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The analysis is carried out to analyze the flow through double stretchable rotating disks
with the theory of radiative Cross nanofluid under the influence of variable thermal
conductivity, the Hall current, Arrhenius activation energy, and binary chemical
reactions. The Buongiorno nanofluid model is adopted for the governing equations of
the problem which are transformed into ordinary differential equations through similarity
transformations and then solved using the homotopy analysis method. The impact of
dimensionless parameters on all profiles and physical quantities is presented and
discussed. The radial velocity of the two disks increases with their corresponding ratio
stretching rate parameter and decreases with the Hall parameter and the bioconvection
Rayleigh number. The heat transfer at the lower disk enhances with the variable thermal
conductivity parameter, while at the upper disk, opposite trend is observed. Mass transfer
increases with the chemical reactions and temperature difference parameters at the lower
disk and decreases with Arrhenius activation energy, whereas an opposite trend is
observed at the upper disk. The local density number is enhanced for the larger values
of Peclet and Lewis numbers. The comparison of the present work with the published
literature authenticates the validation of the present work.
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INTRODUCTION

Cross [1] carried out an innovative work on the Cross model
in 1965. Cross fluid is a separate generalization of non-
Newtonian fluid types, which has served as a model
offering a wide range of shearing rates for the dilatant
and pseudoplastic origin of the fluids. A variety of
applications involves polymerization in the Cross-fluid
model. Xie and Jin [2] reported a Cross rheological
equation analysis for the surface free layer of non-
Newtonian fluid. Manzur et al. [3] studied the Cross-fluid
model with flow through the extended vertical sheet
stretching layer by examining the mixed convection and
radiative heat transfer. Abbas et al. [4] considered the
Cross nanofluid flow subject to entropy generation
mathematical modeling and analysis. Hayat et al. [5]
performed a numeric simulation of MHD stagnation of
Cross-fluid model flow and heat transfer in a stretched
surface. Naz et al. [6] studied the Cross nanofluid
dynamics with magnetohydrodynamics, entropy, and
gyrotactic motile microbiological characteristics.

The thermal transformation process is characterized by the
thermal conductivity of the basic fluid due to poor thermal
conductivity of nonmetallic materials such as mud, oils, and
glycol mixture in contrast to some metallic materials like
copper, aluminum, iron, bronze, etc. The properties of low
thermal-conducting nanoparticles, usually made up of oxides
and metals, significantly increase the base fluid thermal
conductivity. The conductivity and convection coefficients of
metals and oxides increase the efficiency of heat transfer in
nanofluids. Choi and Eastman [7] in 1995 first suggested the
term “nanofluid” by using very small (1–100 nm) nanoparticles
added to the base fluid. Boungiorno [8] suggested the slips
mechanisms like inertia, dissipation, magnus, fluid drainage,
gravity, Brownian diffusion, and thermophoresis effects in the
dynamics of nanofluids. Kuznetsov and Nield [9] used the
Buongiorno model to address the nanoparticles’ effects on
natural convective boundary flow via a vertical plate. The
main work focusing on normal cases using nanofluids for all
purposes began in 1995 with Choi and Eastman on their study
to assign the suspension of solid nanoparticles to the base fluid,
where they found that the thermal conductivity of the
water–Al2O3 blend was increased by 20% for a
concentration of the volumes in the range of 1–5% of Al2O3.
Turkyilmazoglu [10] reported the study of nanofluid flow and
heat transfer due to a rotating disk. Ahmad et al. [11] presented
a numerical study of generalized non-Newtonian unsteady 3D
magneto-nanoparticles liquid flow. Hafeez et al. [12]
investigated the rotational flow of Oldroyd-B nanofluid
under Cattaneo–Christov double diffusion theory. Khan
et al. [13] reported a 3D numerical unsteady Sisko magneto-
nanofluid flow study with heat absorption and temperature-
dependent thermal conductivity. More nanofluid studies can be
found in Refs. 14–21.

Bioconvective phenomena are common in suspension,
usually due to the swimming of microorganisms that are
marginally denser than water. If the upper surface of the

suspension is too thick due to the accumulation of
microorganisms, it becomes brittle and the microorganisms
collapse to induce the bioconvection. The development of
gyrotactic nanofluid microorganisms enables mass transfer,
microscale mixing, primarily in microvolumes, and improves
nanofluid stability. Li and Xu [22] studied the unsteady mixed
bioconvection flow of a nanofluid between two contracting or
expanding rotating disks. Qayyum et al. [23] examined the
analysis of radiation in a suspension of nanoparticles and
gyrotactic microorganism for rotating disk of variable
thickness. Shehzad et al. [24] investigated the Maxwell
nanofluid bioconvection on isolated rotating disks under the
influence of the double-diffusive Cattaneo–Christov theory.
Khan et al. [25] reported the study of entropy generation in
bioconvection nanofluid flow between two stretchable rotating
disks. More studies on bioconvection can be found in Refs.
26–30.

