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In the aero-optic turbulent boundary layer (TBL), there exist very rich air flow structures that
fall into a wide range of scales, with the smallest being roughly of the order of the optical
wavelength. However, these fine spatial variations cannot be neglected when one is
dealing with light propagation through such structures, since both the amplitude and
phase of a light wave undergo modulations. In this study, we studied the influence of TBL
on the angular momentum spectrum of light and found that there exists critical point of the
azimuthal distribution of the disturbance phase that determines the symmetric properties
of the expansion spectrum.
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1 INTRODUCTION

Allen discovered that Laguerre–Gaussian beams carry orbital angular momentum (OAM) [1], which
is associated with their helical wave front. Since then, optical beams with OAM and helical phase
structures have garnered increasing research interest. Owing to the infinite number of eigenmodes,
beams of this type have found applications in fields such as laser and quantum communications
[2–4]. Intense efforts have been put into the measurement of OAM, especially regarding the
evolution and the spiral spectrum during light propagation.

For quite a long time, it was believed that there exists a close interconnection between the spiral
spectrum and phase vortex structures. However, Charnotskii’s recent research showed that such a
connection does not exist [5]. A tricky scenario is propagation in inhomogeneous media. Even if the
incident wave consists of only one eigenmode, its spiral spectrum can spread during propagation
[6–8], a phenomenon called cross-talk. Light with OAM propagating through inhomogeneous media
is an important topic that is employed across many applications.

V. P. Aksenov and Ch. E. Pogutsa gave the mathematical form of the total OAM of a propagating
light field, from which they were able to prove that the total OAM for homogeneous media is
conserved, while it can change for inhomogeneous media [9]. Such a change is closely related to the
spatial distribution of the refractive index (RI).

According to the traditional turbulence theory, provided the fluid is far away from the boundary
and has a very high Reynolds number, the physical parameters of the turbulence can be treated as
random fields. The properties of turbulence can be described through the statistical moment of fluid
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parameters [10]. Consequently, by introducing statistical theory
and assuming the media to be statistically homogeneous, it is
deduced that the ensemble average of total OAM is conserved [5,
9], while the spiral spectrum demonstrates a symmetric
distribution with respect to the original [6–8]. Darryl
J. Sanchez and Denis W. Oesch tentatively discussed the
physical mechanism of the phenomenon: the kinetic energy of
free turbulence dissipates as heat, which makes the spatial
distribution of RI in turbulence inhomogeneous. According to
the cascade theory of turbulence, the RI distribution is statistically
homogeneous, so that photons carrying the new OAM must
appear in pairs [11].

With the development of fluid mechanics and the progress of
numerical techniques, researchers now have a new understanding
of fluid motion, especially for fluids close to a definite solid
boundary, for example, the turbulence around an airborne plane.
Such regions are called the turbulent boundary layer (TBL). E.
Jumper [12] pointed out that the power spectrum model cannot
be used to describe the characteristics of turbulence in TBL
because the model has definite structural properties [13, 14]
and is not completely random. Research in this field has
evolved to become the so-called aero-optics [15]. The
properties of the total OAM and spiral spectrum distribution
in TBL are our main focus in this study. In our task, the
transmission medium was deterministic and inhomogeneous.
Charnotskii calculated the total OAM in turbulence, and his
result showed that 〈L2z〉≠ 0. This implies that for a single
realization of turbulence, the total OAM usually varies. Lingfei
Xu [16] calculated the total OAM and the spiral spectrum of
OAM modes in a typical TBL by numerical methods and found
that the instantaneous total OAM is not conserved and the spiral
spectrum of OAM spreads in an asymmetric way. These
behaviors are related to the typical structure of RI distribution
in TBL.

Although numerical methods can present the evolution
characteristics of OAM, it is still challenging to discuss the
connection between OAM and the RI spatial distribution. The
lack of an analytic form of the spatial structure makes it difficult
to study the evolution mechanism. In this study, we do not rely on
the concrete form and try to analyze the problem analytically.
Hence, our idea is to obtain the asymptotic form of the spiral
spectrum of OAM modes. Tow case is concerned: the fluctuation
of refractive index is weak or much stronger. By such a
mathematical method, we found that the symmetry of the
spiral spectrum depends on the distribution of critical points
in the scattered light’s phase. Based on such mathematical results,
we discuss the mechanism of the influence and propose a method
for analyzing the spiral spectrum spread. Our main aim was to
analyze the asymptotic behavior of the spiral spectrum.

