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The presented communication provides the analysis of entropy generation and heat
transport rate in peristalsis of hybrid nanofluid induced bymetachronal ciliary beating under
magnetic environment for sufficiently large magnetic Reynolds number. Nanoparticles of
Cu and Al2O3 are suspended in water. Features of their structures are determined by using
long-wavelength approximation with zero Reynolds number. Adams Bashforth method
has been applied to compute the results of the flow variables as well as entropy generation
number from the formulated differential system which are then interpreted graphically to
establish physical significance for different values of physical interest. This investigation
reveals that thermal performance of fluid can be boosted by utilizing hybrid nanomaterial
about the strength of a wall for stability. Irreversibility analysis ensures that entropy reduced
for strongmagnetic field while thermal heat generation results in an increase in temperature
causing an enhancement in entropy of the system. Error analysis has been performed with
reasonably accurate tolerance level. The comparative outcomes of both numerical
approaches are presented with plentiful graphical as well as numerical demonstrations
which demonstrate the importance in terms of robustness, accuracy and stability.

Keywords: hybrid nanofluid, induced magnetic field, entropy generation, peristaltic motion, axisymmetric tube,
metachronal waves, numerical treatment

INTRODUCTION

Peristalsis is a spontaneous process of a progressive symmetrical wave’s extension and contraction
along elastic walls of a fluid-filled tube. Physiologically, a tubular smooth muscle structure has an
intrinsic neuromuscular characteristic which interprets the peristaltic phenomenon. Novel
application of peristalsis is to stabilize the blood flow which reduces the risk of stroke and heart
attack. It has become a field of curiosity for researchers and engineers due to its pertinent applications
in human physiological systems such as in the food bolus transport from digestive tract, in cilia
movement and blood transport in small blood vessels, and in fluids motion through lymphatic
vessels, peristaltic pumping in biomedical appliances, like blood pump machine, finger pumps,
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heart-lung machine as well as for the noxious fluid flow in
nuclear industries. Initially, the topic has been studied by
Engelman [1] in the human physiological system. Later on,
Zhang et al [2] examined fluid motion in peristaltic pump.
Peristaltic flow of viscous fluid with variable viscosity bounded
by convective walls has been inspected by Awais et al. [3]. It was
observed that heat and mass Biot numbers increases heat
transfer rate and concentration of fluid. Influences of
chemical reaction and Lorentz force on peristaltic flow of
Jeffrey fluid through a permeable channel by considering
wall suction/injection are studied by Abbas et al. [4].
Streamline analysis was performed in the existence of
convective mass and heat transfer conditions. Awais et al.
[5] theoretically inspected the peristaltic rheology of copper-
water nanofluid for slip and Hall effects with non-uniform
viscosity through generalized compliant walls. It was concluded
that first and second order velocity slip parameters have an
effect of increasing velocity of fluid while heat transfer rate is
maximum near channel walls. Over and above that, peristaltic
flow induced by ciliary action appears significantly in various
physiological transportation processes. Cilia are microscopic,
contractile structures that transpire throughout the surface of a
cell and biological vessels. They tend to beat in a coordinated
rhythm called metachronic rhythm and resulting waves are
metachronal waves. Important functions subjected with cilia
comprise heat control, surface energy amendment and
actuation. In the human body, cilia exist in the renal system,
in photoreceptors of the retina, digestive tract and
embryological organs. Abrar et al. [6] investigated ciliary
induced nanofluid dynamics under magnetic effects for
second law analysis. It was found that angle of inclination
and Hartmann number both have an increasing impact on
pressure gradient. Moreover, flow variables and entropy
generation were observed to be symmetric about the radial
axis. Awais et al. [7] inspected magnetic induction effects on
peristaltic flow coatings with power-law hybrid nanofluid
induced by ciliary activity. It was noticed that nanoparticles’
coating perks up characteristics of pumping and heat transfer
which made them useful in endoscopy and cancer treatment.
Mathematical models of cilia-induced biofluid dynamics are
consequently of enormous significance in further illuminating
the multifaceted characteristics built-in many biological
structures and have been investigated [8–10].

Heat transfer in peristalsis of physiological fluids is of great
significance as examined in hemodialysis, blood oxygenation,
convection of heat from pores of tissues during blood flow,
tissue conduction, and heat transfer through dilation of blood
vessels. In the ancient times, heat transfer characteristics have
been revealed through classical Fourier’s law of conduction
which imitates the parabolic nature of energy equation.
Physically, it indicates that any disturbance is transferred
promptly through considered substance. Researchers
attempted different heat flux models along with number of
physical factors regarding applications of heat transfer
processes. Muhammad et al. [11] examined
ferrohydrodynamic boundary layer flow by employing hybrid
isothermal model for the homogeneous-heterogeneous