Scientists and engineers, particularly in the areas of oil,
chemical and petroleum engineering, oil and water
emulsion, cooling reactors, geothermal, mechanical
chemistry, and material degradation, have been very
interested in multi-specific applications such as energy
activation and species response. Generally, the relation
between chemical reactions and mass transfer is highly
complex and can only be studied by producing and digesting
reagent species at different fluid flow and mass transfer rates.
Arrhenius [31] for the first time suggested the concept of
activation energy. However, Bestman [32] recognized a
principal model of a boundary layer of flow problem due to
binary chemical reactions with Arrhenius activation energy.
Shahzad et al. [33] investigated the transport of radiative heat
transfer with entropy generation and activation energy in
dissipative nanofluid flow. Dhlamini et al. [34] suggested the
mixed convective nanofluid flow with convective boundary
conditions under binary chemical reaction and Arrhenius
activation energy. Azam et al. [35] investigated the
Arrhenius activation energy effects on radiative Cross-
nanofluid axisymmetric flow through covalent bonding
development. More studies on Arrhenius activation energy
and binary chemical reaction can be seen in Refs. 36–40.

The idea of flow into a rotating disk system is an important
area for future industrial process optimization and
development. Scientists all over the world have drawn
attention to this idea with the applications in the fields of
electrochemistry, energy engineering, aerodynamics, chemical
engineering, food processing, and medical equipment. To the
best of knowledge, Karman [41] initially investigated the flow
of liquid through an infinite disk with the introduction of
famous similarity transformations in his study. Hayat et al.
[42] investigated the viscous dissipation in the second-grade
fluid flow in rotating disk with the Joule heating. Yao and Lian
[43] reported the flow due to rotation, in which they provided
analytical and numerical solutions when the fluid is rigidly
rotated. Hayat et al. [44] investigated the flow between two
stretchable rotating disks with the Cattaneo–Christov heat flux
model. More studies on a rotating disk system can be consulted
in Refs. 45 and 46.
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In the light of the abovementioned literature, no one has, to
the best of our knowledge, studied the flow between two
stretchable rotating disks under the radiative Cross-nanofluid
theory in the following context. The objective, here is, to explore
the flow of Cross nanofluid in the presence of variable thermal
conductivity, the Hall effect, and Arrhenius activation energy
effect. The Buongiorno nanofluid model is used to develop
Brownian diffusion and thermophoresis effects in both the
energy and concentration equations. The problem is solved
through HAM [47, 48] presented by Liao in 1992. However,
due to its rapid convergence, various researchers [49–74] used
HAM and various potential techniques to solve their problems.
The effects of the parameters on the profiles are explained
through graphs and tables whose detail is given in the
Discussion section.

PROBLEM FORMULATION

A three-dimensional, steady, axisymmetric motion of MHD
flow of incompressible radiative Cross nanofluid through
rotating double disks is considered. The lower disk is at the
plane z � 0. Fluid motion is subjected to rotation in axial
direction of the disks having amplitude εo and angular
velocities c1 and c2 lower and upper disks, respectively.
Investigations are made by considering cylindrical
coordinates. The velocity components (u, v,w) along the

directions of (r, ϑ, z), respectively. Let (T1, T2) indicate the
constant temperatures prescribed for both the low and upper
disks where T1 >T2, and the concentrations in the lower and
upper disks are represented by (C1,C2). By regarding the flow
to be axisymmetric, thus, the tangential coordinate derivatives
with respect to ϑ are omitted. The magnetic field Bo with
uniform intensity acts in the axial direction. Furthermore,
due to the low Reynolds number, the induced magnetic field
is zero, and there is also an exclusion of the electrical field.
Nanofluid dilution to consider viscosity dispersion is used to
prevent bioconvection instability. The nanoparticles suspended
in the base fluid are also expected to be stable so that they do not
affect the swimming pathway and the velocity of the
microorganisms. N1 and N2 are the motile gyrotactic
microorganism distributions on the lower and upper disks,
respectively. Figure 1 shows the physical form of the problem.
The guiding principles are the governing equations that follow
the Buongiorno nanofluid model.

The Hall current is influencing many fields such as medical
sciences and engineering. Cosmological fluid dynamics,
geophysics, and the Hall accelerator can be listed as various
engineering applications of the Hall current. The Hall current
is induced by the significantly strong magnetic field. Generalized
form of Ohm’s law in the existence of the electric fields is given by

J + σμe
Bo

(J × B) � σ[μeV × B + 1
ene

∇pe], (1)

assuming that the thermoelectric pressure and ion slip conditions
for weakly ionized gas are negligible. Hence, the equations
reduced in the form as

Jr � σμeBo

1 +m2
(mv − u) and Jz � σμeBo

1 +m2
(mu + v), (2)

where ωe is the electron’s cyclotron frequency, e is the electron
collision time, pe is the pressure of the electron, ne is the electron’s
density number, μe is the magnetic permeability, and σ is the
electrical conductivity of fluid. The Hall parameter here is defined
as m � ωeτe.

