cio is
the measured value of the concentration,Cie is the simulated
value of the concentration, C̄io is the average value of the
measured concentration.

RESULTS AND DISCUSSION

Non-Fickian Transport of Solute in Smooth
Fractures
In order to better observe the trailing phenomenon of solute
transport, Figure 1(left) is the graph of test results after taking
logarithm, and the right side is the graph of test results under
normal coordinate system.

Figures 1–4 show the fitting curves of different average flow
rates for the same crack width B = 4mm, and Table 1 shows
the fitting results of the FADE model. The results show that
the ADE model approximately presents a normal distribution,
while the FADE model can well-describe the tail phenomenon
of BTCs. It shows that the time fractional derivative has an
obvious advantage in describing the non-Fickian phenomenon
of solute transport. In addition, according to the observation,

FIGURE 8 | With the average flow velocity v = 40.5887 mm/s, the average fracture width is e = 4.9mm, the concentration of the relative roughness 1/e is 0.2041

test data, the BTCs are fitted by ADE model and FADE model.

FIGURE 9 | With the average flow velocity v = 31.2064 mm/s, the average fracture width is e = 4.9mm, the concentration of the relative roughness 1/e is 0.2041

test data, the BTCs are fitted by ADE model and FADE model.
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FIGURE 10 | With the average flow velocity v = 23.3541 mm/s, the average fracture width is e = 4.9mm, the concentration of the relative roughness 1/e is 0.2041

test data, the BTCs are fitted by ADE model and FADE model.

FIGURE 11 | With the average flow velocity v = 22.5909 mm/s, the average fracture width is e = 4.5mm, the concentration of the relative roughness 1/e is 0.4444

test data, the BTCs are fitted by ADE model and FADE model.

the fitting accuracy of the fade-away model is the highest at a
lower average flow rate, indicating that the average flow rate
plays an important role in characterization of the solute transport
in fracture.

Figures 5–7 show the fitting curve of similar low average
flow rate with different fracture widths. Table 2 shows the fitting
results of the FADEmodel with 4 types of fracture widths ranging
from 4 to 9mm. The results show, the peak arrival time of BTCs
curve is gradually delayed and the peak duration is gradually
prolonged with the increase of fracture width. Although the
ADE model also offered an approximate trend, there is still a
gap to the fitting results, while the FADE model is accurate. In
addition, it is found that the FADEmodel provides a higher fitting
accuracy in the smaller fracture widths, indicating that fracture
width is also an important factor affecting the description of
non-Fickian phenomena.

Non-Fickian Transport of Solute in Coarse
Fractures
The First (Non-anastomosis) Experiment

Three experiments are conducted on the fracture pattern of a
parallel plexiglass plate with a spacing of 6mm and a length,
width and height of 40 × 40 × 1mm in the adhesion of a rough
plastic plate (with a protuberance of 1 mm).

The Second (Non-anastomosis) Experiment

Three experiments are conducted on the fracture pattern of a
parallel plexiglass plate with a spacing of 6mm and a length,
width and height of 40 × 40 × 2mm in the adhesion of a rough
plastic plate (with a protuberance of 1 mm).

Figures 8–12 show the fitting curves of the experimental
results of two kinds of different fracture occurrence, whileTable 3
shows the fitting results of the FADE model of the five groups of
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FIGURE 12 | With the average flow velocity v = 18.0257 mm/s, the average fracture width is e = 4.5mm, the concentration of the relative roughness 1/e is 0.4444

test data, the BTCs are fitted by ADE model and FADE model.

TABLE 3 | Parameter fitting of the FADE model with different mean flow rates

under two groups of same relative roughness fracture conditions.

e(mm) 1/e v(mm/s) α R2 RMSE

4.9 0.2041 40.5887 0.8 0.9285 0.084

4.9 0.2041 31.2064 0.92 0.9626 0.0585

4.9 0.2041 23.3541 0.75 0.9268 0.0905

4.5 0.4444 18.0257 0.88 0.9774 0.0468

4.5 0.4444 22.5909 0.83 0.9681 0.054

experiments. Under the same relative roughness condition, the
peak arrival time of the medium and low average flow rate is
gradually delayed, and the accuracy of ADE model description is
reduced accordingly. However, it can be observed from Table 3

that the fitting accuracy of the FADE model is better. Under
different roughness conditions, the higher the relative roughness
value is, the better the fitting result of the FADE model in the
experiment of low average flow rate is. It also indicates that
the average flow rate and fracture roughness have significant
influence on the non-Fickian phenomenon of solute transport in
the fracture.

CONCLUSIONS

Two groups of experiments, a total of 12 times for different flow
velocity, roughness of fracture, the width of fracture condition
were carried out. Non-Fickian phenomena of solute transport
were clearly observed. According to the fitting results of BTCs
diagram and numerical analysis, it is clear that the heavy-tail
phenomena of BTCs can be well-captured and described by the
FADE model, while the ADE model can only roughly describe
the peak value of BTCs. In addition, we found that the BTCs
peak of rough fracture reaches earlier than that of smooth crack,
and the phenomenon of long tail is more obvious. Compared
with the traditional ADE model, the FADE model has a great

advantage in describing the anomalous transport in a single
fracture under the conditions of rough fracture and low average
flow rate. However, the main disadvantage of the FADE model
is that it takes more computational time, which is caused by the
inclusion of convolution integral in the model. In the future,
we can also study the law of solute transport in porous media
and a more complicated transport process of reactive solutes.
Furthermore, there are still many problems for our model to be
solved such as how to determine the fractional derivative order,
non-linear modeling of the fractional order and so on. More and
more theoretical analysis and complex experiments need to be
carried out to study in depth.
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