
Higher-Order Statistics in
Compressive Solar Wind Plasma
Turbulence: High-Resolution Density
Observations From the
Magnetospheric MultiScale Mission
Owen Wyn Roberts1*, Jessica Thwaites1,2, Luca Sorriso-Valvo3, Rumi Nakamura1 and
Zoltán Vörös1,4

1Space Research Institute, Austrian Academy of Sciences, Graz, Austria, 2University of Wisconsin-Madison, Madison, WI, United
States, 3Istituto per la Scienza e Tecnologia Dei Plasmi (ISTP), Consiglio Nazionale DelleRicerche, Bari, Italy, 4Geodetic and
Geophysical Institute, Research Centre for Astronomy and Earth Sciences (RCAES), Sopron, Hungary

Turbulent density fluctuations are investigated in the solar wind at sub-ion scales using
calibrated spacecraft potential. The measurement technique using the spacecraft potential
allows for a much higher time resolution and sensitivity when compared to direct
measurements using plasma instruments. Using this novel method, density fluctuations
can be measured with unprecedentedly high time resolutions for in situ measurements of
solar wind plasma at 1 a.u. By investigating 1 h of high-time resolution data, the scale
dependant kurtosis is calculated by varying the time lag τ to calculate increments between
observations. The scale-dependent kurtosis is found to increase towards ion scales but
then plateaus and remains fairly constant through the sub-ion range in a similar fashion to
magnetic field measurements. The sub-ion range is also found to exhibit self-similar
monofractal behavior contrasting sharply with themulti-fractal behavior at large scales. The
scale-dependent kurtosis is also calculated using increments between two different
spacecraft. When the time lags are converted using the ion bulk velocity to a
comparable spatial lag, a discrepancy is observed between the two measurement
techniques. Several different possibilities are discussed including a breakdown of
Taylor’s hypothesis, high-frequency plasma waves, or intrinsic differences between
sampling directions.
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1. INTRODUCTION

The solar wind is an excellent example of turbulent plasmawhere disordered fluctuations are observed
in velocity, temperature, and density as well as in electromagnetic fields [1–5]. At large scales, a fluid
description of the plasma is valid and fluctuations transverse to the mean magnetic field direction
dominate. This region is often termed the inertial range, where magnetic fields and density are often
observed with a power spectral density that has a −5/3 spectral index [6–8]. However, the presence of
several different species (protons, electrons, and heavy ions), each with their characteristic scales,
causes several different distinct ranges to be present in the plasma [9–11].When fluctuations approach
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proton scales, kinetic effects become important, the magnetic
spectra steepen [7], and fluctuations become more compressive
[12]. In this range, usually called sub-ion range, the Kolmogorov-
like phenomenology can be adapted using Hall-MHD and kinetic
models. These predict different spectral scaling exponents, typically
near the observed values ∼ − 8/3 (see e.g., Ref. [13]). There are also
observations and numerical simulations that suggest the third order
law based on Hall MHD is valid, supporting the hypothesis that
there is another fluid like cascade in this region [14, 15]. However,
the additional presence of kinetic effects, such as Landau damping
[16] suggest that another fluid like cascade is not completely
sufficient to describe the phenomenology. At smaller scales
electron kinetic effects become important and the morphology of
the magnetic spectrum is unclear [17–20]. At the sub-ion scales,
density measurements are challenging due to the need for high time
resolution. Investigating density fluctuations can be especially
taxing due to the lower (compared to instruments that measure
fields) sampling rates. One novel way to measure the electron
density at the same time resolution as electric field measurements is
to calibrate the spacecraft potential [3, 21–29]. In the solar wind
typically the two dominant currents to and from the spacecraft are
the photoelectron current Iph and the electron thermal current Ie. If
all other current sources are small it can be assumed that both of
these currents are equal and have opposite signs. This is typically the
case in the solar wind at 1 a.u. Using lower time resolution electron
density and temperature data fromplasma instruments, the electron
thermal current can be calculated as a function of the spacecraft
potential. The variation of the current with the potential can be
modelled by a superposition of exponential functions. By using the
obtained model and the direct measurement of electron
temperature the electron density can be derived from the
spacecraft potential.

Turbulent flows tend to develop vortices or eddies, which are
intermittently distributed in the flow [30, 31] and are often
termed coherent structures. Due to the presence of a strong
ambient magnetic field in a plasma, coherent structures
become elongated along the magnetic field direction [20, 32,
33]. Furthermore, the plasma allows other types of structures to
form such as current sheets, flux ropes, or magnetic vortices
[34–38]. These structures are associated with large gradients1 in
the measured variables (such as electron density), which are often
investigated by calculating differences of time-lagged or spatially
lagged variables and evaluating their scale-dependent statistics. A
time-lagged increment is defined as:

δne(t, τ) � ne(t + τ) − ne(t), (1)

where ne is the plasma electron density, t is the sample time and τ
a time scale where τ ≥ δt where δt is the time resolution.

Similarly, a spatial lag between two measurement points at
position vectors λ1

→
and λ2

→
are defined as

δne(λ1,2,t���→) � ne(λ1,t�→) − ne(λ2,t�→). (2)

To quantify how intermittent a given time interval is, higher-
order statistics of increments such as the kurtosis are calculated.
Kurtosis is defined as;

κ � 〈δn4
e〉

〈δn2e〉2
, (3)

and measures the deviation of a probability distribution
function from being Gaussian, specifically how heavy the tails
of the distribution are. For a Gaussian process, the kurtosis is
equal to three. An intermittent signal would be expected to have a
scale dependence in the kurtosis [e.g., 39–42] and a departure
from self-similar or monofractal scaling2, [43–46].