reactions. Fourier’s law of heat flux was considered for
analysis of magnetic dipole and Newtonian heating.
Dynamics of micropolar fluid and heat transfer rate for the
influence of variable transport properties and heat generation
are discussed by Khan et al. [12]. Fourier’s heat flux model is
implemented in the analysis of heat transfer. Variation in
transport characteristics leads to an increment in thermal
exchange rate and reduction in skin friction. Several attempts
are provided in literature [13–18]. Recently, there has been an
explosion of emerging conductive and highly thermal resistive
nano-particles, initially introduced by Choi [19], to enhance
thermal characteristics of such fluids. Nanofluids, a colloidal
suspension prepared by mixing nanometer-sized particles with
base fluid (e.g., water and oil, etc), are stable, introduces very
little pressure drop, and can pass through nanochannels.
Muhammad and Nadeem [20] investigated convective heat
transfer performance in the dynamics of ferromagnetic
nanofluid for ferrite nanoparticles Ni-ZnFe2O4, Mn-ZnFe2O4

and Fe2O4. It was noticed that the characteristics of magneto-
thermo mechanical interaction slows down the fluid particles
motion, thereby lessen the heat transfer rate at the surface.
Further, solid volume fraction has escalating effect on thermal
exchange rate. Awais et al. [21] demonstrated nanoparticles and
nonlinear thermal radiation characteristics in the dynamics of
polymeric fluid dispersed by nanoparticles considering
Oldroyd-B model. They concluded that Nusselt number and
Sherwood number show conflicting behavior toward Deborah
numbers while increase against Pr. Muhammad et al. [22]
analyzed ferrite nanoparticles in the course of six different
ferromagnetic nanofluids dispersed in the mixture of water
and ethylene glycol. In its perspective, it was evident that
Newtonian heating has an enhancing effect on heat transfer
rate. Ahmed et al. [23] deliberated double stratification effect on
radiative SWCNT and MWCNT nanofluid transport of
Falkner-Skan problem. Muhammad et al. [24] analyzed
mixed convection effects in Ag/ethylene glycol nanofluid flow
through a cavity with thin central heater by implementing finite
volume method. Investigators have performed remarkable
theoretical as well as experimental attempts and some are
cited as [25–32]. Despite the significant consequences of
researchers’ attempts, genuine applications demanded
transaction in different properties of nanofluids and
consequently hybrid nanofluids were synthesized by
dispersing nanoparticles of dissimilar materials in base fluid.
For instance, an investigation of MHD peristaltic flow of Jeffrey
material dispersed by (TiO2–Cu/H2O) hybrid nanofluid with
slip conditions was done by Ali et al. [33]. Mumraiz et al. [34]
demonstrated entropy rate in the flow of electrical MHD
(Al2O3–Cu/H2O) hybrid nanofluid by considering variable
heat flux. Lund et al. [35] established multiple solutions for
MHD (Cu–Fe3O4/H2O) hybrid nanofluid dynamics occurred
due to nonlinear stretching/shrinking surface. By implementing
stability analysis, it was concluded that first solution is stable.
Parveen et al. [36] predicted heat transfer rate and pressure rise
for Au-Al2O3/Blood Ree-Eyring hybrid nanofluid under
induced magnetic field effects through endoscope. It was
revealed that computational results for pressure rise against
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M and α correspond to strengthen pumping whereas more
pumping required for rising χ. Moreover, heat transfer
coefficient was seen to enhance toward Br and χ. Neural
network algorithm was implemented for validation of
experimental data and very accurate results were found.
Research community has exploited hybrid nanomaterials in
diverse applications with an aim to use a small-volume
fraction of nanoparticles at lower production cost and some
efforts are listed as [37–40]. Moreover, metallic nanoparticles
possess unique optoelectrical properties and high thermal
conductivities while metal oxides such as Al2O3 show
excellent chemical inertness as well as stability [41]. Hence
these are useful in physiological applications of nanofluids
including drug delivery, chemical and biological sensing, data
storage magnetic resonance imaging and biomedicine. In the
drug delivery, these particles act like heat source where drug is
injected near tumor and absorbed by tumor through high
gradient magnetic field. At low scale of particles’ size, the
magnetic properties of nanoparticles perk up efficiently
which make these particles priceless. In this regard,
composition of Cu, having thermal conductivity 700 times
higher than water, and Al2O3 is preferred in present
theoretical assessment to put on the maximum composite
thermal conductivity, stability and chemical inertness.
Moreover, mass-based single-phase hybrid nanofluid model is
adopted which possesses both Cu and Al2O3 nanoparticles
along with base fluid act as a single substance to obtain
required thermal features. While two phase model consists of
such substances which possess dissimilar chemical properties
like a mixture of air and water [42].

Furthermore, Saqib et al. [43] presented an overview of
different models of thermophysical properties of nanofluids
and hybrid nanofluids regarding theoretical and experimental
studies including Aminossadati and Ghasemi model for density,
Bourantas and Loukopoulos model for heat capacitance and
thermal expansion coefficient, Brinkmann model for dynamic
viscosity and Hamilton-Crosser model for thermal conductivity
of nanofluids and hybrid nanofluids. Therefore, the model
adopted in present theoretical work is an appropriate one.