The Cauchy stress tensor (Cross-viscosity model) is
displayed as

τ � −pI + μ( _c)A1, (3)

where μ is the viscosity, I is the identity matrix, p is the pressure,
and A1 is the first Rivlin–Ericksen tensor given as

A1 � ∇V + (∇V)T , (4)

where ∇V stands for the velocity gradient. For generalized
Newtonian fluid subclass (Cross fluid), the viscosity rheology
equation is

μ � μ∞ + μo − μ∞
1 + (Γ _c)n, (5)

by taking viscosity infinite shear rate to zero (μ∞ � 0), the stress
tensor now becomes

τ � −pI + μo[1 + (Γ _c)n]− 1A1. (6)

FIGURE 1 | Geometry of the problem.
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Taking the assumption Γ � 0, the original Newtonian
model is obtained. It is apparent that the Cross fluid
chooses to act as shear thinning fluid for the range
0< n< 1; that is, n is the power law index for Cross fluid
used for choosing to behave like shear thinning in the range
of 0 and 1.

The Cross-viscosity model shear rate in the existence of
simulation is given as

_c �
���������
1
2
∑
i

∑
j

_cij _cji

√
�

�������
1
2
tr(A2

1)√
, (7)

where tr(A2
1) is the trace of the matrix A2

1.
Now the continuity, momentum, energy, concentration, and

gyrotactic microorganism equations [1, 3, 5, 6, 34] are

zu
zr

+ u
r
+ zw
zz

� 0, (8)

u
zu
zr

+ w
zu
zz

− v2

r
� − 1

ρnf

zp
zr

+ ]nf
z

zz
⎡⎢⎢⎣ (zuzz)
1 + (Γzuzz)n⎤⎥⎥⎦ − σnf B2

o

ρnf (1 +m2) (u −mv)

+ 1
ρnf

[(1 − C2)ρnf β(T − T2) − (ρp − ρnf )(C − C2) − (N − N2)(ρm − ρnf )]g,
(9)

u
zv
zr

+ w
zv
zz

+ vu
r
� ]nf

z

zz
[ zv/zz
1 + (Γzv/zz)n] − σnf B2

o

ρnf (1 +m2) (v +mu),

(10)

u
zw
zr

+ w
zw
zz

� − 1
ρnf

zp
zz

+ ]nf
z

zz
⎡⎢⎢⎣ (zuzz)
1 + (Γzuzz)n⎤⎥⎥⎦, (11)

(u zT
zr

+ w
zT
zz

) � μo(ρcp)nf ⎡⎢⎢⎢⎣ (zuzz)2
1 + (Γ(zuzz)n)⎤⎥⎥⎥⎦

+[K(T)
r

zT
zr

+ z

zr
[K(T) zT

zr
] + z

zz
[(K(T) zT

zz
)]]+

τ〈DB{zT
zz

zC
zz

+ zT
zr

zC
zr

+ DT

T2
[(zT

zz
)2

+ (zT
zr

)2]}〉

+σnf B
2
o(v2 + u2)(ρcp)nf − 1(ρcp)nf z(rqr),zr

(12)

u
zC
zr

+ w
zC
zz

� DB(z2C
zr2

+ 1
r
zC
zr

+ z2C
zz2

) + DT

T2
(z2T
zr2

+ 1
r
zT
zr

+ z2T
zz2

)
−k2r(C − C2)(T

T2
)m1

exp[−Ea

K1T
],

(13)

u
zN
zr

+ w
zN
zz

+ bWc

(C1 − C2)[ z

zz
(N zC

zz
)] � Dm(z2N

zz2
), (14)

where K(T) denotes the variable thermal conductivity and is
defined as

K(T) � knf(1 + ε
T − T2

T1 − T2
).

The boundary conditions are

u � c1r, v � rc1, w � 0, T � T1,C � C1, N � N1, at z � 0
u � c2r, v � rc2, w � 0, T � T2,C � C2, N � N2, at z � H.

(15)

The following transformations are used

u � rc1f ′(ζ), v � rc1g(ζ),

w � −2Hc1f (ζ), P � ρnf c1vnf[po(ζ) + r2εo
2H2

],
θ(ζ) � T − T2

T1 − T2
, ϕ(ζ) � C − C2

C1 − C2
, χ(ζ) � N − N2

N1 − N2
, ζ � z

H
.

(16)

Equation 8 is satisfied through Eq 16, and the remaining Eqs
9–15 provide Eqs 17–23, respectively, as

[1 + (1 − n)(Wef ″)n]f -
− [1 + (Wef ″)n]2⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣Re(f ′2 − 2ff ″ − g2) + ReM

(1 +m2) (f ′ −mg)+
λ(θ − Nrϕ − Rbχ) − ε

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ � 0,

(17)[1 + (1 − k)(Weg ′)n]g″
+ Re[(fg ′ − f ′g) − M

1 +m2
(g +mf ′)][1 + (Wef ″)n]2 � 0,

(18)

P � 4 Reff ′ + [1 + (1 + n)( − 2β1Wef ′)n[1 + ( − 2β1Wef ′)n]2 ] � 0, (19)

(1 + ε − 1
δ

+ Rd)θ″ + ε(θ′2 + θθ″)

+ Pr
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣Ecβ2[

f ″2

1 + (Wef ″)n] + Nbϕ′θ′ + Ntθ2

+ReEc[M(f ′2 + g2) − ff ′]
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

� 0, (20)