Previous studies in the solar wind have shown that the kurtosis
of magnetic and velocity fluctuations do exhibit a scale
dependence in the inertial range [47, 48], suggesting that the
inertial range is strongly intermittent. Furthermore, magnetic
field measurements also indicate that this range is characterized
by multifractal behavior, a standard framework to model
intermittency [12, 44]. Different components of the magnetic
field have also been shown to have different intermittency
properties. The component of the magnetic field along the
mean-field direction (also termed the compressive component)
has also been shown to be more intermittent at large scales [49]
when compared to the transverse components. This was
interpreted as a combination of the transverse fluctuations
phases being randomized by large scale Alfvénic fluctuations,
in effect reducing the kurtosis3. Meanwhile, in the large scale
compressive component, Alfvénic fluctuations have very little
effect as they are incompressible. Additionally, compressible
coherent structures are more prevalent causing the kurtosis to
be larger. At smaller scales below proton characteristic scales,
there are conflicting observations. In the study of Alexandrova
et al. [13] the kurtosis was found to increase rapidly in the sub-ion
range. This is similar to the result of Chhiber et al. [42] in the
magnetosheath i.e., a rapid increase in the kurtosis of the
fluctuations in the sub-ion range. Meanwhile, observations of
Kiyani et al. [44] show that the sub-ion range in the solar wind is
monofractal, juxtaposing strongly with the multifractal inertial
range. Other studies in the solar wind have observed the
fluctuations in density Chen et al. [45] and magnetic field
Chhiber et al. [42] which do not have a strong increase of the
scale-dependent kurtosis in the sub-ion range. A recent analysis
based on empirical mode decomposition concluded that the sub-
ion scale turbulence of density fluctuations is not intermittent
[50]. However, in the study of Sorriso-Valvo et al. [46] different
methods applied to density measurements of the same intervals
yielded different results. The various different results point to the
fact that higher order statistics obtained in plasma turbulence are
not universal, but may depend on the specific interval.

1A large gradient may be defined from the statistical properties of the fluctuations
in a time series, i.e., larger than one standard deviation.

2Throughout this paper, the word intermittency refers to intermittency in fully
developed turbulence, unless otherwise specified.
3It is important to note that coherent structures have constant phase in scale, while
waves have constant phase in time. However waves at different scales will have
different phases and can shuffle the phases at each scale effectively reducing the
cross scale coupling of phase.
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The majority of the studies mentioned have used single
spacecraft measurements and have used a time lag (Eq. 1) to
obtain the fluctuation. This is limited to investigating a single
direction (i.e., along the bulk velocity vector), and also requires an
assumption that the plasma does not evolve over the timescale it
requires to be measured, so that the spacecraft see a one-
dimensional spatial cut through the plasma. This assumption
is termed Taylor’s frozen in flow hypothesis [51]. To avoid
assuming this, multi-point missions such as Cluster and the
Magnetospheric MultiScale mission were developed which
allow increments to be calculated using two different
spacecraft, overcoming the inherent Spatio-temporal ambiguity
associated with single spacecraft observations.

Calculating spatially separated increments defined in Eq. 2 has
the advantage that multiple directions can be sampled, but are
limited to a single scale for a tetrahedral constellation of four
points i.e., six baselines in different direction of size of order

∣∣∣∣∣∣λ1,2��→∣∣∣∣∣∣.
At the distance of the order of tens of kilometers, magnetic field
increments calculated from two points can vary wildly from being
close to Gaussian [42], to being strongly leptokurtic [41].
However, due to magnetic field instrument’s sensitivity in the
sub-ion range, a comparison between time-lagged and spatially
lagged measurements is difficult.

The goal of this paper is to use density fluctuations in the solar
wind estimated from the spacecraft potential on the
Magnetospheric MultiScale mission to obtain an extremely
high time resolution measurement of the electron density [52].
Although there are limitations to this technique, it also has several
advantages, most notably the higher time resolution, fewer data
gaps, and the absence of large errors due to low particle counts.
Using this novel method, density fluctuations can be measured
with unprecedented time resolutions. Such time resolutions are
not possible using plasma measurements, and exceed what has
been done in the current literature with spacecraft potential. This
method applied to the MMS spacecraft allows density
fluctuations to be measured deep into the sub ion range up to
40 Hz. This range of scales has only previously been accessible to
magnetic field measurements in the solar wind [e.g., 12]. Previous
studies of density with spacecraft potential [e.g., 53, 54] have been
limited to ∼ 7.5 Hz due to sensitivity or a Nyquist frequency of
16 Hz using a direct measurement [e.g., 40, 46, 55]. The novel
spacecraft potential measurement will be compared to the direct
measurement from the plasma instrument and to the magnetic
field data which are both available but similar to the previous
studies [41, 42] are limited to a smaller range of time scales due to
the limited sensitivity in the magnetic field measurement in the
sub-ion scales. In the following section, we will present the data.
This will be followed by the results of the kurtosis of the density
fluctuations, a discussion and a conclusion.

2. DATA/METHODOLOGY

Data is used from the Magnetospheric MultiScale mission [56]
(MMS) when an hour-long interval of burst mode data in the
slow solar wind was available. The MMS mission consists of four
identical spacecraft in a tetrahedral configuration optimized for

studying magnetic reconnection in the Earth’s Magnetosphere.
However, there are also intervals of solar wind plasma which have
been sampled byMMS. The close spacings ofMMS of the order of
a few km to tens of km make it an excellent mission to study sub-
ion scale turbulence. A 1-h long burst mode interval is analyzed
here which was previously studied in [42, 57]. The spacecraft are
located at [xGSE , yGSE, zGSE] � [16.5, 17.5, 6.3]RE and were not
magnetically connected to the foreshock. The subscript GSE
denotes the Geocentric Solar Ecliptic coordinate system, where
the x component points from Earth towards the Sun, z points to
the North solar ecliptic. This is very far from the nominal bow
shock nose which is approximately at xGSE � 10RE [58].
Furthermore there are no signatures of backstreaming ions or
electric field fluctuations in this interval [52] and the magnetic
field is predominantly in yGSE direction meaning that there is no
connection with the foreshock. The magnetic field is measured by
the fluxgate magnetometers [59] which have a sampling rate of
128 Hz in burst mode and sensitivity which allows the study of
the magnetic fluctuations at inertial (fluid scales) and ion kinetic
scales before noise becomes significant near 5 Hz for this interval.
We do not use the Search coil magnetometer as it is already at the
noise level. The plasma measurements are provided by the Fast
Plasma Investigation’s (FPI) Dual Ion Spectrometers and Dual
Electron Spectrometers and have sampling rates of 6.6 and 33 Hz
respectively [60].

