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Grating-based X-ray phase-contrast imaging and tomography, applicable with traditional
polychromatic X-ray tubes, have shown great potential for future applications of imaging
with multimodal information indicating materials and microstructures simultaneously. The
parameters and performance of the grating system could be simulated by a wave-optical
simulation framework and proved feasible for the design and optimization of both coherent
and incoherent gratings systems. However, the simulation involves real-space point-wise
calculation of the Fourier transformation, and the direct expression of the relationship of the
parameters was absent. In this work, we analyzed the Fourier domain characteristics of the
simulated system and the presented visibility of the system of different energies in an
analytical form. The derived direct expression which omitted the simulation process was
validated with results of both simulation and real experiments and may help future designs,
optimizations and studies of the energy-resolved characteristics of the system.

Keywords: grating-based X-ray imaging, wave-optical simulation, Fourier domain analysis, visibility, energy
spectrum

1 INTRODUCTION

For years, differential phase-contrast and dark-field contrast images of grating-based X-ray systems
have proven the capability to produce much better contrast-to-noise ratios (CNRs) and to reveal
more microstructure details [1–4], compared with the attenuation contrast which conventional
X-ray imaging solely relied on. From the first advances of grating systems based on high brilliance
synchrotron sources [5, 6] to later developments which make grating systems applicable with
conventional polychromatic laboratory X-ray tubes [7], grating-based X-ray phase-contrast imaging
is emerging as a promising candidate for future X-ray imaging applications.

The fundamental idea of grating interferometry is the imaging of the X-ray refraction angle by
measuring the subtle fading, distortion, and blurring of periodic stripes produced by sets of finely
adjusted gratings [8, 9], based on X-ray coherent or incoherent projection effects. However, the
performance and characteristics of the system, especially with wide X-ray spectrum, are complicated
and unpredictable, since parameters of the system as the grating design and the processing aspects,
the system geometry, the detector response, and so forth all affect the nature of the X-ray stripes of
different wavelength. A proven practicable approach of the system design and optimization is
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through an experimentally verified wave-optical simulation
framework [4, 10–13], which involves a point-wise Fourier
transformation of the wave and intensity distributions of the
whole propagation plane, often considered as a black box in the
studies of the relationship between the outcome and the system
parameters. Specifically, Weitkamp compared measured and
simulated efficiency of a grating interferometer at a given
energy and one particular grating system setup [14].
Engelhardt used simulations to explain the fractional Talbot
effect with polychromatic laboratory X-ray sources [10]. Zhang
proposed a numerical model and analytical formula based on the
simulation of incoherent systems and optimized the angular
sensitivity [13]. Luo optimized the grating duty cycle of the
non-interferometric systems through simulation works [15].
Most works of the study of system performance relied on the
simulated data of the black box and the experimental research.
Analytical formulae were derived for the optimization of Talbot-
Lau grating interferometry with monochromatic X-ray sources
[16]. But a comprehensive theoretical expression of the
relationship of system parameters and the system performance
for both coherent and incoherent systems with X-ray spectrum
and detector response was absent.

Our purpose in this work was to analytically describe and
validate the effects of X-ray spectrum, one of the essential
system design parameters, to the visibility of the stepping curve,
one of the vital performance parameters of the grating imaging
system. Under the viewing angle of wave optics, an analytical
model of the prediction of simulated grating-based system’s
performance was introduced and the expression of the intrinsic
relationship was derived for both the coherent Talbot-Lau systems
and the incoherent grating projection systems, about how the
visibility was affected by the energy spectrum. Verified with
simulation and experiment results, the analysis conveys a more
accurate and direct description of the theory between system

performances and X-ray energy, and predicts the effect of X-ray
spectrum and energy response, circumventing the simulation
calculations (together with implementation details). Instead of
approximation models based on the simulation data [13], the
analytic expression brought in a direct approach. The analytical
model may help support further study, design, and optimization of
grating-based X-ray imaging systems.