In thermo dynamical investigations of flow and heat transfer
processes in the intricate physiological structures, one issue of
essential interest is to reduce heat losses in the system, a
quantitative evaluation of which is called entropy generation.
Entropy generation analysis in MHD peristaltic flow of
copper–water nanofluid along with slip conditions for velocity
and temperature was explored by Ali et al. [44]. Khan et al. [45]
analyzed entropy minimization, activation energy and heat
transfer in squeezing second grade nanofluid between infinite
plates. It was revealed that entropy generation number increases
for squeezing fluid parameter. Entropy optimized Darcy-
Forchheimer nanofluid consisting Silicon dioxide and
Molybdenum disulfide associated with variable viscosity was
investigated by Abbas et al. [46]. It was significant that
entropy generation rate is higher in SiO2/H2O. Entropy
generation in fully developed Darcy-Forchheimer flow over a
curved surface with mixed convection and activation energy was
studied by Muhammad et al. [47]. Muhammad and Khan [48]

studied influence of second order slip on MHD radiated
nanofluid flow by a curved surface with entropy generation.
They found that both Bejan number and entropy generation
rose against heterogeneous reaction parameter. Nayak et al. [49]
probed entropy optimization in MHD non-Newtonian nanofluid
in order to characterize a high-quality solar energy absorber as
well as intensification of heat transfer. Abbas et al. [50]
scrutinized entropy generation rate in fully developed MHD
nanofluid flow with second order velocity slip and activation
energy. They depicted that entropy rate raised vs. second order
velocity slip parameter.

Primary motivation behind this effort is to extend ciliary
induced peristaltic transport with magnetic induction
phenomenon into new directions by carrying entropy
optimization and heat transfer analysis in addition of hybrid
nanofluid. Salient features of the under study problem are briefly
narrated as follows:

• A novel investigation has been presented for the peristaltic
analysis of hybrid nanoparticles, a combination of Cu and
Al2O3, caused by 2 waves of cilia through an axisymmetric
tube under induced magnetic field effects.

• Entropy generation and heat transport analysis are
presented to study the internal heat generation and
viscous dissipation effects.

• Numerical analysis has been employed to compute the
formulated differential order system along with error
analysis to establish the validity of the derived solutions.

• Graphical and numerical illustrations for flow profiles and
entropy generation toward different emerging parameters

FIGURE 1 | Geometrical interpretation of the physical problem.
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are used to interpret the behavior of flow variables and
analyze their physical significance.

PROBLEM FORMULATION

Consider the peristaltic flow of (Cu-Al2O3/H2O) hybrid
nanofluid in an axisymmetric tube having radius a caused by
metachronal waves having speed c with ciliary length b, and
wavelength λ as shown in Figure 1. Taking envelope approach
into account where the ciliary tips adopt elliptical paths of
motion, we have [7, 51]:

R � f (Z, t) � {a + ab cos[2π
λ
(Z − ct)]}, (1)

Considering motion of cilia in elliptical path, horizontal
position of cilia tips are written as:

Z � g(Z,Z0, t) � {Z0 + aαbSin[2π
λ
(Z − ct)]}, (2)

α is measure of eccentricity and Z0 is reference position at
cylindrical wall. Since, fluid velocities near wall are analogous
to those of the cilia tips for no-slip wall conditions, the horizontal
and vertical velocities are:

W � zZ
zt

∣∣∣∣∣∣∣Z0 � zg
zt

+ zg
zZ

zZ
zt
,

U � zR
zt

∣∣∣∣∣∣∣Z0 � zf
zt

+ zf
zZ

zZ
zt
.

(3)

In view of Eqs 1, Eq. 3 becomes:

W �
−2π
λ bαacCos[2πλ (Z − ct)]

1 − 2π
λ bαacCos[2πλ (Z − ct)],

U �
2π
λ bαacSin[2πλ (Z − ct)]

1 − 2π
λ bαacCos[2πλ (Z − ct)]. (4)

Let (R, Z, U, W) and (r, z, u, w) respectively represent the
coordinates and velocities in the fixed and wave frame. The
following transformations switched from fixed frame to wave
frame for steady flow are as:

r � R, z � Z − ct, u � U ,w � W − c. (5)

Moreover, a uniform magnetic field of strength H0 is applied in a
radial direction which produces an induced magnetic field
H′[H1(r, z), 0,H3(r, z)]. Hence, the total magnetic field vector
is H[H0 +H1(r, z), 0,H3(r, z)].

The mass conservation equation is:

zu
zr

+ u
r
+ zw
zz

� 0. (6)

Radial and azimuthal components of momentum
conservation equation for hybrid nanofluid flow in an
axisymmetric tube along with the effects of buoyancy force
and magnetic induction are:

u
zu
zr

+(w+ c)zu
zz

� −1
ρhnf

zp
zr

+μhnf
ρhnf
(2z2u

zr2
+2
r
zu
zr

−2u
r2

+ z2w
zrzz

+z
2u
zz2
)

− μ̂

2ρhnf
(zH2

zr
)+ μ̂

ρhnf
[(H0 +H1)zH1

zr
+H3

zH1

zz
],

(7)

u
zw
zr

+(w+c)zw
zz

� −1
ρhnf

zp
zz

+μhnf
ρhnf
(2z2w

zz2
+1
r
zu
zz

+1
r
zw
zr

+ z2u
zrzz

+z
2w
zr2
)

− μ̂

2ρhnf
(zH2

zz
)+ μ̂

ρhnf
[(H0+H1)zH3

zr
+H3

zH3

zz
]

+(ρβ)hnf
ρhnf

g(T−T0).