ϕ″ + Nt
Nb

θ″ + ReScf ′ϕ′ − Scσ(1 + δθ)m1Exp(− E
1 + δθ

) � 0, (21)

χ″ + 2ReLef χ′ − Pe[χ′ϕ′ + H(ϕ′χ + Nδϕ)] � 0, (22)
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with boundary conditions

f (0) � 0, f ′(0) � s1, g(0) � 0, p(0) � 1, θ(0) � 1, ϕ(0) � 1, χ(0) � 1
f (1) � 0, f ′(1) � s2, g(1) � c, θ(1) � 0, ϕ(1) � 0, χ(1) � 0,

(23)

where We � Γrc1
H

, Re � H2c1
]nf

, M � σnf B2
o

ρnf c1
,

λ � (1 − C2)gβ(T1 − T2)H2

rc1]nf
, s1 � c1

c1
, s2 � c2

c2
,

Nr � (ρp − ρnf )(C1 − C2)
βρnf (1 − C2)(T1 − T2),

Rb � (ρm − ρnf )(C1 − C2)
βρnf (1 − C2)(T1 − T2), Rd � 16σpT3

2

3kpknf
,

Ec � r2c21
(ρcp)nf(T1 − T2),

Pr � ]nf
α
, Nt � τDT(T1 − T2)

T2]nf
, Nb � τDB(C1 − C2)

]nf
,

β1 �
H
r
, β2 �

μo
(ρcp)nf , Sc � ]nf

DB
, σ � k2rH

2

]nf

δ � T1 − T2

T2
, E � Ea

T2K1
, Le � ]nf

Dm
, Pe � bWc

Dm
,

Nδ � N2

N1 − N2
, c � c2

c1

(24)

PHYSICAL QUANTITIES

The physical quantities of interests are given below.

Skin Friction Coefficients
These are defined as

CfL �
τw

ρnf (rc1)2|z�0, CfU � τw

ρnf (rc2)2 z�H , where τw � (τ2zr + τ2zθ)1 /2.∣∣∣∣∣∣
(25)

Therefore, the skin friction coefficients for the lower and upper
disks are respectively, as

CfL �
vnf(rc1)H{[f ″(0)]2 + [g ′(0)]2}1 /2� 1

Rer
{[f ″(0)]2 + [g ′(0)]2}1 /2,

(26)

CfU � vnf(rc2)H{[f ″(1)]2 + [g ′(1)]2}1 /2� 1
Rer

{[f ″(1)]2 + [g ′(1)]2}1 /2,
(27)

where Rer � rciH/vnf , i � 1, 2, . . . , is defined as the local
Reynolds number.

Nusselt Number
These are defined as

Nur1 �
Hqm

knf (T1 − T2 ) z�0 , where qm � −knf zT
zz z�0 � −knf (T1 − T2)

H
θ′(0), so Nur1 � −θ′(0),

∣∣∣∣∣∣∣∣∣∣∣∣∣∣ (28)

Nur2 �
Hqm

knf (T1 − T2) z�H , where qm � −knf zT
zz z�H � −knf (T1 − T2)

H
θ′(1), Nur2 � −θ′(1)a.

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(29)

Sherwood Number
These are defined as

Shr1 �
Hqb

DB(C1 − C2) |z�0, where qb � −DB
zC
zz

|z�0

� −DB
(C1 − C2)

H
ϕ′(0),

so Shr1 � −ϕ′(0),

(30)

Shr2 �
Hqb

DB(C1 − C2) |z�H , where

qb � −DB
zC
zz

|z�H � −DB
(C1 − C2)

H
ϕ′(1), so Shr2 � −ϕ′(1).

(31)

Local Density Motile Flux
These are defined as

Snr1 �
Hqm

Dm(N1 − N2) z�0 , where qm � −Dm
zN
zz z�0 � −Dm

(N1 − N2)
H

χ′(0), so Snr1 � −χ′(0),
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(32)

Snr2 �
Hqm

Dm(N1 − N2) z�H , where qm � −Dm
zN
zz z�H � −Dm

(N1 − N2)
H

χ′(1), so Snr2 � −χ′(1).
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(33)

SOLUTION OF THE PROBLEM BY HAM

The current problem is solved with the HAM (homotopy analysis
method) software in Mathematica 10 computer-based
programing. HAM has been used to solve the problem
because this method has the following good aspects.

• Without discretization and linearization of the nonlinear
differential equations, this technique is applicable to the
system for the best answer.

• This technique is also applicable to those systems which
have small or large natural parameters.

• This technique produces the convergent solution of the
problem.

• This method is free from a set of base functions and linear
operators.