The Spacecraft potential can be used to estimate the electron
density (see e.g., [3, 21–29, 52]). A detailed description of the
calibration process and of the spin removal is presented in [52]. It
is important to note that the spacecraft have a characteristic
charging timescale, and respond to the ambient electron density
after that timescale. Assuming constant photoelectron emission
this time scale is very large of the order of kiloHertz [32]. This is
far outside of our range of interest. Even if we relax the
assumption that the photoelectron emission is constant such
as when large amplitude electric fields are present the charging
timescale is still much larger than the largest scale we survey [61].
Therefore in the solar wind we do not expect any finite charging
effects in the solar wind at these scales. The spin is removed by
constructing an empirical model of the spacecraft charging by
binning the potential based on the spacecraft phase angle. A
model is fitted to the median in each bin and then subtracted. For
this interval, spin effects were present also in the FPI electron
data. These have been removed using the same approach. The
spacecraft potential is calculated from measurements performed
with the Spin Plane Double Probe instruments [62] and has a
sampling rate of 8.192 kHz. The spacecraft potential is measured
from the four spin plane probes. The four measured probe to
spacecraft potentials are averaged to give the spacecraft potential.
If one probe is unavailable i.e. for MMS4 due to one probe
becoming unbiased due to a dust strike then the average of two
opposing probes is used rather than all four probes [61, 63, 64].
This results in a difference in the quality of the measurement
when comparing spacecraft 1 through 3 with 4. The electron
density data from FPI the has an upper limit of 3 Hz for electrons
due to Poission noise from finite counting statistics. For the
spacecraft potential we used the upper limit of 40 Hz to avoid
noise from the preamplifier. The limit of 40 Hz was chosen so that
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the signal from the spacecraft potential is three times larger than a
quiet interval when the spacecraft potential is regulated by the
Active Spacecraft POtential Control (ASPOC) instrument [65] is
operating [52].

An overview of the event is given in Figure 1. Both
measurement techniques show good agreement for the
electron density. An important caveat of the spacecraft
potential is that it can be severely affected by dust strikes or
similar inverted signatures discussed by [e.g., 66–68]. These
events are characterized by an abrupt jump or drop in the
density estimation which can affect the calculation of higher-
order statistics [69, 70]. In our sample, there is a sharp decrease in
the potential at one point which is likely due to a dust strike, or an
inverted signature as discussed by [67]. Such strikes, present in
the spacecraft potential data set, are removed here by linear
interpolation as they are not density perturbations intrinsic to
the solar wind. Rather the perturbation in density is the result of
the dust vaporizing on contact with the spacecraft and cause a
density perturbation due to the dust/spacecraft interaction. This
can be seen in the bottom panel of Figure 1. The interval has a low
ion bulk speed of 377 km s−1, a mean electron density from FPI of
8.8 cm−3 and ion and electron plasma beta (dimensionless ratio of
plasma pressure to magnetic pressure) of βi � 0.4 and βe � 0.7.
There are no signatures of large scale events such as
Interplanetary coronal mass ejections in the day before or the
day after the event from OMNI. This means that the interval is
characteristic of typical slow solar wind. It is important to note
that the measurement of the ion temperature is unreliable from
MMS [e.g., 57, 71] and here we use OMNI data [72] for the
calculation of the ion plasma beta.

This interval is a typical example of the slow solar wind. The
spacecraft separations are in the range r ∈ [15, 20]km. Based on
Taylor’s frozen in flow hypothesis [51] this corresponds to a
timescale of τsc ∈ [0.04, 0.06] s. When considering inter-

spacecraft fluctuations, the time resolution needs to be
sufficient to distinguish the changes, otherwise some
fluctuation may be advected over the spacecraft before it has
been sampled [e.g., 57]. Out of the three measurements which we
use in this study (magnetic field, electron density from FPI, and
electron density from the spacecraft potential), the lowest time
resolution is the FPI electrons at 0.03 s. This is sufficiently small
so that no blurring of the information occurs when calculating
increments between two spacecraft which are radially aligned
(i.e., along the solar wind bulk flow direction). That is to say
advection time of a fluctuation in the radial direction of 15 km/
377 km/s � 0.04 s which is larger than the time resolution of the
FPI electrons.

3. RESULTS

The power spectral densities of the spacecraft potential-derived
electron density, the trace magnetic field and the magnetic field
magnitude are shown in Figure 2. The frequencies corresponding
to the different spatial scales the ion and electron inertial lengths
(di, de) the ion and electron gyroradii (ρi, ρe), as well as the
combined scales [73], are indicated. A typical inertial range
scaling is observed at low frequencies for both the electron
density and the magnetic fluctuations, with a power-law
scaling exponent close to −5/3. Spectral breaks are found by
fitting a power law from either side of the break and is indicated
by the vertical dashed black lines. There is a flattening in the
magnetic field spectra near 5 Hz which is due to instrumental
noise. The decrease at higher frequencies (f > 10Hz) is due to an
anti-aliasing filter and is not of physical origin. The electron
density from the spacecraft potential shows a power law until
100 Hz where the spectrum flattens. In the region above 100 Hz
the spectrum is flat indicating white noise, the kurtosis is 3 (see

FIGURE 1 |Measured data fromMMS1 during the interval studied. Top panel shows the three magnetic field components and the magnitude. Middle panel shows
the electron density measured from the FPI-DES instrument. Bottom panel shows the electron density measured from the spacecraft potential calibration method.
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Figure 3) at a value of three and the structure functions are also
flat regardless of the order (see Figure 6). This is likely due to
noise and is consistent with the Poisson noise in the electronics

[62]. Although, pre-amplifier noise may be significant at smaller
frequencies and has a non-zero spectral index. In order to avoid
noise effects, here we limit our analysis to the range up to 40 Hz.
At ion scales there is a flattening in the central region of the
electron density spectra [45, 74] which we term a transition
region.

Figure 3 shows the scale-dependent kurtosis of the density
fluctuations calculated from both the direct measurement from
FPI and from the spacecraft potential. Both time lags (lines) and
spatial lags (points) are used for this calculation. An unfortunate

FIGURE 2 | Power spectral densities from MMS1. (A) shows the
electron density from the spacecraft potential, (B) shows the trace magnetic
field from the fluxgate magnetometer (C) shows the magnetic field magnitude
from FGM. The colored lines denote several of the characteristic scales,
while the black dashed lines denote the spectral breaks. The power-law fits
and the break frequencies are indicated on the plots.