(8)

Energy conservation equation including the influences of
internal heat generation and viscous dissipation is:

u
zT
zr

+ (w + c) zT
zz

� κhnf(ρcp)hnf (z
2T
zr2

+ 1
r
zT
zr

+ z2T
zz2
) + Q0(ρcp)hnf

+ μhnf(ρcp)hnf {2[(zuzr)
2

+ (u
r
)2 + (zw

zz
)2] + (zu

zz
+ zw
zr
)2},

(9)

where Q0 represents the heat source parameter.
Radial and azimuthal components of conservation of magnetic

induction equation using Maxwell’s equations are expressed as:

−1
μ̂

zE
zz

� u( − zH1

zr
+ zH3

zz
) + H3

zu
zz

− (H0 + H1) zw
zz

− 2(w + c) zH1

zz
+ 1

σμ̂
(z2H1

zr2
+ 1
r
zH1

zr
+ z2H1

zz2
), (10)

−1
μ̂

zE
zr

� (H0 + H1) zw
zr

+ (w + c)(zH1

zr
− zH3

zz
) − 2u

zH3

zr

−H3
zu
zr

+ 1
σμ̂
(z2H3

zr2
+ 1
r
zH3

zr
+ z2H3

zz2
). (11)

In the above expressions, u, w, H1, and H3 respectively denote r-
and z-components of velocity and inducedmagnetic field profiles.
Moreover, T0 and p stands for temperature and pressure at the
center of the tube, respectively. Mathematical relations for
thermophysical properties of hybrid nanofluid are given as [36]:

ρhnf � ρf (1 − φ2)⎡⎢⎢⎣(1 − φ1) + φ1
⎛⎝ρs1
ρf
⎞⎠⎤⎥⎥⎦ + φ2ρs2,

(ρcp)hnf � (ρcp)f(1 − φ2)⎧⎪⎨⎪⎩(1 − φ1) + φ1
⎡⎢⎢⎢⎢⎢⎣(ρcp)s1(ρcp)f ⎤⎥⎥⎥⎥⎥⎦

⎫⎪⎬⎪⎭ + φ2(ρcp)s2,
μhnf �

μf(1 − φ1)2.5(1 − φ2)2.5,(ρβ)hnf � (ρβ)f⎧⎨⎩(1 − ϕ1 − ϕ2) + ϕ1
⎡⎣(ρβ)s1(ρβ)f ⎤⎦⎫⎬⎭ + ϕ2(ρβ)s2,
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κhnf
κbf

� κs2 + (s − 1)κbf − (s − 1)φ2(κbf − κs2)
κs2 + (s − 1)κbf + φ2(κbf − κs2) , where

κbf
κf

� κs1 + (s − 1)κf − (s − 1)φ1(κf − κs1)
κs1 + (s − 1)κf + φ1(κf − κs1) . (12)

Now, introduce the following dimensionless quantities with wall
temperature Th as:

r � r
a
, z � z

λ
, δ � a

λ
, rw � rw

a
, u � λu

ac
,w � w

c
, t � ct

λ
,

p � a2p
cλμf

, θ � T − Th

T0 − Th
,H1 � λH1

H0
,H3 � aH3

H0
, E � − E

cH0μ̂

(13)

In the sight of the above quantities along with long wavelength
and creeping Stokesian flow approach, we get:

dp
dz

− 1
Φ1
(1
r
dw
dr

+ d2w
dr2
) +M2(E + w) − Φ3Grθ � 0, (14)

zp
zr

� 0, (15)

E + w + 1
Rm
(dH3

dr
) � 0, (16)

1
r
dθ
dr

+ d2θ

dr2
+ Ω
Φ2

+ Br
Φ1Φ2

(dw
dr
)2

� 0. (17)

Emerging parameters in the dimensionlessmodel are expressed as:

M2 � ReS2Rm,

Re � caρf
μf

,

Rm � σμ̂ac,

S � H0

c

''̂
μ

ρf

√
,

pm � p + 1
2
Re.δ.

μ̂(H)2
c2ρf

,

Br � c2μf
κf (T0 − Th),

Ω � Q0a2

κf (T0 − Th),

Gr � (ρβ)f ga2(T0 − Th)
cμf

.

Where,

Φ1 � (1 − φ1)2.5(1 − φ2)2.5,
Φ2 �

κs2 + (s − 1)κbf − (s − 1)ϕ2(κbf − κs2)
κs2 + (s − 1)κbf + ϕ2(κbf − κs2)

κs1 + (s − 1)κf − (s − 1)ϕ1(κf − κs1)
κs1 + (s − 1)κf + ϕ1(κf − κs1) ,

Corresponding dimensionless boundary conditions are:
w′(r) � 0, H3(r) � 0, θ′(r) � 0 at r � 0w(r) � −2πεαβ cos(2πz)

1−2πεαβ cos(2πz) − 1,
H3(r) � 0, θ(r) � 0, atr � h(z) � 1 + ε cos(2πz).