Taking the initial guesses and the linear operators as

fo(ζ) � s1ζ − (2s1 + s2)ζ2 + (s1 + s2)ζ3, go(ζ) � 1 − ζ + cζ , θo(ζ) � 1 − ζ ,
ϕo(ζ) � 1 − ζ , χo(ζ) � 1 − ζ ,

(34)

Lf � f ′, Lg � g′, Lθ � θ″, Lϕ � ϕ″, and Lχ � χ″, (35)

which satisfy the following properties
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Lf [C1 + C2ζ + C3ζ
2 + C4ζ

3] � 0, Lg[C5 + C6ζ] � 0,
Lθ[C7 + C8ζ] � 0, Lϕ[C9 + C10ζ] � 0, Lχ[C11 + C12ζ] � 0,

(36)

where {Ci}12i�1 are the arbitrary constants.
The zeroth order form of the problems is given as(1 − q)Lf [f (ζ , q) − fo(ζ)] � qZf Nf [f (ζ , q), θ(ζ , q),ϕ(ζ , q), χ(ζ , q)],

(37)(1 − q)Lg[g(ζ , q) − go(ζ)] � qZgNg[f (ζ , q), g(ζ , q)], (38)(1 − q)Lθ[θ(ζ , q) − θo(ζ)] � qZθNθ[f (ζ , q), g(ζ , q), θ(ζ , p), ϕ(ζ , q)],
(39)(1 − q)Lϕ[ϕ(ζ , q) − ϕo(ζ)] � qZϕNϕ[f (ζ , q), θ(ζ , q), ϕ(ζ , q)],
(40)(1 − q)Lχ[χ(ζ , q) − χo(ζ)] � qZχNχ[f (ζ , q), ϕ(ζ , q), χ(ζ , q)],
(41)

f (0, q) � 1, f ′(1, q) � 0, f ′(0, q) � 1 , g(0, q) � 1, g(1, q) � 0,
θ(0, q) � 1, θ(1, q) � 0, ϕ(0, q) � 1,ϕ(1, q) � 0, χ(0, q) � 1, χ(1, q) � 0,

(42)

where q is an embedding parameter in this case, and
Zf , Zg , Zθ, Zϕ, Zχ are the nonzero auxiliary parameters.
Nf ,Ng ,Nθ,Nϕ,Nχ are the nonlinear operators and can be
obtained through Eqs 17–22 by adopting the procedure in
Ref. 47.

For q � 0 and q � 1, the following form is obtained

f (ζ , 0) � f0(ζ), θ(ζ , 0) � θ0(ζ), g(ζ , 0) � g0(ζ), ϕ(ζ , 0) � ϕ0(ζ), χ(ζ , 0) � χ0(ζ),
f (ζ , 1) � f (ζ), θ(ζ , 1) � θ(ζ),ϕ(ζ , 1) � ϕ(ζ), χ(ζ , 1) � χ(ζ).

(43)

Obviously, when q is increased from 0 to 1, then
f (ζ , q), g(ζ , q), θ(ζ , q), ϕ(ζ , q), χ(ζ , q) vary from
fo(ζ), go(ζ), θo(ζ), ϕo(ζ), χo(ζ) to f (ζ), g(ζ), θ(ζ), ϕ(ζ), χ(ζ).
Through Taylor’s series expansion, the expressions in the
above equations become as

f (ζ , q) � fo(ζ) +∑∞

m�1fm(ζ)qm, fm(ζ) �
1
m!

zmf (ζ , q)
zζm

q�0,
∣∣∣∣ (44)

g(ζ , q) � go(ζ) +∑∞

m�1gm(ζ)qm, gm(ζ) �
1
m!

zmg(ζ , q)
zζm

q�0,
∣∣∣∣ (45)

θ(ζ , q) � θo(ζ) +∑∞

m�1θm(ζ)qm, θm(ζ) �
1
m!

zmθ(ζ , q)
zζm

q�0,
∣∣∣∣

(46)

ϕ(ζ , q) � ϕo(ζ) +∑∞

m�1ϕm(ζ)qm, ϕm(ζ) �
1
m!

zmϕ(ζ , q)
zζm

q�0,
∣∣∣∣

(47)

χ(ζ , q) � χo(ζ) +∑∞

m�1χm(ζ)qm, χm(ζ) �
1
m!

zmχ(ζ , q)
zζm

q�0.
∣∣∣∣

(48)

The convergence of the series in Eqs 44–48 depends strongly
upon Zf , Zg , Zθ, Zϕ, Zχ . By considering that Zf , Zg , Zθ, Zϕ, Zχ are
selected properly so that the series in Eqs 44–48 converge at
q � 1, then these have the following forms

f (ζ) � fo(ζ) +∑∞

m�1fm(ζ), g(ζ) � go(ζ) + ∑∞

m�1gm(ζ), θ(ζ)
� θo(ζ) + ∑∞

m�1θm(ζ),
ϕ(ζ) � ϕo(ζ) +∑∞

m�1ϕm(ζ), χ(ζ) � χo(ζ) +∑∞

m�1χm(ζ). (49)

The result of the problems at order m deformations can be
constructed as follows

Lf [fm(ζ) − ηmfm−1(ζ)] � Zf R
m
f (ζ), (50)

Lg[gm(ζ) − ηmgm−1(ζ)] � ZgR
m
g (ζ), (51)

Lθ[θm(ζ) − ηmθm−1(ζ)] � ZθR
m
θ (ζ), (52)

Lϕ[ϕm(ζ) − ηmϕm−1(ζ)] � ZϕR
m
ϕ (ζ), (53)