FIGURE 3 | Scale-dependent kurtosis for electron density fluctuations
obtained from the spacecraft potential (A) and FPI (B). The orange vertical line
denotes the region where instrumental noise becomes significant for the two
different measurements. The green horizontal line denotes a kurtosis of
3, characteristic of a Gaussian process. The arrows denote the same
characteristic scales as previously in Figure 2. The lines denote the time-
lagged values from different spacecraft, and the pink data points denote the
kurtosis calculated from two spacecraft measurements. Black-dashed lines
indicate power-laws expected from the scaling of the structure functions, and
are displayed for reference. Error bars are indicated based on 100 bootstrap
resamplings but they are smaller than the plotting symbols.
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consequence of sampling heavily tailed distributions such as
turbulent fluctuations is that some large fluctuations might
significantly alter higher-order statistics. To ensure better
statistical consistency we follow the scheme presented in
Kiyani et al. [70]. This involves removing the largest
fluctuation in the probability distribution function,
recalculating the kurtosis, and repeating until the kurtosis
converges. This has the advantage that outliers from either
side of the heavy tails will be removed, and do not need any a
priori information e.g., the standard deviation [75, 76].
Practically, this does not remove many data points. In our
scheme of convergence we set a maximum limit of at most
0.1% removed data points. The error bars, prevalently smaller
than the symbols, denote the estimated error from one hundred
bootstrap resamplings of the fluctuations.

At the largest scales, the kurtosis κx3 indicates approximately
Gaussian distributions. There is a bump in the kurtosis at a scale
of λ−1 ∼ 10− 5 km−1 which is likely related to the finite signal
length. In the inertial range, the kurtosis increases roughly as a
power law, as expected from the scaling properties of turbulence.
The expected scaling laws are indicated for reference, the
exponents x0.1 being estimated using the structure functions
scaling exponents (see below) and Eq. 4. As the time lags become
smaller near ion scales there is a plateau and then the value of the
kurtosis starts to decrease near the combined electron scale before
the noise floor. The noise floor is indicated by the orange dashed
line at 3 Hz for the FPI data and 40 Hz for the potential data. Both
density measurements show similar scale-dependent kurtoses at
large scales. However, due to FPI data reaching the noise floor
sooner, at a higher frequency they begin to disagree. The time-
lagged measurements from the four spacecraft agree well with
one another. The data points from MMS4 differ slightly in the
spacecraft potential possibly due to the probe failure mentioned
previously. This may be a result of two probes being used from
MMS4 rather than four probes on the other spacecraft. The PDFs
show some skewness. At small scales, this is necessary in order to
have non-vanishing odd-order moments. At large scales, we still
observe skewed PDFs, which are probably a finite sample effect,
for example due to the presence of statistically underrepresented
large-scale structures which may affect the statistics. We do not
discuss those scales in this paper. The pink data points show the
kurtoses calculated from the spatial lags. The values of the
kurtosis from the spatial lags are small, close to being
Gaussian for both measurements. A salient feature here is that
for the FPI data the time and spatial lags agree, however, the time
lag is unreliable due to noise. This is a similar result to the
magnetic field in [42]. However, the spacecraft potential is less
affected by noise and there is a disagreement between the time
and spatial lags.

Figure 4 shows the scale-dependent kurtosis for the magnetic
field measurements B(t). To put the fluctuations in a physically
relevant co-ordinate system, we convert the fluctuations from
the Geocentric Solar Ecliptic system to a mean-field scale-
dependent coordinate system [32]. This is defined for each
pair of measurements that make an increment as Bloc(t, τ) � [B(t)+
B(t + τ)]/2 for a time lag, or Bloc,1,2(t) � [B1(t)+B2(t)]/2 for
spatially lagged measurements. The perpendicular components

are defined as the cross product of the local magnetic field and
the radial direction from the Sun, and the cross product of the local
magnetic field with the first perpendicular direction. The three
components of the magnetic field are displayed in Figure 4 with
the lines denoting the time-lagged quantities and the points
denoting spatially lagged quantities. We recover the same result
as [42], i.e., there is an approximately power-law increase in the
inertial range towards ion scales, and then a reduction before the
signals become noise dominated. However, as we use a different
coordinate system we also have information about the compressive
and the transverse components. At these scales, the transverse
components seem to dominate the kurtosis.

We also compare our results to other measures of the
compressive magnetic field in Figure 4B. Here the kurtosis of

FIGURE 4 | (A) The scale-dependent kurtosis for the magnetic field
components in a local mean-field co-ordinate system. The connected lines
denote the time-lagged increments and the points denote the spatially lagged
values. (B) Three different measures of the compressible magnetic field
component. Blue denotes the global mean field over the entire interval, red
denotes the magnitude of the magnetic field and black denotes the same local
mean-field as in (A). The green horizontal line denotes a kurtosis of 3 which
corresponds to a Gaussian distribution. The orange vertical line denotes 5 Hz
where instrumental noise becomes significant in the fluxgate magnetometer
data. The colored arrows denote the characteristic ion scales the cyclotron
scale, the inertial length and the Larmor radius.
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the global magnetic field (which is defined as the mean direction
of the field over the entire interval) and of the magnitude of the
magnetic field are plotted along with that of the local magnetic
field. The local magnetic field and the magnitude agree very well
with one another, which is expected for the solar wind as the
fluctuations in the magnitude are small δB/B0 ≪ 1. However, the
global magnetic field is much more intermittent. This suggests
that when using a global magnetic field some of the intermittent
transverse fluctuations might be contributing to the compressible
part if there is an abrupt change in the magnetic field direction
away from the global mean field direction. On the other hand, the
local magnetic field may follow the fluctuations too closely and
therefore gradients may not be fully captured, which would result
in a lower kurtosis for the local magnetic field definition. This is
essentially because the direction of a local magnetic field is not a
fixed direction but is also varies in time (or space), reducing the
strength of the gradients. For a more detailed discussion on the
use of local vs. global mean magnetic field, the reader is directed
to the discussion of [77]. Here, we remark that both local and
global magnetic fields have limitations, where a local definition
may underestimate the intermittency while a global magnetic
field may overestimate it.

Figure 5 shows the probability distribution functions (PDF)
for the electron density fluctuations from FPI and the spacecraft
potential. These PDFs show the spatial lags (b, d) and the time
lags (a, c) where τ corresponds to the spatial lag sizes assuming
Taylot’s hypothesis. The fluctuations here have been normalized
to the standard deviation for each scale. Both spatial lags show
approximately Gaussian distributions with low kurtosis values.
The pairs which include MMS4 for the spacecraft potential are
noticeably different which is again likely to the probe failure on
MMS4. The time lags based on the FPI data also show a similar
distribution. However, the time lags from the spacecraft potential
are leptokurtic and show prominent heavy tails.