The volumetric entropy generation rate in the co-occurrence
of the induced magnetic field can be articulated as:

_S
-
Gen � κhnf

T2
h

(zT
zr
)2

+ μhnf
Th
(zw
zr
)2

+ c2a4σμ̂2

Th
(zH3

zr
). (18)

Characteristic entropy generation rate is:

_S
-
0 � κf (T0 − Th)2

a2T2
h

. (19)

The dimensionless form of the entropy generation number is:

Ns �
_S
-
Gen

_S
-
0

� Φ4θ′
2 + ΛBr

Φ1
w′2 + ΛBrM2H ’2

3 . (20)

It is clear from the above relation that three major sources are
dominant in generating irreversibility, i.e., thermal diffusion,
viscous forces, and magnetic effects, respectively.

NUMERICAL PROCEDURE

We have employed Adam’s predictor-corrector method along
with the finite difference method [52–56] to solve the system
model of the peristaltic flow of a hybrid nanofluid in an
axisymmetric tube under induced magnetic effects as shown in
Figure 2. Grid independent testor grid convergence to describe
the improvement of outcomes with smaller mesh size is
performed for both Adam’s predictor-corrector method and
Finite Difference method to access their accuracy, convergence
and stability. The smaller mesh size on the other hand increases
the computations considerably, therefore, an appropriate size of
meshes are used on the basis of tradeoff between the accuracy and
complexity for both numerical procedures.

Adams Method
In Adam’s method, we first predict the solution and after that the
corrector is used for an accurate solution. For this purpose, a
generic representation of temperature, axial velocity, and axial
induced magnetic field variables are as follows [57, 58]:

dθ
dr

� v(r, θ), θ(r0) � θ0,

dw
dr

� v(r,w), w(r0) � w0,

dH3

dr
� v(r,H3), H3(r0) � H30.

For the above mentioned profiles, two step Adams-Moulton
predictor relations are presented as:

θk+1 � θk + h
2
[3v(rk, θk) − v(rk−1, θk−1)],

wk+1 � wk + h
2
[3v(rk,wk) − v(rk−1,wk−1)],

H3k+1 � H3k +
h
2
[3v(rk,H3k) − v(rk−1,H3k−1)],
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while, the two-step Adams-Moulton corrector formulas for
temperature, axial velocity, and axial inducedmagneticfield profiles are:

θk+1 � θk + h
2
[v(rk+1, θk+1) − v(rk, θk)],

wk+1 � wk + h
2
[v(rk+1,wk+1) − v(rk,wk)],

H3k+1 � H3k + h
2
[v(rk+1,H3k+1) − v(rk,H3k)].

Similarly, Adam-Moulton four-step predictor-corrector
relations for the aforementioned profiles can be found.

Finite Difference Method
The system model is executed by manipulating the spirit of the
finite-difference concept [59–61] through standard derivative
definition. The formula for the discretization of backward
difference method for axial induced magnetic field profile
based on 5 point stencils are:

FIGURE 2 | Process block structure for solving the proposed hybrid nanofluidic system.

Frontiers in Physics | www.frontiersin.org April 2021 | Volume 9 | Article 6319036

Awan et al. Numerical Treatment for Second Law Analysis

https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


H′3(r) � 3H3(r − 4h) − 16H3(r − 3h) + 36H3(r − 2h) − 48H3(r − 1h) + 25H3(r + 0h)
12h

H3 ’’(r) � 11H3(r − 4h) − 56H3(r − 3h) + 114H3(r − 2h) − 104H3(r − 1h) + 35H3(r + 0h)
12h2

H3 ’’’(r) � 3H3(r − 4h) − 14H3(r − 3h) + 24H3(r − 2h) − 18H3(r − 1h) + 5H3(r + 0h)
2h3

Accordingly, the discretization formulas for w and θ can be
developed.

ANALYSIS OF RESULTS

In order to test the stability and convergence of the solutions, we
have prepared error graphs for axial velocity, axial induced

magnetic field profile and temperature profile with prominent
parameters which are presented in Figures 3–6. These plots show
that obtained solutions are convergent and satisfying the
tolerance level i.e., 10–8. Figures 3, 4 are showing the absolute
error for axial velocity and axial induce magnetic field with M
while Figures 5, 6 illustrate the behavior of absolute error by
using Adam’s method and finite difference method for
temperature with M and Gr parameters, respectively. From
Figures 3–6, it is observed that absolute error is found within
the limits of 10–10 → 10–08 which is quite negligible.

The coupled differential equations system is executed
numerically, and the outcomes are figured out graphically to
understand physical behaviors against engrossing parameters.
The variation in axial velocity and magnetic induction profile
for escalating values of pertinent parameters are depicted in
Figures 7–10, respectively. As the magnetic parameter grows
up, an enhancement in the velocity profile occurs in the central

FIGURE 3 | Error in w(r) for magnetic parameter.

FIGURE 4 | Error in H3(r) for magnetic parameter.

FIGURE 5 | Error in θ(r) for magnetic parameter.