2 MATERIALS AND METHODS

2.1 X-Ray Phase-Contrast System and
Wave-Optical Simulation
Figure 1 shows a schematic of a grating-based X-ray imaging
system. Periodic stripes are generated by the phase/absorption
grating (G1), through the coherent Talbot effect or incoherent
grating projection, at the plane of the analyzer grating (G2), and
are then sampled and transformed into intensity variations on the
detector pixels using the phase stepping technique. One of the
gratings stepped over a grating period in the transverse beam
direction created the intensity oscillation curve or stepping curve
P(n) of each detector pixel, where n denotes the nth grating position.

P(n) � a0 + a1cos(nN 2π + ϕ′) (1)

Three images—attenuation, differential phase contrast, and
dark-field images—could be obtained from the sinusoidal curve
with and without the imaging sample. The visibility of the stepping
curve (defined as V � a1/a0, where a0 and a1 denote the 0, 1 order
of Fourier components of the phase stepping curve), which
indicates the difference between the amplitude of X-ray wave of
the stripes and the gaps, determines the system sensitivity, an
essential performance parameter of the system [13].

Wave-optical simulations of the Talbot-Lau interferometer
have been developed by several groups [4, 10–12], and the
application has been expanded to non-interferometric systems
[13]. The basic theory and approximations for all
implementations are similar, based on the propagation of the
wave front in free space using the Fresnel diffraction theory.
Grating is modeled as square waves of complex transmission
function. The impact of the spatial coherence is determined
through the convolution of the ideal intensity distribution
transmitted to the plane of the G2 grating from an ideal plane
or spherical wave with the projected source intensity distribution.
The temporal coherence is introduced by calculating the intensity
distribution of monochromatic sources and then summing up
with weights involving the x-ray spectrum (simulated or
measured) and detector response. The simulation framework
was validated in earlier works.

2.2 Visibility of Monochromatic
Grating-Based X-Ray Imaging System
The wave-optical model of simulation originated from an ideal
plane wave transforming through the G1 grating with their
square wave–like complex transmission function,

FIGURE 1 | Schematic of grating-based X-ray imaging system.
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U1,+(x) � S0
⎧⎨⎩T1,G + T1,nG

2
+ 2
π
(T1,nG

− T1,G)∑
0

∞ 1
2k + 1

(−1)kcos(2π
p1

(2k + 1)x)⎫⎬⎭, (2)

where U1,+ denotes the wave distribution after G1 grating, S0
denotes intensity of the ideal wave source (simply take as S0 � 1),
p1 is the period length of grating G1, and T1,nG,T1,G are the
complex transmission functions of G1 manufactured by the
common process (G stands for grating and nG stands for no
grating),

T1,nG � exp(− 2π
λ

[i(δ1,SΔ1,S) + (β1,SΔ1,S)]),
T1,G � exp(− 2π

λ
[i(δ1,SΔ1,S + δ1,GΔ1,G) + (β1,SΔ1,S + β1,GΔ1,G)]),

(3)

with λ as X-ray’s wavelength, δ, β complying n � 1 − δ + iβ as
materials’ complex refractive index, and Δ as the thickness of the
material. δ1,S referred to δ of the substrate material of grating G1
(S stands for substrate) and δ1,G referred to β of the grating
material of G1 (G stands for grating), and so forth for β and Δ.
The complex refractive index data of the work are based on the
XOP software [17].

The Fourier transform of wave distribution is as follows:

Ũ1,+(ξ) � T1,G + T1,nG

2
δD(ξ) + 2

π
(T1,nG

− T1,G)∑
−∞

∞ 1
2k + 1

(−1)kδD(ξ − 2k + 1
p1

). (4)

Here, δD(ξ) is the Dirac delta function. According to the
propagation theory, the propagated wave distribution of a
spherical wave (with the paraboloidal wave approximation)
with the propagation length d and magnification ratio M
(M � l+d

l ) can be expressed in a 2-step procedure propagation,
a) the propagation of length d

M and b) a spatial rescaling of
ratio M.

The wave distribution U2,−(x) before grating G2 is as follows:

U2,−(x) �
exp iπ

x2

λ(l + d)
iλd

· F −1(Ũ2,−′ (ξ)),
Ũ2,−′ (ξ) � ⎡⎣T1,G + T1,nG

2
δD(ξ) + 2

π
(T1,nG − T1,G)∑

−∞

∞ 1
2k + 1

(−1)kδD(ξ − 2k + 1
Mp1

)⎤⎦
· exp(−iπλdMξ2).