Figure 6 shows them-th order structure functions fromm � 1
to m � 6. These are defined as:

Sm(τ) � 〈|δne(t, τ)|m〉t (4)

For an intermittent signal at higher orders of m (m> 3), Sm
becomes more difficult to estimate due to the assumptions of
ergodicity in the statistical approach and the reality of the finite
length of time series [e.g., 69, 70, 78]. Higher orders accentuate
the effects of the largest fluctuations and outliers in the data,
which can cause the estimation of Sm to degrade if the largest

FIGURE 5 | Probability distribution functions for standardized density fluctuations based on spatially lagged measurements from FPI-DES (A) from spacecraft
potential (B) and for time lags at a comparable scale to the spatial lags for FPI (C) and for the spacecraft potential (D).
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amplitude fluctuations are not sufficiently sampled in the signal.
Therefore the quality of the structure-function obtained is
dependent on the statistics of the extreme fluctuations in the
signal. In particular, the estimation is difficult when using time
lags when the increments at a given time lag have large
amplitudes and the time-lagged series is strongly intermittent,
which is usually the case in turbulent flows. This can somewhat be
mitigated by having a longer time interval so that rare events are
sufficiently sampled. However, our data lengths in MMS and
Cluster are typically very short [e.g., 41, 79] because of orbital
constraints. For MMS at best there are some intervals with a few
hours of continuous burst mode in the solar wind.

The maximum order that can be estimated accurately is
dependent on the intermittency in the signal, and the length
of the time interval used. A rough estimate for the largest order
that can be estimated is log(N) − 1 whereN is the number of data
points. For the number of data points, here Nx20 × 106 this
corresponds to the largest possible order of 6 [40]. However using
the approach of [69], and analyzing a timescale of 0.5s where the
scale-dependent kurtosis is near its peak a maximum order of 4 is
obtained. Structure functions from orders 1 through 6 are shown
in Figure 6 although orders larger than 4 should be interpreted
with caution as discussed.

The structure functions show two distinct ranges with power-
law behaviour Sm(τ)∝ τζ(m). A possible suggestion of a power-law
behaviour is also present in the transition range, at intermediate
scales. However, it is difficult to resolve the inertial range and the
transition range as they don’t cover a very large range of scales.

The variation with the order m of the scaling exponents ζm

obtained by fitting the structure functions to the inertial range
and the sub-ion range is investigated.

For a monofractal scale-invariant process the scaling index
expected to vary linearly as ζ(m)∝m, while for a multifractal

process the scaling exponent will have a nonlinear relationship to
the order. Physically this means that more than one moment of
order m is needed to fully capture the details of the PDF, and the
signal is more intermittent. The relationship between the scaling
exponent and the order (with step δm � 0.1) is shown in Figure 7
for two of the ranges which correspond to the fits shown in black
in Figure 6. As the transition range is shorter than a decade in
scale and the scaling exponents are strongly concave we are not
able to fit a p-model to them and we do not display them. The
scaling relations of the inertial are concave, while the sub-ion
range shows a linear relation. A linear fitting is performed for
orders belowm � 3 which is shown in black and the order four is
marked by the orange line. This is one order below the maximum
physical m estimated from the technique of [69]. Before m � 4 is
reached, the inertial departs from the linear scaling. This suggests
that there is multifractality in the inertial range. This is in stark
contrast to the sub-ion range which exhibits linear scaling even at
orders m> 4. Similar relations between the scaling exponent and
the order are obtained for the magnetic field in Figure 8.
However, as there is a smaller range available due to the noise
floor occurring at a lower frequency than the electron density
meaning that the sub-ion range is fitted over a smaller range of
scales and is not as reliable as the electron density. For the two
transverse components, there are only two ranges fitted, the ion
inertial and the sub-ion range as there is no apparent transition
range in the trace spectra in Figure 2A. Some studies have
observed transitions in the trace magnetic spectra between the
ion inertial and ion gyroradius scales, which may be related to ion
damping, the interplay of Hall and convective terms or plasma
instabilities [e.g., see 11, 80 and references therein]. However the
spectral signature of this region is different to the flattening
observed in the density spectra. Typically the transition
observed in the magnetic spectra is very steep ∼ − 3.4
although the same process may affect the density and
magnetic spectra differently. However in this interval we have
no evidence of a transition in the trace spectra for this interval.
For the compressive component, there are three ranges.
However, similarly to the density spectra the transition range
is too short to be fitted satisfactorily. The inertial ranges show
weak concave relations while the sub-ion range shows mono-
fractal behavior. This behavior has been observed in
magnetic field observations of [12, 44], and in ion density
fluctuations [45].

In order to obtain a more quantitative estimate of the level of
intermittency, each scaling exponent curve can be fitted to a
standard p-model of intermittent turbulence [81]. In such
phenomenological framework, intermittency is modeled as the
result of a multifractal multiplicative cascade for the fraction of
volume in which the energy is transferred across scales. It predicts
a simple relation for the scaling exponents:
ζm � 1 − log2[pmH

model + (1 − pmodel)mH], where H is the Hurst
exponent, related to the spectral index through α � 2H + 1 or
to the structure function scaling exponents through ζm � mH,
and indicating the roughness of the signal. In the present work,H
has been left as a free fitting parameter of the model. The second
fitting parameter pmodel ∈ [0.5, 1], related to the fraction of
volume where the energy transfer is concentrated during the

FIGURE 6 | The m-th order structure functions for m � 1 to m � 6. The
straight lines denote fits over three different time lag ranges the inertial scales
1
τ � [0.01, 0.1]s−1 the transition scales 1

τ � [0.1,0.8]s−1 and the sub-ion range
1
τ � [4,40]s−1.
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intermittent cascade, so that larger pmodel corresponds to larger
intermittency.

The scaling exponents presented in the various panels of
Figures 7, 8 have been fitted to a p-model, and the quality of
the fit is excellent in all cases. Note that the p-model fit was
performed only using exponents up to the fourth order, to ensure

statistical convergence. However, we point out that the fitting
parameters remain basically unchanged when all six orders are
included. We therefore include the higher orders (with lighter
colour plotting symbols) in the figures, with the caveat that they
might be poorly statistically described. The solid cyan lines in the
Figures 7, 8 represent those fits, and the resulting intermittency

FIGURE 7 | Scaling exponents ζ as a function of the moment m for the inertial (A) transition (B) and sub-ion ranges. The exponents here correspond to the black
lines in Figure 6. The cyan lines denote p-model fits, and the black line denotes a linear fit to orders below 3.