FIGURE 6 | Error in H3(r) for Grashof number.
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region of the cylindrical tube due to more dominant induction
effects than magnetic diffusion and increases the flow rate. While
it decreases near the ciliated wall because cilia resist the flow and
the existence of magnetic effects increases the retarding behavior
due to no slip velocity condition as observed in Figure 7. This
effect of MHD is applicable in the biomedical engineering, in the
treatment of different neurotic disorders, drug delivery for cancer
treatment, and as an advance therapeutic concept to damage the
tumor cells by providing local heat through induced magnetic
field in presence of injected hybrid nanofluid. A similar trend is
noticed for the velocity against Gr > 0 i.e., for cooling Newtonian
in Figure 8. As Gr is directly linked with kinetic energy and hence

velocity, its mounting values result in accelerating velocity at the
center of the tube. Moreover, a conflicting behavior near the
boundary is due to increasing frictional effects caused by the
continuous beating of cilia. Further, velocity plots indicate that
there exists a point of intersection inside the tube where these
parameters show no influence on velocity. The variational
behavior of axial induced magnetic field H3 for values of
magnetic parameter M and Grashof number Gr are explored
in Figures 9, 10 having maximum values between the center and
boundary of cylindrical tube. Large values of M indicate high
magnetic Reynolds number which causes fast advection process,
therefore increasing flow rate reduces the magnetic induction

FIGURE 7 | Behavior of axial velocity against magnetic parameter.

FIGURE 8 | Behavior of axial velocity against Grashof number.

FIGURE 9 | Behavior of axial induced magnetic field against magnetic
parameter.

FIGURE 10 | Behavior of axial induced magnetic against Grashof
number.
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profile. Moreover, Gr show diminishing trend as well. Behavior of
temperature in peristalsis of nanohybrids through symmetric
channel depends on many physical quantities as well as the
system’s geometry. The physical impact of emerging
parameters on the temperature of the fluid is deduced in
Figures 11–14. Figure 11 reveals that mounting values of M
gradually decline temperature which implies a considerable rise
in the thermal exchange rate. This is due to the fact that as larger
values of M show strong induction effects, fluid particles gain

more kinetic energy by converting thermal energy which reduces
fluid temperature.

An increasing response of temperature of fluid toward Br is
experienced in Figure 12. Since larger values of Br signify low
viscous forces and high kinetic energy of fluid molecules which
enhances molecular collision and results in temperature rise.
Temperature of Cu-Al2O3/H2O hybrid nanofluid decreases due
to enhancing buoyancy forces for high magnitude of Gr as
explicated in Figure 13. Furthermore, the variation in

FIGURE 11 | Behavior of temperature profile against magnetic
parameter.

FIGURE 12 | Behavior of temperature profile against Brinkman number.

FIGURE 13 | Behavior of temperature profile against Grashof number.

FIGURE 14 | Behavior of temperature profile against heat generation
parameter.
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temperature verses the heat generation parameter Ω is expressed
in Figure 14. One may observe that as the magnitude of Ω
increase, temperature of fluid dominantly increases at the center
of channel but a very little change occurs near the boundaries.
Physically, heat generation parameter implies generation of heat
from the surface of the region, which improves the temperature in
the flow field. Also, the maximum value of the temperature of
hybrid nanofluid in all plots occurs at the center of the tube.

The most engrossing part of this section is irreversibility
analysis. Figures 15–18 are sketched to physically inspect
mechanism of second law analysis against pertinent
parameters. The effect of magnetic parameter on Ns is figured
out in Figure 15. It is observed that entropy in the fluid declines.

It is of true significance physically since the fluid flow accelerates
instantly with the increasing magnitude of M and heat transfer
rate increases. Consequently, thermal energy of the system

FIGURE 15 | Behavior of Entropy generation number against magnetic
parameter.

FIGURE 16 | Behavior of Entropy generation number against Brinkman
number.

FIGURE 17 | Behavior of Entropy generation number against heat
generation parameter.

FIGURE 18 | Behavior of Entropy generation number against Grashof
number.

TABLE 1 | Experimental values of thermophysical characteristics of nanomaterials
base fluid.

Properties\constituents H2O Cu Al2 O3

Density, ρ(kg/m3) 997 8,933 3,970
Specific heat, Cp (J/kg K) 4,179 385 765
Thermal conductivity, κ (W/m K) 0.613 401 40
Thermal expansion coefficient, β [10−6m/(mK)] 210 16.7 8.1
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reduces. Therefore, the entropy of the system drops off. The role
of Br and Ω in the variation of entropy generation number is
depicted in Figures 16, 17. The plots show an increasing behavior

against both parameters. Such behaviors are consistent with the
physics of the problem that with an increase in Br, thermal energy
rises due to enhancement in viscous heating as a result of which
molecular disorderness increases and thereby leads to an augment
the entropy generation number. An elevation in Ω signifies
production of heat resulting in temperature augmentation
hence produces more heat transfer irreversibility.