Lχ[χm(ζ) − ηmχm−1(ζ)] � ZχR
m
χ (ζ), (54)

fm(0) � f ′(0) � f ′(1) � 0, gm(0) � gm(1) � 0, θm(0) � θm(1) � 0,
ϕm(0) � ϕm(1) � 0, χm(0) � χm(1) � 0,

(55)

where Rm
f (ζ),Rm

g (ζ),Rm
θ (ζ),Rm

ϕ (ζ), and Rm
χ (ζ) can be calculated

through Eqs 17–22 with the procedure as in Ref. 47 and ηm �{ 0, m≤ 1
1, m> 1}.
By solving the mth order deformation problems, the general

solutions are

fm(ζ) � f pm(ζ) + C1 + C2ζ + C3ζ
2 + C4ζ

3, (56)

gm(ζ) � gpm(ζ) + C5 + C6ζ , (57)

θm(ζ) � θpm(ζ) + C7 + C8ζ , (58)

ϕm(ζ) � ϕp
m(ζ) + C9 + C10ζ , (59)

χm(ζ) � χpm(ζ) + C11 + C12ζ . (60)

in which f pm(ζ), gpm(ζ), θpm(ζ), ϕpm(ζ), χpm(ζ) are the special
solutions.

RESULTS AND DISCUSSION

Velocity Profile
Figures 2A–D depict the effect of s1, s2,M, and λ on radial velocity
profile f ′(ζ). Figure 2A reveals that the f ′(ζ) increases at the lower
disk by increasing the values of stretching parameter s1 and decreases
near the upper disk. f ′(ζ) takes negative value near the lower disk due
to the high stretching and rotation at the upper disk. From Figure 2B,
it is evident that by increasing stretching parameter s2, f ′(ζ) enhances
near the surface of the upper disk because the stretching rate is greater
there. The result is resembled with Figures 4 and 6 of Hayat et al.
[44]. Figure 2C shows that f ′(ζ) decreases by increasing magnetic
field parameter M. In the hydromagnetic case, the fluid velocity is
much smaller than that in the case of hydrodynamic. This is because
of the strength of Lorentz force that grows stronger when M
increases. Thus, increasing M means increasing the resistive force
(Lorentz force) that causes friction between the fluid and the surface,
resulting in the reduction of radial velocity. Figure 2D shows that
f ′(ζ) enhances with the increase in λ values. Figures 3A,B show the
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effect of bioconvection Rayleigh number Rb and Weissenberg
number We on f ′(ζ). Figure 3A shows that f ′(ζ) decreases as
the convection power of the bioconvection worked against the
convection of the buoyancy force. Figure 3B shows that by
increasing the values of Weissenberg number We, the velocity of
Cross nanofluid is decreased, which indicates a thinning liquid shear.

Figure 3C discloses that the rotation paves a long way to
enhance the velocity component g(ς). The rotation parameter c
is defined as c � c1/c2 and has rotatory motion with the essential
reliable results. If c � 0, then there is no rotation at all and the
system remains at rest. c > 0 shows that the direction of motion at
both of the disks is same, and precisely, c � 1 is the same direction
and velocity of motion. It is easily understood that rotation
directions from both disks are crucial to the motion of the
disks. If the two disks rotate within the same direction, the
rotation of the fluid in the disks will be at angular velocity.
Particularly, the motion of the two disks will be different more
likely to be higher in the upper disk, the radial flow is inwardly close
to lower disk whereas outwardly close to the upper disk. When the
rotation of the lower disk is faster, the liquid flows inward to the
lower disk and outward to the upper disk. After all, the two disks
attracted to each other, showing that the pressure decreases
between the two disks. The plane between the two disks in
which the tangential velocity is zero in magnitude is in the

opposite direction to each of the disks. Thus, the radial velocity
of the fluid is near the plane. Both disks are currently repelling each
other, resulting in an increase in pressure. From Figure 3D, it is
observed that the azimuthal velocity g(ς) is an increasing function
of the Hall parameter m. The last termM/1 +m2(g +mf ′) in Eq.
18mathematically proves that the velocity g(ς) is increased as the
Hall parameter m increases, provided that the magnetic field is
strong, that is, the magnetic field parameterM is positive and high
enough. It is noted that when there is no magnetic field, that is, if
M � 0, then the term M/1 +m2(g +mf ′) vanishes consequently
and there is no Hall effect.

Pressure Profile
Figures 4A,B depicts the effect of Reynolds number Re and
Weissenberg number We on pressure profile P(ς). Figure 4A
reveals that P(ς) decreases by increasing the values of We. From
Figure 4B, similar trend is observed by increasing the values of
Re. Physically, when the pressure of the flow decays, the flow
velocity also decreases, indicating the thinning of the liquid shear.