FIGURE 8 | Scaling exponents ζ as a function of the moment m for the magnetic field. (A, B) denote the compressive component for the two ranges mentioned
previously. (C, E) denote the scaling index for the inertial range for the two transverse components (D, F) denote the scaling exponent for the sub-ion range transverse
components.
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parameters pmodel are given in each panel. The fitted values of H
are always compatible with the scaling exponents of the second
order structure functions, within error bars. This confirms the
possibility to describe the turbulence using the P-model, and
corroborates the meaningfulness of the intermittency parameter
pmodel For the electron density, a strong intermittency value
pmodel � 0.98 ± 0.30 was found in the inertial range, in
agreement with the large scaling exponent of the kurtosis. We
do not show the scaling exponents or fit a p-model for the
transition range, the bad quality of the fit did not allow
modeling the data with the p-model. This is consistent with
the extreme curvature of the scaling exponent (not shown), which
for large orders m becomes a decreasing function of the order.
This feature is typically forbidden for an “ideal” turbulent field,
which requires monotonic increase of ζm (constant exponents are
expected in the presence of topological discontinuities, for
example in the absence of dissipation as described by the
Burgers equation for neutral flows) [31]. The indication of this
observation is that the stochastic fluctuations of the transition
region are not simply the result of a turbulent cascade, but other
physical processes must occur in generating the exceptionally
strong gradients in that range of scale. This is not surprising, since
in this range kinetic effects start to be relevant in the dynamics, so
that wave-particle interactions may play an additional role in
generating density fluctuations. Specifically this may be
consistent with damping of compressive slow mode waves
which are cascaded as a passive scalar, and are heavily
damped as they reach the ion scales, in addition to an active
cascade of kinetic Alfvén waves [e.g 74, 82].

In the sub-ion range, the p-model fitting parameter pmodel �
0.5 ± 0.2 indicates clearly the absence of intermittency, again in
agreement with visual description of the PDFs and of the kurtosis,
and with recent results on density intermittency [50]. Finally, the
magnetic field components present high level of intermittency in
the inertial range (pmodelx0.8), and strictly mono-fractal scaling
in the sub-ion range (pmodelx0.5).

4. DISCUSSION

The evolution of the scale-dependent kurtosis is shown to
increase throughout the inertial range until it reaches the
proton characteristic scales whereafter it decreases in the
magnetic field or plateaus as in the density. This behavior is
different from that in the magnetosheath, where the scale-
dependent kurtosis continues to increase down to the smallest
scales [42]. This may be due to the magnetosheath turbulence
being strongly driven by the shock while the solar wind
turbulence is decaying and the kurtosis decreases with radial
distance [e.g., 83, 84]. This is to say that turbulence in the solar
wind at large heliocentric distances is far from the drivers, e.g.,
velocity shears between streams, shocks, etc. Another possibility
is that high-frequency wave activity in the solar wind may act in
the sub-ion range to reduce the kurtosis [48]. These waves would
need to have the property of having strong wavevector anisotropy
k⊥ ≫ k‖, and approximate equal power in the compressive and
stransverse components. In this region of large k⊥these waves

could be either Ion Bernstein [e.g., 85] or Kinetic Alfvén waves
[e.g., 54]. The damping rates of such waves are highly sensitive to
the propagation direction and the plasma beta. In the
magnetosheath, due to processing at the shock the ion
temperature (and consequently the ion beta) are much higher
[e.g., 86]. At higher plasma β, linear plasma waves are typically
more heavily damped [87]. This suggests that such waves could
exist in the solar wind and act to reduce the kurtosis while in the
magnetosheath they cannot exist leading to the magnetosheath
being more similar to a neutral fluid.

One of the more puzzling results here is that there is a
difference between the time and the spatial lags of the electron
density from spacecraft potential. For the magnetic field data and
the density from FPI, there is an agreement between the time and
the spatial lags. However, this is somewhat misleading as the time
lags are heavily affected by instrumental noise. As instrumental
noise is uncorrelated between spacecraft the spatial lags are more
robust to the effects of noise. In the spacecraft potential data, the
time lag corresponding to the spatial separation occurs before
instrumental noise becomes significant and show a leptokurtic
distribution. The spatial lags show approximately Gaussian
distributions. This could be due to several reasons. Firstly,
there may be a physical difference between the different
directions i.e., that there are more structures in the direction
of the bulk flow (time lags) as opposed to other directions (spatial
lags). This may be a naturally occurring difference or there could
be a sampling effect related to the bulk flow direction [88].
Another possibility is that Taylor’s hypothesis breaks down in
this region. In the numerical study of [89] they concluded that the
Taylor’s hypothesis is likely to be violated at small scales for
intervals where the Alfvén speed is comparable to the bulk speed
[e.g., in the magnetosheath 90]. The geometry of the magnetic
field with respect to the bulk velocity direction also plays a role
with more radial configurations of the magnetic field being more
likely to violate the hypothesis. In this interval Vsw/VA � 7.6, the
magnetic field makes a large angle (86 ± 11+) with the bulk
velocity and the hypothesis should be well satisfied for large
scales. However, at small scales such as we study here, the
hypothesis may still break down despite the interval having a
large bulk speed and a favorable magnetic field configuration. A
breakdown in Taylor’s hypothesis could be due to wave activity or
that structures evolve at faster timescales at these scales. The
waves that can exist in the sub-ion range such as kinetic Alfvén
waves [91], or fast mode branch waves such as Ion Bernstein
waves, or parallel whistler waves [92, 93] are very dispersive.
Furthermore wave activity could act to reduce the kurtosis here
similarly to howMHD-scale Alfvén waves act at larger scales [49].
Another possibility is that electron scale coherent structures
evolve very quickly. For example, vortices could merge such as
is discussed in neutral fluid turbulence in a process called vortex
collapse [e.g., 94] or could develop or be destroyed on time scales
faster than the advection time. This hypothesis could be tested
directly with several spacecraft that are aligned with the bulk flow
direction at a range of distnaces. Other possibilities are that the
timing accuracy is not sufficient to compare inter-spacecraft
increments, although this seems unlikely. Another issue could
be that the resampling required to put the time series from
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different spacecraft on the same timeline causes some issues at the
edges of the time series [42]. To ensure that outliers due to this
effect are not present data points at the edges (the first and last
4 s) of the resampled time series are removed at each edge. Finally,
we remark that coherent structures are characterized by phase
coherence across many scales, therefore when looking at time lags
larger scale coherent structures may affect the smaller scales,
whereas using spatial lags the larger scale fluctuations could be
more effectively filtered. It is however important to note that the
structure of coherent structures may be complex with larger
coherent structures, possibly having smaller “daughter”
structures associated with them [95].