Further,Ns profile reduces with boosting values ofGr as shown
in Figure 18. A physical interpretation of this performance is that
the elevation in Gr enhances the temperature difference as well as
the average kinetic energy of fluid particles which consequently
reduce the viscous forces between fluid particles. Thus, Gr serves
to reduce entropy production. Moreover, an inspection of all
these plots reveals that the physical parameters show a negligible
impact on Ns profile in the central region of the channel while it is

TABLE 2 | Numerical values of velocity and temperature distributions Vs. r against ε.

r ε � 0.0 ε � 0.05 ε � 0.1

w(r) θ(r) w(r) θ(r) w(r) θ(r)

0.0 -3.42190 2.403946 −3.440196 2.428345 −3.458204 2.453759
0.15 −3.38365 2.357608 −3.395683 2.375780 −3.406260 2.393794
0.3 −3.264912 2.2166342 −3.25758 2.215823 −3.245141 2.211278
0.45 −3.053432 1.9749817 −3.011741 1.941508 −2.958469 1.898144
0.6 −2.727523 1.6221743 −2.633158 1.540751 −2.517285 1.440402
0.75 −2.254102 1.1426566 −2.083677 0.995613 −1.8774104 0.817278

TABLE 3 | Numerical outcomes of velocity and temperature Vs. r against the magnetic parameter.

r M � 1.0 M � 2.0 M � 3.0

w(r) θ(r) w(r) θ(r) w(r) θ(r)

0.0 −3.531383 2.707015 −3.502390 2.606347 −3.458204 2.453759
0.15 −3.468159 2.635662 −3.443708 2.539582 −3.406260 2.393794
0.3 −3.275906 2.420324 −3.263932 2.337438 −3.245141 2.211278
0.45 −2.946762 2.057087 −2.951638 1.994250 −2.958469 1.898144
0.6 −2.467411 1.539357 −2.487155 1.500368 −2.517285 1.440402
0.75 −1.818749 0.857750 −1.841593 0.841838 −1.877410 0.817278

TABLE 4 | Behavior of Nusselt number against M and Ω.

M Ω − θ9(r)

1.0 2.0 1.141452
3.0 2.0 1.126193
6.0 2.0 1.090781
9.0 2.0 1.059776
3.0 1.0 0.796382
3.0 2.0 1.126193
3.0 3.0 1.4560047
3.0 4.0 1.785816

FIGURE 19 | Velocity for the magnetic parameter at r � 0.3.

FIGURE 20 | Velocity for cilia length parameter at r � 0.3.
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sensitive to vary near the boundary. Also, entropy changes from
zero to its maximum value as one move from the center of the
tube toward the ciliated wall.

Besides this, Table 1 displays experimental values for the
thermophysical characteristics of base fluid and nanomaterials.
Tables 2, 3 are prepared and portrayed for numerical values of
velocity and temperature for radial distance against escalating
parameters ε and M. Rising values of r serve to increase velocity
whereas an opposite trend is noticed for temperature toward both
of the parameters. Such behaviors physically indicate that
peristaltic motion becomes more rapid for a tube with a large
radius but it causes an energy dissipation resulting in a
temperature drop.

The behavior of the heat transfer rate for increasing
magnitudes of magnetic parameter and heat generation
parameter is depicted in Table 4. It can be observed that the
magnetic parameter has an effect of decreasing heat transfer rate
while an opposite variational trend is noticed for the heat
generation parameter.

Furthermore, bar charts as represented in Figures 19–22
which are prepared to examine the behaviors of temperature

and velocity for increasing values ofM and ε at r � 0.3. Figures 23,
24 present a bar chart view of Nusselt number for M and Ω as
discussed in Table 4.

CONVERGENCE AND COMPLEXITY
ANALYSIS

Stability analysis is performed based on various levels of accuracy
goals for different numerical methods in this section.
Additionally, Tables 5, 6 present the comparison of
complexity analysis for Adams method (AM), Explicit Runge-
Kutta approach (ERK), implicit Runge-Kutta method (IRK),
extrapolation technique (ET) and backward difference
method (BDF).

Results of complexity analysis along with stability analysis are
performed for AM, ERK, IRK, ET and BDF on the bases of stiff
and non-stiff goals of accuracy and achieved results for variation
of M & Br of a hybrid nanofluidic model are given in Tables 5.

FIGURE 21 | Temperature for magnetic parameter at r � 0.3.

FIGURE 22 | Temperature for cilia length parameter at r � 0.3.

FIGURE 23 | Nusselt number for magnetic parameter when r→ r2.

FIGURE 24 |Nusselt number for heat generation parameter when r→ r2.
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It is observed that all numerical computing algorithms are
applicable for both non-stiff as well as stiff goals of accuracy for all
variants of hybrid nanofluidic model which prove the analysis of
stability and convergence of numerical computing algorithms.
Furthermore, a complexity analysis comparison is performed
based on time, steps, and function evaluations and it is
examined that on the average, the Adams numerical method is
the most competent as compared to the other numerical
computing algorithms. Moreover, comparison of numerical
results obtained by Adam’s method as well as backward
difference method is provided in Table 7. It is witnessed that

the outcomes are in good agreement. Mathematica and Matlab
software package for the numerical experimentation presented in
this study.