(5)

The intensity distribution I � ∣∣∣∣U ∣∣∣∣2 is equivalent to the
convolution of wave distribution in the Fourier domain.
Owing to the frequency sparsity of the wave distribution, the
components of Fourier transform of I could be derived, as follows:

Ĩ2,−(ξ � 0) �
∣∣∣∣T1,0

∣∣∣∣2 + ∣∣∣∣T1,1

∣∣∣∣2
2

� 1
2
· B2

1,S · (1 + B2
1,G), (6)

Ĩ2,−(ξ � 2k + 1
Mp1

) � 2
π
· (−1)

k

2k + 1
· B2

1,S ·
����������������������
1 + B4

1,G − 2B2
1,G · cos(2Γ1,G)√

,

· cos(θ + πλd

Mp21
(2k + 1)2)

θ � arctan(2sin(Γ1,G)
1 − B2

1,G

)
(7)

Ĩ2,−(ξ � 2k
Mp1

) � 8

π2

∣∣∣∣T1,0 − T1,1

∣∣∣∣2
· ∑
k1�−∞

∞ 1

(2k1 + 1)(2k1 − 2k + 1)( − 1)kcos(4πλd
Mp21

k(2k1 − k + 1))
� 2 · (−1)k

kπ
· B2

1,S · [1 + B2
1,G − 2B1,G · cos(Γ1,G)] · sin(4πλd

Mp21
k2).

(8)

Here, B, Γ are defined as follows:

B1,S � exp(− 2π
λ
β1,SΔ1,S),

B1,G � exp(− 2π
λ
β1,GΔ1,G),

Γ1,G � 2π
λ
δ1,GΔ1,G,

(9)

to simplify the expression.
The Talbot-Lau and the projection systems use different kinds

of G1 grating, and how the stripes are created at the plane of G2 is
different. The difference between the expression of (2k)-th and
(2k + 1)-th order of the Fourier components determines the
different performance of the two systems. The stripes created
by the phase gratings are the result of the interference of the
Talbot effect at (2k)-th order (π phase grating) or at the
(2k + 1)-th order (π/2 phase grating). The stripes created by
absorption gratings of “incoherent” systems, on the other
hand, are simply the projection of the grating as the
(2k + 1)-th order (in most cases, k � 0). The visibility would
still be affected by its complex refractive index under the
wave-optical analysis.

The impact of the spatial distribution of X-ray source through
grating G0 (with Duty Cycle τ0) was brought in by the
convolution of the intensity distribution above with the
projected source intensity distribution (a space rescaling with
the ratio of d

l , period length p0, p2 of grating G0 and G2
follows p0

p2
� l

d).

Ĩ2,−′ (ξ � 0) � Ĩ2,−(ξ � 0) · (τ0∣∣∣∣T0,nG

∣∣∣∣2 + (1 − τ0)
∣∣∣∣T0,G

∣∣∣∣2)
� Ĩ2,−(ξ � 0) · exp( − 4π

λ
β0,SΔ0,S) · [τ0 + (1 − τ0)exp( − 4π

λ
β0,GΔ0,G)],

(10)

Ĩ2,−′ (ξ � 2k + 1
p2

) � Ĩ2,−(ξ � 2k + 1
p2

) · 1

(2k + 1)2π · sin(τ0π) · (∣∣∣∣T0,nG

∣∣∣∣2 − ∣∣∣∣T0,G

∣∣∣∣2)
� Ĩ2,−(ξ � 2k + 1

p2
) · 1

(2k + 1)2 · π · sin(τ0π) · exp(− 4π
λ
β0,SΔ0,S) · [1 − exp( − 4π

λ
β0,GΔ0,G)]. (11)
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The stepping procedures of grating G2 were simulated laterally
movingwithin a period length andwere treated as a transmissionmask
modulating the intensity, whose impact can be expressed as follows:∫[exp(−2πix′ξ) · ∫(I(x).G(x + x′))dx]dx′ � Ĩ(ξ) · G̃(ξ). (12)

Here, G denotes the transmission distribution of G2.
So, the impact of G2 is mostly the same as G0, which is as

follows:

P̃(ξ � 0) � Ĩ2,−′ (ξ � 0) · 1
2
(∣∣∣∣T2,G

∣∣∣∣2 + ∣∣∣∣T2,nG

∣∣∣∣2)
� Ĩ2,−′ (ξ � 0) · 1

2
exp( − 4π

λ
β2,SΔ2,S) · [1 + exp( − 4π

λ
β2,GΔ2,G)],

(13)

P̃(ξ � 2k + 1
p2

) � Ĩ2,−′ (ξ � 2k + 1
p2

) · 1

(2k + 1)2π · (∣∣∣∣T2,nG

∣∣∣∣2 − ∣∣∣∣T2,G

∣∣∣∣2)
� Ĩ2,−′ (ξ � 2k + 1

p2
) · 1

(2k + 1)2 · π · exp( − 4π
λ
β2,SΔ2,S) · [1 − exp( − 4π

λ
β2,GΔ2,G)].

(14)

2.3 The Expression of Visibility of Typical
Grating-Based X-Ray Imaging System
As a result of the section above, here we proposed the direct
expression of the visibility of typical grating-based X-ray imaging
systems, which is as follows:

Vπ � 4

π3 ·
sin(τ0π)
1 − τ0

· ⎡⎢⎣ 1

τ0 + (1 − τ0)exp( − 4
π

λ
β0,GΔ0,G) − 1⎤⎥⎦ · ⎡⎢⎣ 2

1 + exp( − 4
π

λ
β2,GΔ2,G) − 1⎤⎥⎦

· ⎡⎢⎣1 − 2
exp(− 2

π

λ
β1,GΔ1,G)

1 + exp( − 4
π

λ
β1,GΔ1,G) cos(2πλ δ1,GΔ1,G)⎤⎥⎦ · ∣∣∣∣∣∣∣∣∣∣sin(η2πλdMp21

)∣∣∣∣∣∣∣∣∣∣, η � 2,

(15)

Vπ/2,proj � 8

π3 ·
sin(τ0π)
1 − τ0

· ⎡⎢⎣ 1

τ0 + (1 − τ0)exp( − 4
π

λ
β0,GΔ0,G) − 1⎤⎥⎦

· ⎡⎢⎣ 2

1 + exp( − 4
π

λ
β2,GΔ2,G) − 1⎤⎥⎦ ·

������������������������������������
1 − ⎡⎢⎣2exp( − 2

π

λ
β1,GΔ1,G)cos(2π

λ
δ1,GΔ1,G)

1 + exp( − 4
π

λ
β1,GΔ1,G) ⎤⎥⎦2√√√

·
∣∣∣∣∣∣∣∣∣∣cos(θ + η2πλd

Mp21
)∣∣∣∣∣∣∣∣∣∣

θ � arctan⎡⎢⎣ 2sin(δ1,GΔ1,G)
1 − exp( − 4

π

λ
β1,GΔ1,G)⎤⎥⎦, η � 1. (16)

Here,Vπ denotes the visibility of a typical Talbot-Lau systemwith a
π phase grating and Vπ/2,proj denotes the visibility of a typical
Talbot-Lau system with a π/2 phase grating or a typical grating
system based on projection. The design energy of Talbot-Lau
systems was determined by the cos(2πλ δ1,GΔ1,G) part, while the

system length was based on the (η2 πλdMp21
) part. The visibility of the

projection systems at one single energy, under the analysis of wave-
optics, on the other hand, would also turn up as a cosine curve
when the total length of the system change and be affected by the
real part of the complex refractive index of the grating material.

2.4 Visibility of Grating-Based X-Ray
Imaging System With Polychromatic
Spectrum and Realistic Detector
Responses
The monochromatic stepping curve,

P(n, E) � a0 + a1cos[nN 2π + ϕ(E) + ϕ′]
� A(E) + A(E)V(E)cos[n

N
2π + ϕ(E) + ϕ′]

A(E) � a0,V(E) � a1
a0
.