The scale-dependent kurtosis of the magnetic field gives
complementary information to the density. In Figure 4 we see
that the compressive component is smaller than the transverse
components. This is different from observations of larger scales
where the opposite is true [49], this may reflect a difference in the
nature of coherent structures. At large scales coherent structures
are likely strongly compressive, magnetic holes or boundaries
between streams, while in the ion ranges the structures may be
predominantly incompressible or very weakly compressible such
as Alfvénic vortices and current sheets [34, 37]. There is a large
difference between the scale-dependent kurtosis using a global
mean as opposed to a local mean or the magnitude of the
magnetic field. Using a global field may result in a larger
kurtosis as it is potentially polluted by some of the transverse
coherent structures. However, when using a local field gradients
may not be able to be identified. In this case the local magnetic
field agrees well with the values of the kurtosis of magnetic field
magnitude and the density. The good agreement between the
local magnetic field and the magnitude is likley because the
fluctuations are small. However as the fluctuations are larger
in the magnetosheath the magnitude may not be reliable, and one
should use a local definition. However, it should be stressed that
both approaches to calculating a local field have advantages and
limitations, and the choice has implications for the interpretation
of the results as shown here.

When comparing the spatial lags of the magnetic field and the
density we see agreement between all of the different methods, that
they all have small kurtoses. This complements previous
measurements of the power of compressive and transverse
fluctuations i.e. that they have similar powers in the sub-ion range
[12, 20]. One potential explanation for this is that the fluctuations are
kinetic Alfvén wave-like. As the KAWdevelops a larger wavenumber
in the perpendicular direction it becomes strongly compressive. In the
sub-ion range, this could account for equal power in the compressive
and two transverse components [e.g., 12, 96].

Structure-function anaysis presented in Figures 7,8 also
suggests that the sub-ion range for magnetic and density
fluctuations are monofractal. For the density measurements, the
scaling exponents are somewhat smaller than what is expected
based on the Fourier spectrum in Figure 2. This may be due to the
flattening in the spectrum at ion scales, meaning that there is a
shorter range of scales available for fitting compared to the
magnetic field data. The flattening of the spectra at ion scales
could be due to the competition of large scale slow waves and small
scale kinetic Alfvén waves, Hall effects, or an increase in the

compressible coherent structures at this range. In this range, the
scaling indices are anomalous4 suggesting a larger degree of
multifractality in the density fluctuations. However, the scale-
dependent kurtosis reaches a plateau and is not very different
in Figure 3 when the scales close to the transition range are
compared to the sub-ion range. Here we reach a similar conclusion
to [46], that different measures of intermittency capture different
properties of intermittency. The scaling indices in the sub-ion
range of magnetic and density fluctuations suggest monofractal
scaling, in agreement with the spatially lagged kurtoses which show
predominantly Gaussian statistics. However, the time-lagged
measurements show leptokurtic distributions.

5. CONCLUSION

To summarize; we have investigated compressive and
incompressive intermittency in the solar wind. Using the
exceptionally high resolution data provided from MMS allows a
view deep into the sub-ion scale with unprecedented time resolution
for an in situmeasurement of electron density fluctuations. Further
more the multiple measurement points allow an investigation of
different directions in the plasma. Previous studies of the electron
density have been limited to single point measurements and are
only able to sample along the bulk flow direction. The results are
found to be similar to those foundwith themagnetic field in [12, 44]
and in ion density fluctuations at larger scales than are studied here
[45]. In these studies, the scale-dependent kurtosis was not found to
evolve significantly and the evolution of scaling index with the order
suggested monofractal scaling or only very weak multifractality
when juxtaposed with the inertial and transition ranges.

A discrepancy was observed between temporal and spatial lags
and we have put forward several possible explanations for this. This
could be due to a breakdown in Taylor’s hypothesis. This could be
investigated using two spacecraft data where the baseline is aligned
with the bulk flow. This would give a direct measurement of whether
Taylor’s hypothesis is valid. However, for this interval none of the
spacecraft pairs are aligned closely enough to the bulk velocity
direction to make such a comparison. Other possibilities include
directional differences. To investigate this possibility detailed
comparisons with numerical simulations may be needed, and
more sampling points than the four points that MMS or Cluster
offer. One strong possibility is high-frequency waves which may
affect these scales of randomizing the phases of the signal, reducing
the kurtosis. Waves such as those described tend to have strong
wavevector anisotropies (k⊥ ≫ k‖) [e.g., 97, 98] and could cause
different kurtoses in different directions. Furthermore, such waves
would also be strongly dispersive and could also lead to a violation of
Taylor’s hypothesis. Alternatively it may be coherent structures in
this interval are all much larger than the spacecraft baseline sizes. In
this case there would not be much difference between the different
spacecraft, whereas the gradients in the time lags would be larger.
One final possibility is that there could be a sampling effect inherent

4Anomalous refers here to a deviation from self-similar, linear order dependence of
the structure functions scaling exponent, typical of intermittency.
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with the bulk velocity direction [e.g., 88]. This could cause a bias in
the bulk flow direction so that more structures are seen in this
direction than compared to others.