Temperature Profile
The temperature decreases by increasing the values of thermal
conductivity parameter ε as seen in Figure 5A. Fluid thermal
conductivity is directly related to ε, and because of this, large

FIGURE 2 | f ′(ζ) as a function of (A) s1, (B) s2, (C), and M (D) λ.
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heating amount takes place, and then transferred to the fluid through
the disk surface due to the increase in temperature θ(ζ). Figure 5B
shows that when Eckert number Ec increases, the temperature θ(ζ)
is increased. Ec is the link between the enthalpy flow and the kinetic
energy. Work vs. viscous liquid stress is used to convert kinetic

energy (KE) into internal energy. The reason is that mechanical
energy is converted into thermal energy, so this effect increases the
temperature θ(ζ) due to heat dissipation. Figure 5C demonstrates
that Brownian motion parameter Nb has the effect of increasing the
temperature of the fluid. The fluid particles develop randommotion

FIGURE 3 | f ′(ζ) as a function of (A) Rb, (B) We, and g(ς) as a function of (C) c and (D) m.

FIGURE 4 | P(ς) as a function of (A) Re (B) We.
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as the value of Nb increases, leading to a higher temperature
distribution θ(ζ). There is a significant increase in temperature
with higher values of the thermophoresis parameter Nt as shown in
Figure 5D. Essentially, rising in the value of Nt means the
reinforcement of the thermophoresis forces that tend to transport
heat in nanoparticles.

Nanoparticles Concentration Profile
The increase in Arrhenius activation energy E causes the
nanoparticles concentration ϕ(ζ) to increase in the boundary
layer as shown by Figure 6A. Essentially, a larger estimate of the
Arrhenius activation energy parameter reduces the value of the
modified Arrhenius function that drives the associative chemical
reaction. Figure 6B shows that the nanoparticles concentration ϕ(ζ)
found to be a decreasing function of dimensionless chemical reaction
rate σ. As a result, the concentration of fluid decays to a higher
estimate of the chemical reaction rate parameter. Larger values of σ
are associated with a major devastating chemical reaction that
dissolves liquid species quite productively. Figure 6C shows that
the nanoparticle concentration ϕ(ζ) of fluid is observed to
decreasing by a higher estimate of temperature difference

parameter δ. The concentration of the nanoparticles decreases by
the Brownian motion parameter Nb as shown by Figure 6D. In
addition, it is observed that an increase in Nb corresponds to an
increase in the rate at which nanoparticles in the base liquid move at
different velocity in random directions.

Gyrotactic Microorganism Concentration
Profile
Heat treatment makes the system quite fragile and improves
production of bioconvection. Figure 7A shows that the
increment in the motile microorganism’s concentration
χ(ζ) occurs by increasing the values of Lewis number Le.
That is, the increments in the diffusion of microorganisms
can be measured, thus increasing the density and boundary
layer thickness of motile microorganism’s concentration.
Figure 7B presents that the increment in the density of
the motile microorganisms occurs quickly by increasing
the Peclet number Pe. This shows a strong relation
between the nanoparticles field ϕ(ζ) and the
microorganism’s field χ(ζ).

FIGURE 5 | θ(ζ) as a function of (A) ε, (B) Ec, (C) Nb, and (D) Nt.
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FIGURE 6 | ϕ(ζ) as a function of (A) E, (B) σ, (C) δ, and (D) Nb.

FIGURE 7 | χ(ζ) as a function of (A) Le and (B) Pe.
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FIGURE 8 | Streamlines for (A) m � 0.2, h � −0.1, for the upper disk (B) h � −0.4,for the lower disk.

TABLE 1 | Comparison of the present work with the existing literature.

Order of approximation − f0(0) [44] − f0(0) Present −g9(0) [44] −g9(0) Present

1 1.59936148 1.59936137 0.20487519 0.20487518
2 1.59936096 1.59936085 0.204875663 0.204875662
3 1.59936096 1.59936095 0.204875663 0.204875662
15 1.59936096 1.59936095 0.204875663 0.204875662
20 1.59936096 1.59936095 0.204875663 0.204875662
30 1.59936096 1.59936096 0.204875663 0.204875663
40 1.59936096 1.59936096 0.204875663 0.204875663
50 1.59936096 1.59936096 0.204875663 0.204875663
60 1.59936096 1.59936096 0.204875663 0.204875663

TABLE 2 | Effects of parametersWe, λ, c,m, ε, andM on skin friction coefficients
Cfx .

We λ c m ε M Cfr1 Cfr2

0.5 0.3 1 0.5 0.2 0.5 0.257801 1.73675
1.5 1.61892 2.39153
2.5 1.99648 3.884377

0.4 0.180041 1.73386
0.5 0.170060 1.73097
0.6 0.159468 1.72807

02 0.189508 1.73675
03 1.05600 1.77694
04 1.75464 2.69057

01 0.541390 1.83803
1.5 0.666204 1.87336
02 0.725466 1.88739

0.4 0.313551 1.82172
0.6 0.407352 1.90872
0.8 0.488642 1.99747

0.7 0.382122 1.76292
0.9 0.604379 1.78867
1.1 0.769133 1.81400

TABLE 3 | Effects of parameters Ec, Rd,Nt,Nb, ε, and Pr on local Nusselt number
Nux .