(17)

Here, P denotes projection at n-th step and X-ray energy E, ϕ′
denotes the system phase shift, A, ϕ,V as absorption, phase shift,
and visibility information. A,V were based on the analysis of
section above. The polychromatic projection with the temporal
coherence of the system can be expressed as the integral of
monochromatic projections, which is given as follows:

P(n) � ∫ P(n,E)α(E)dE ≈ ∫A(E)α(E)dE + [∫A(E)V(E)α(E)dE]
· cos[n

N
2π + ϕ(E) + ϕ′],� aInt0 + aInt1 cos(n

N
2π + ϕ(E) + ϕ′),

AInt
α � aInt0 � ∫A(E)α(E)dE,VInt

α � aInt1

aInt0

� ∫A(E)V(E)α(E)dE∫A(E)α(E)dE .

(18)

Under the assumption that the phase signal of the system
(with no object) ϕ(E) ∼ 0, the projection curve P(n) still followed
the sinusoidal nature, and the coefficients of the curve aInt0 , aInt1
were the integral of monochromatic characteristics. α(E)is the
weight factor which is the product of energy spectrum and
detector energy response.

2.5 Visibility of Quasi-Monochromatic
Grating-Based X-Ray Imaging Systems
With Photon-Counting Detectors
With the application of photon-counting detectors (PCDs),
which captured only the incoming photons over the threshold
set, the energy threshold scan enabled the quasi-monochromatic
imaging. The difference of the image of neighboring energy
threshold could be considered as the image of a narrow
energy window between the two thresholds, and different
images of different energy windows would be an insight into
the energy-resolved characteristics of the system or the material
information of the imaging object [18]. One prerequisite for this
operation of subtracting one image from the image of the
neighboring energy threshold is that the parameters of both
the images remain the same. For the case of grating-based
phase-contrast imaging, because of the continuing drift of the
system, there was an unignorable discrepancy of the true
sampling position of the stepping curve or the “jitter” between
images of the neighboring energy threshold. The images of
neighboring threshold, which should have been captured at
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the same position of the stepping curve, will not match because of
the jitter-induced system shift ϕ′. This discrepancy made the
problem of direct image processing and information retrieval of
the image of the narrow energy window complicated. However,
with the integral nature of A,V mentioned above, the narrow
energy window characteristics can be expressed as follows:

Anw � ∫A(E)[α1(E) − α2(E)]dE

� ∫A(E)α1(E)dE − ∫A(E)α2(E)dE � AInt
α1 − AInt

α2 , (19)

Vnw � ∫A(E)V(E)[α1(E) − α2(E)]dE∫A(E)[α1(E) − α2(E)]dE
� ∫A(E)V(E)α1(E)dE − ∫A(E)V(E)α2(E)dE∫A(E)α1(E)dE − ∫A(E)α2(E)dE

.

� AInt
α1V

Int
α1 − AInt

α2 V
Int
α2

AInt
α1 − AInt

α2

(20)

We could first retrieve the information aInt1 , aInt2 of the stepping
curve under single threshold and then calculate the visibility of
the quasi-monochromatic narrow window.

3 RESULTS AND DISCUSSION

In this section, the analysis was verified with the simulation of
different grating-based X-ray systems and real experiments with
photon-counting detectors.

3.1 Comparison of the Analytical Expression
and the Results of the Simulation
Framework
Figure 2 shows the comparison between the visibility of stepping
curve of the simulation framework and the prediction based on the
analysis proposed. The system parameters are listed in Table 1.
Figure 2A is based on System 1 and Figures 2B,C are based on
System 2. Both of the two systemswere designed at an energy around
20 − 35keV . The X-ray spectrum of Figure 2C is based on a
simulated 35-kV tungsten X-ray tube (similar to the structure of
Comet MXR160HP/11) with SpekCalc software. The detector
energy response model is based on a theoretic model of a cesium
iodide (CsI) flat-panel detector (which only considers the
photoelectric absorption coefficient of 600 um CsI crystal). Only
aminimumdiscrepancy could be observed between the blue curve of
simulation results and the green curve based on the derived
expression, proving the consistency of our analysis and the
feasibility of the replacement of the wave-optical simulation for
system design and optimization. Simulation and analysis of energy
under 10keV was not realistic in real experiments but was a good
proof of the similarity between the simulation and the analysis.

FIGURE 2 | Comparison of the simulation results and the analysis
proposed. (A), Visibility of System 1 (Talbot-Lau) at different monochromatic
source energy. (B), Visibility of System 2 (Projection) at different
monochromatic source energy. (C), Visibility of System 2 with 35-kV
tungsten X-ray tube and different system total length.