The differences in the different measurement techniques
support the statement in [46] that to investigate intermittency
a variety of different techniques should be employed. We also
remark that four-point measurements have revolutionized in situ
plasma turbulence study. However, four points are inherently
limited to providing either homogeneous coverage of the plasma
at a single scale or multi-scale coverage at the cost of losing
directional information. The natural next step in investigating
space plasma turbulence is to go beyond four points to obtain
multi-direction multi-scale measurements [99–101].
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Multifractal analysis of high resolution solar wind proton density
measurements. Adv Space Res (2017) 59:1642–51. doi:10.1016/j.asr.2016.12.
024

47. Sorriso-Valvo L, Carbone V, Veltri P, Consolini G, Bruno R. Intermittency in
the solar wind turbulence through probability distribution functions of
fluctuations. Geophys Res Lett (1999) 26:1801–4. doi:10.1029/1999GL900270

48. Wan M, Osman KT, Matthaeus WH, Oughton S. Investigation of
intermittency in magnetohydrodynamics and solar wind turbulence: scale-
dependent kurtosis. Astrophys J (2012) 744:171. doi:10.1088/0004-637X/744/
2/171

49. Bruno R, Carbone V, Sorriso-Valvo L, Bavassano B. Radial evolution of solar
wind intermittency in the inner heliosphere. J Geophys Res Space Phys (2003)
108:1130. doi:10.1029/2002JA009615

50. Carbone F, Sorriso-Valvo L, Alberti T, Lepreti F, Chen CHK, Němeček Z,
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93. Roberts OW, Alexandrova O, Kajdič P, Turc L, Perrone D, Escoubet CP, et al.
Variability of the magnetic field power spectrum in the solar wind at electron
scales. Astrophys J (2017) 850:120. doi:10.3847/1538-4357/aa93e5

94. Novikov EA, Sedov YB. Vortex collapse. Sov Phys JETP (1979) 50:297–301
95. Greco A, Perri S, Servidio S, Yordanova E, Veltri P. The complex structure of

magnetic field discontinuities in the turbulent solar wind. Astrophys J (2016)
823:L39. doi:10.3847/2041-8205/823/2/L39

96. Narita Y. Non-elliptic wavevector anisotropy for magnetohydrodynamic
turbulence. Ann Geophys (2015) 33:1413–9. doi:10.5194/angeo-33-1413-2015

97. Roberts OW, Li X, Li B. Kinetic plasma turbulence in the fast solar wind
measured by cluster.Astrophys J (2013) 769:58. doi:10.1088/0004-637X/769/1/58

98. Roberts OW, Li X. Evidence of the ion cyclotron resonance at proton kinetic
scales in the solar wind. Astrophys J (2015) 802:1–11. doi:10.1088/0004-637X/
802/1/1

99. Klein KG, Alexandrova O, Bookbinder J, Caprioli D, Case AW, Chandran
BDG, et al. [Plasma 2020 decadal] Multipoint measurements of the solar wind:
a proposed advance for studying magnetized turbulence. Arxiv [Preprint].
1903.05740. (2019)

100. TenBarge JM, Alexandrova O, Boldyrev S, Califano F, Cerri SS, Chen CHK,
et al. [Plasma 2020 decadal] Disentangling the spatiotemporal structure of
turbulence using multi-spacecraft data. Arxiv [Preprint]. 1903.05710. (2019)

101. Matthaeus WH, Bandyopadhyay R, Brown MR, Borovsky J, Carbone V,
Caprioli D, et al. [Plasma 2020 decadal] The essential role of multi-point
measurements in turbulence investigations: the solar wind beyond single
scale and beyond the Taylor Hypothesis. Arxiv [Preprint]. 1903.06890 (2019)

Conflict of Interest: The authors declare that the research was conducted in the
absence of any commercial or financial relationships that could be construed as a
potential conflict of interest.

Copyright © 2020 Roberts, Thwaites, Sorriso-Valvo, Nakamura and Voros. This is
an open-access article distributed under the terms of the Creative Commons
Attribution License (CC BY). The use, distribution or reproduction in other
forums is permitted, provided the original author(s) and the copyright owner(s)
are credited and that the original publication in this journal is cited, in accordance
with accepted academic practice. No use, distribution or reproduction is permitted
which does not comply with these terms.

Frontiers in Physics | www.frontiersin.org October 2020 | Volume 8 | Article 58406314

Roberts et al. Intermittency in the Solar Wind

https://doi.org/10.3389/fspas.2019.00078
https://doi.org/10.1103/PhysRevE.70.055302
https://doi.org/10.1103/PhysRevE.70.055302
https://doi.org/10.1103/PhysRevE.74.051122
https://doi.org/10.3847/1538-4357/ab9ebe
https://doi.org/10.3847/1538-4357/ab9ebe
https://doi.org/10.1029/2004JA010649
https://doi.org/10.1088/2041-8205/787/2/L24
https://doi.org/10.1088/0004-637X/707/2/1668
https://doi.org/10.1088/0004-637X/707/2/1668
https://doi.org/10.1088/0741-3335/41/3A/071
https://doi.org/10.1088/0741-3335/41/3A/071
https://doi.org/10.5194/npg-12-767-2005
https://doi.org/10.3847/1538-4357/ab8f2a
https://doi.org/10.3847/1538-4357/ab8f2a
https://doi.org/10.1017/S0022112072001661
https://doi.org/10.1017/S0022112072001661
https://doi.org/10.1088/0004-637X/802/1/2
https://doi.org/10.1007/s11214-013-0004-8
https://doi.org/10.1103/PhysRevLett.59.1424
https://doi.org/10.1103/PhysRevLett.59.1424
https://doi.org/10.1088/0067-0049/182/1/310
https://doi.org/10.1088/2041-8205/814/2/L19
https://doi.org/10.3847/2041-8213/ab4a82
https://doi.org/10.1002/2016GL069035.Received
https://doi.org/10.1007/s11214-013-9972-y
https://doi.org/10.1103/PhysRevLett.107.095002
https://doi.org/10.1016/j.pss.2017.03.008
https://doi.org/10.1002/2016JA023458
https://doi.org/10.1088/0004-637X/770/2/125
https://doi.org/10.1088/0004-637X/796/1/5
https://doi.org/10.1088/0004-637X/796/1/5
https://doi.org/10.3847/1538-4357/aa93e5
https://doi.org/10.3847/2041-8205/823/2/L39
https://doi.org/10.5194/angeo-33-1413-2015
https://doi.org/10.1088/0004-637X/769/1/58
https://doi.org/10.1088/0004-637X/802/1/1
https://doi.org/10.1088/0004-637X/802/1/1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

	Higher-Order Statistics in Compressive Solar Wind Plasma Turbulence: High-Resolution Density Observations From the Magnetos ...
	1. Introduction
	2. Data/Methodology
	3. Results
	4. Discussion
	5. Conclusion
	Data Availability Statement
	Author Contributions
	Funding
	Acknowledgments
	References