CONCLUDING REMARKS

Analysis of entropy rate and heat transfer in peristalsis due to cilia
with magnetic induction effects via numerical techniques is of
main concern in this study. Viscous and Newtonian heating
factors are considered. Key findings are:

• Error analysis exhibits quite a negligible magnitude of
absolute errors in the solutions which guarantee the
validity of results of preferred numerical technique.

• Velocity profile show increasing behavior in the central part
of the tube while a conflicting behavior is noted near the
ciliated boundary for M and Gr along with a point of
intersection in the region. Magnetic induction profile
shows opposite trend vs. M and Gr. This effect of
magnetic induction is helpful in modern drug delivery
systems to guide the drugs suspended with hybrid
nanoparticles to destroy tumor by the mechanism of
hyperthermia and cryosurgery.

• Temperature of hybrid nanofluid turns down for M and Gr
while an opposite trend is observed against Br and Ω.

• Second law analysis reveals that entropy rate reduces for M
and Gr whereas more irreversibility generates for rising
magnitudes of Br, ε and Ω. In further experimental studies,
different measures and physical factors could be
demonstrated to decrease disturbance in the system.

• Heat transfer analysis exposes that Nu decreases for M while
accelerates for Ω.

• Tabulated results for velocity and temperature of hybrid
nanofluid portray that both profiles have conflicting
behavior vs. radius of the cylindrical ciliated tube.

• Stability and convergence analysis is executed for various
numerical techniques to attain accuracy goals and revealed
that Adams method gives more accurate solutions as
compared to other numerical techniques.

In the future, one may investigate modern intelligent
computing-based stochastic solvers [62–66] for numerical
solutions of the model representing the nanofluid [67–70] and
magnetic induction effects on ciliary induced peristaltic transport
of hybrid nanomaterials.

TABLE 5 | Analysis of convergence and complexity assessment for M � 1.

Numerical
technique

Accuracy
goal

Time
consumed

Steps Evaluation

Adams 10−20 0.1875 229 448
10−15 0.140625 221 455
10−10 0.15625 204 413
10−05 0.09375 129 262

BDF 10−20 0.75 328 488
10−15 0.5625 311 385
10−10 0.515625 288 359
10−05 0.328125 151 206

ERK 10−20 0.34375 84 1,338
10−15 0.3125 60 963
10−10 0.234375 51 816
10−05 0.34375 29 299

IRK 10−20 1.90625 128 2,375
10−15 1.26563 107 1,810
10−10 1.23438 101 1,711
10−05 0.953125 74 1,126

ET 10−20 0.2693 48 924
10−15 0.234375 36 720
10−10 0.191435 34 685
10−05 0.171875 12 201

TABLE 6 | Analysis of convergence and complexity assessment forBr � 0.1.

Numerical
technique

Accuracy
goal

Time
consumed

Steps Evaluation

Adams 10−20 0.15625 236 457
10−15 0.1875 204 413
10−10 0.109375 202 409
10−05 0.09375 124 254

BDF 10−20 0.75 380 591
10−15 0.5945 297 370
10−10 0.53125 286 364
10−05 0.34375 147 197

ERK 10−20 0.359375 82 1,307
10−15 0.3125 59 947
10−10 0.234375 51 816
10−05 0.25 29 299

IRK 10−20 1.82813 125 2,246
10−15 1.23438 104 1,783
10−10 1.1875 101 1,719
10−05 0.765625 75 1,142

ET 10−20 0.29425 42 728
10−15 0.203125 38 692
10−10 0.15625 33 630
10−05 0.171875 12 201

TABLE 7 | Comparison of numerical results of velocity for Adam’s method
and BDF.

ε w(r) M w(r)
Adam’s
method

BDF Adam’s
method

BDF

0.0 -3.264912438 -3.2646912573 1.0 -3.275906213 -3.275906148
0.05 -3.25758346 -3.52758436 2.0 -3.263932421 -3.26393932567
0.1 -3.245141267 -3.245141342 3.0 -3.245141327 -3.245141267
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GLOSSARY

Nomenclature

(r, z), Coordinate axes
(u,w), Velocity profile components

(H1,H3), Components of induced magnetic field

T, Fluid temperature (Kelvin)

p, Fluid pressure (Pascal)

Ns, Entropy generation number

C‘, Fluid Concentration in Free Stream

H0, Strength of Uniform magnetic field

g, Gravitational acceleration (N Kg-2 m2)

E, Electric field strength (N/C)

M, Magnetic parameter

Ω, heat generation parameter

Rm, Magnetic Reynolds number

Br, Brinkman parameter

Gr, Grashof number

ρ, Density (mass / Volume)

ρcp, Specific heat (J kg-1 K-1)

σ, Electrical conductivity (siemens per meter)

?(r), Temperature profile

ε, Cilia length parameter

β, Thermal expansion coefficient (K-1)

μ, Dynamic viscosity (Pascal-second)

κ, Thermal conductivity (W.m-1 K-1)

μ̂, Magnetic permeability (N. Ampere -2)

Λ, Temperature ratio parameter

hnf, Hybrid nanofluid

nf, Nanofluid

f, Base fluid
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