TABLE 1 | System parameters of the simulation and real experiments.

System no 1 2

G0 Material Gold Gold
Period (um) 4.8 42
Thickness (um) 47 40

G1 Material Silicon Gold
Period (um) 4.8 6
Thickness (um) 38.4 40

G2 Material Gold Gold
Period (um) 4.8 7
Thickness (um) 40 40

G0–G1 Distance (m) 0.7 1.14

G1–G2 Distance (m) 0.7 0.19
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3.2 Comparison of the Analytical Model and
Real Experiments With PCD
Figure 3 shows the comparison between the results of real
experiments and the prediction based on the analysis model.

The physics experiment was done at the grating
interferometry, parameters as System 1 in Table 1. The setup
contains a Comet MXR160HP/11 X-ray tube of tungsten anode
with a 1.0mm focal spot as the X-ray generator (operated at 55-kV
and a current of 24 mA), an XCounter photon-counting detector
XC-HYDRA FX50 operating at dual energy mode, and a piezo-
based nanopositioning stage used for the phase stepping process.
The tube voltage as 55-kV, higher than the design energy of the
grating system, was to ensure enough photon for the spectrum
between 30 − 35keV for the information retrieval. A series of 12
phase steps were acquired by translating the grating G2 over one
period, with the acquisition time of each image setting to 60 s.

The energy narrow window scan of 18 energy windows of 19
thresholds was done through changing the coarse parameter of
FX50’s higher threshold (add 1 at a time from 3 to 21, ∼ 2.65keV
between neighboring threshold, while the lower threshold kept
constant as ∼ 10keV).

Phase stepping procedures were operated, and images were
collected in succession at each threshold. Visibility of 18 narrow
windows was retrieved through the method we proposed. The
center of energy window approximately started from 13.8keV .

The energy response of the XCounter detector was modeled
and calibrated based on previous works [19], taking into account
the effects including the Gaussian-like energy broadening of
cadmium telluride (CdTe), the K-edge signal of Cd and Te,
the anti-charge-sharing effects, and other effects of the
detector. Since noise of the projection signal of one single
pixel was unignorable and the calibrated parameters varied
among pixels spatially discontinuously, projection signal of the
pixels grouped by similar pixel-wise energy response calibration
parameters and similar shape of absorption data curve of
thresholds, which ensured similar detector characteristics and
system’s projection nature of the detectors, were accumulated

together to compensate for the noise amplification effects of the
retrieval method. The X-ray spectrum is based on a simulated 55-
kV tungsten X-ray source (similar to the structure of Comet
MXR160HP/11) with SpekCalc software.

When the real data of the experiment and the results of our analysis
model are compared, there is a 16–17% difference. This is mostly
because of the imperfectness of the manufacturing of the gratings.
Different ways in the literature were carried out to solve such
difference between real data and simulation results. One approach
was to introduce a correction factor when comparing the visibility data
[20]. Another one was to make calibration of the thickness of the
gratings [9], affecting the visibility differently at a different energy. To
directly simulate the imperfectness of the gratings [13] was actually a
combination of both approaches mentioned above, since the
randomly changed thickness worked similarly as the calibration of
the thickness, and the effect of the random bias of grating stripe’s
period and duty cycle worked similarly as the correction factor. As for
the experiment data of our work, we used a correction factor as 0.855,
as far as the shape of the visibility was close to the result of the analysis
based on the real thickness. The concordance of the curves in Figure 3
proved the actual correctness of the analysis model.

4 CONCLUSION

We have introduced a model based on the Fourier domain analysis
upon the wave-optical simulation framework of grating-based
polychromatic X-ray imaging systems. The derived expression
was proved equivalent to the simulation and sufficient of
prediction of the performance and the characteristics of the
grating system of a different spectrum. The model and the
expression proposed conveyed a clear and direct relationship
between the system parameters and the system performances as
visibility, instead of the approximation model based on the
simulation results. Though limited to the theory of wave optics,
real experiments showed consistency with the results of analysis
and confirmed the application potential in further study, design,
and optimization of grating-based X-ray imaging systems.

FIGURE 3 | Comparison of the analysis and real experiments.
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