Ec Rd Nt Nb ε Pr Nur1 Nur2

0.1 0.3 0.2 0.5 0.3 01 0.653812 2.56824
0.3 0.382616 3.02511
0.5 0.111420 3.48197

0.6 0.714305 2.29424
0.9 0.774798 2.02023
1.2 0.815126 1.74622

0.4 0.598078 2.89907
0.6 0.539677 3.24722
0.8 0.478610 3.61271

0.7 0.606196 2.86532
0.9 0.557247 3.17105
1.1 0.506964 3.48546

0.5 0.746967 2.35133
0.7 0.900456 1.99476
0.9 1.11428 1.49852

1.3 0.559695 2.96100
1.6 0.461767 3.36982
1.9 0.360028 3.79469
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Streamlines
The trapping for different values of the Hall parameter m is
shown in Figures 8A and 8B. It is observed from these figures
that the size of the trapping bolus is higher at the lower disc than
in the upper disc for the flow channel.

Validation of the Present Work and Physical
Quantities
The comparison between the present work and the previous work is
shown in Table 1. The results show that there is a close agreement of
the present problem. The numerical values of the skin frictions on both
the disks are displayed in Table 2. The lower disk skin friction is
increasedwithWe, c,m, ε, andM, while the opposite trend is observed
for λ. However, the observations on the upper disk were found to be
the same with the lower disk. It is examined in Table 3 that the rate of
heat transport on the lower disk is decreased with Ec,Nt, andNb,
while the opposite effect is shownwith Rd, Pr, and ε. The observations
here are that the rate of heat transport on the upper disk is increased by
Ec,Nt, andNb, while the decreasing effect is shown by Rd, Pr, and ε.
The local Sherwood number for the upper disk is decreased with
higher values of σ,Nt, δ, and Sc and is increased with E andNb as
shown in Table 4. Local density number is enhanced for larger values
of Pe, Le, and Re at the lower disk, and opposite trend is observed at
the upper disk as shown in Table 5.

CONCLUSION

The current work has analyzed the influence of variable thermal
conductivity, the Hall current, and activation energy on the flow
of double stretchable rotating disks under the theory of radiative
Cross nanofluid in the presence of a uniform magnetic field. The
fluid functions have been analyzed using graphs and tables
explaining the details of the findings in the Discussion section.
In summary,

• The Cross-nanofluid velocity decreases at the boundary
layer with the magnetic field parameter M. Radial
velocity is proportional to s1, s2, λ, andWe and inversely
proportional to m and Rb.

• The azimuthal velocity g is accelerated by increasing the disk
rotation parameter and the Hall effect parameter.

• Pressure profile P(ς) decreases with Re and We.
• The temperature of the Cross nanofluid enhances with

increasing the ε, Ec, Nb, Nt parameters.
• The nanofluid concentrations decreases with higher values

of δ,  σ, Nb while increases with higher values of E.
• Motile gyrotactic microorganism’s density increases through

larger value of Le and it decreases with Pe andRe.
• The lower disk skin frictions is increased with We, c, m, ε,

and M, while the opposite trend is observed for λ; however,
at the upper disk, the case is opposite.

• The rate of heat transport on the lower disk decreases with
Ec,Nt, andNb, while the opposite effects are shown with
Rd, Pr, and ε; however, at the upper disk, the case is
opposite.

• The local density number is enhanced for the larger values
of Pe, Le, and Re at the lower disk, and opposite trend is
observed at the upper disk.

• There exists a nice agreement between the present and
published work in Table 1.
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GLOSSARY

u, v,w velocity components

ρnf density of fluid

vnf kinematic viscosity

μnf dynamic viscosity

n power law index

Bo uniform magnetic field strength

(ρcp)nf heat capacity of nanofluid

τ ratio of heat capacity

(ρcp)p effective heat capacity

knf thermal conductivity

σp Stefan–Boltzmann constant

DT thermophoresis effect

T temperature

C concentration

N motile gyrotactic microorganisms

ζ dimensionless variable

f , g dimensionless velocities

θ dimensionless temperature

ϕ dimensionless concentration

χ dimensionless motile microorganisms

P fluid pressure

We Weissenberg number

k2r reaction rate

E Arrhenius activation energydimensionless Arrhenius activation energy

β ratio of viscosities

Le Lewis number

Pe Peclet number

γ rotation parameter

s1 lower disk rotation rate

s2 upper disk rotation rate

kp mean absorption coefficient

Γ time material constant

DB Brownian motion

Pr Prandtl number

M magnetic parameter

Nr Buoyancy ratio parameter

λ mixed convection parameter

Rb Rayleigh number bioconvection

Nb Brownian motion parameter

Nt thermophoresis parameter

Ec Eckert number

Sc Schmidt number

σ dimensionless chemical reaction rate

E Arrhenius activation energydimensionless Arrhenius activation energy

δ temperature difference parameter

Nδ microorganisms concentration variance parameter

β1 dimensionless parameter 1

β2 dimensionless parameter 2

Rd thermal radiation parameter

ε thermal conductivity parameter

K(T) variable thermal conductivity

τw wall shear stress

qw wall heat flux

Cf x skin friction coefficient

Nux local Nusselt number

Shx Sherwood number

Snx local density number

Rex local Reynolds number
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