2 ASYMPTOTIC BEHAVIOR OF THE
SCATTERED LIGHT’S SPIRAL SPECTRUM

The complex amplitude of light propagating in the turbulent
boundary layer can be obtained by the Rytov approximation:

U(s) � U0(s) exp[Ψ(s)], (1)

where s � (ρ, θ),U0(s) denotes the diffracted complex amplitude,
and Ψ(s) denotes the Rytov disturbance. In general, the Rytov
disturbance can be written as follows:

exp[Ψ(ρ, θ)] � �������
T(ρ, θ)√

exp[ikP(ρ, θ)], (2)

where k � 2π/λ is the wavenumber of light. T(ρ, θ) and P(ρ, θ)
denote the disturbance on the amplitude and phase, respectively,
and the coefficient for each spiral spectrum of OAM modes is
given by the following equation: [16]

CΔl � ∫​

ρ
∣∣∣∣Rl(ρ, z)∣∣∣∣2 dρ∣∣∣∣∣∣∣∣∫​2π

0
exp[Ψ(ρ, θ)]exp(iΔlθ) dθ∣∣∣∣∣∣∣∣2, (3)

where we write the complex amplitude of LG beam as follows:
ULG(ρ, θ, z) � Rl(ρ, z) exp(ilθ).Δl denotes the difference between
the spiral spectrum of OAM modes and initial beam’s OAM
mode. In order to analyze the asymptotic of Eq. 3, we divide the
analysis into two cases: 1), the disturbance phase that is much
small; and2) the disturbance phase that is very large.

2.1 Asymptotic Behavior of CΔ l for P→ 0
In the weak fluctuating turbulence, the disturbance on the
amplitude of beam can be ignored since the turbulent energy
at high spatial frequency is really small. So, T(s) can be
approximately equal to 1. P(s, z′) is also small, hence it will be
a good approximation if the Rytov complex disturbance is written
as follows:

exp[ikP(s)] ≈ � 1 + ikP(s), (4)

substituting Eq. 4 into Eq.3, we can obtain

CΔl � ∫​

ρ
∣∣∣∣Rl(ρ, z)∣∣∣∣2 dρ∣∣∣∣∣∣∣∣2πδ(Δl) + ik∫ ​2π

0
P(ρ, θ)exp(iΔlθ) dθ∣∣∣∣∣∣∣∣2,

(5)

where δ(·) is the Dirac function. Because P(ρ, θ) is a real function,
from Eq.5, the following conclusion can be immediately obtained:
CΔl � C−Δl .

2.2 Asymptotic Behavior for Large P
In this case, the distribution properties of the spiral spectrum
are much more complex. It is difficult to analyze and examine
the symmetry of the spiral spectrum distribution since the
mathematical form of P is hardly obtained in the turbulence
boundary layer. Hence, instead of obtaining the precise
solution of Eq.3, we tend to discuss the spiral spectrum of
OAM modes based on the asymptotic form obtained from
Eq. 3. The key point is to discuss the asymptotic behavior of
the integral:

I � ∫ ​2π

0
exp(iΔlθ)

������
T(ρ, θ)√

eikP(ρ,θ) dθ. (6)

We can use the stationary phase method [17]. By using the
stationary phase, we can obtain
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I ≈ (2π
k
)1

2∑
j

ϵj
�������
T(ρ, θj)√

����������∣∣∣∣z2P/zθ2|
θ�θj

√ exp(iΔlθj)eikP(ρ,θj), (7)

where ϵj � e ± iπ4 , the symbol depends on z2P
zθ2

|θ�θjW0. θj is the
critical point of the first kind: zPzθ � 0. Here, we used the fact that
zP
zθ|θ�0 � zP

zθ|θ�2π and exp(iΔl × 0) � exp(iΔl × 2π). Thus, the
contributions from the critical point of the second kind (θ � 0
and θ � 2π) is zero. Hence, there is

∣∣∣∣I∣∣∣∣2 � 2π
k
∑
j

T(ρ, θj)∣∣∣∣P″j ∣∣∣∣ + 2π
k
∑
n

∑
m′>n

2
�������
T(ρ, θn)√ ��������

T(ρ, θm′)√
��������∣∣∣∣P″m′

∣∣∣∣∣∣∣∣P″n ∣∣∣∣√
{cos[Δl(θm′ − θn) + k(Pm′ − Pn)]}

+ 2π
k
∑
n

∑
m′′>n

2
�������
T(ρ, θn)√ ��������

T(ρ, θm″)√
��������∣∣∣∣P″m″

∣∣∣∣∣∣∣∣P″n ∣∣∣∣√
{sin[Δl(θm″ − θn) + k(Pm″ − Pn)]}, (8)

where P″m′ � z2P
zθ2

|θ�θm′
and Pm′ � P(ρ, θm′ ). {m′} are the subscripts

of such critical points of the first kind whose P″m′ · P″n > 0 and {m′}
are the subscripts of the critical points of the first kind whose
P″m″ · P″n < 0.

We will discuss about the case wherein the number of the
first kind critical points is two or more. Equation 8 indicates
that, in general, the spiral spectrum of the OAM modes is
asymmetric. It will be symmetric if the terms of sin[Δl(θi − θj)]
in Eq. 8 vanish, for example, (i), the azimuthal difference
between each of the two critical points of first kind is nπ, where
n � 0, or 1; or,(ii) the phase difference between each of the two
first kind critical points is equal to nπ for P″m′ · P″n > 0 and 2n+1

2 π
for P″m′ · P″n < 0.

Equation 8 gives us a way to analyze the symmetric properties
of the scattered light’s spiral spectrum. If the scale of
coherent structures in the turbulent boundary layer is
much larger than the wavelength of light, the disturbance
on the phase is approximately equal to the integral of the
refractive index difference: P(s) ≈ ∫​ L

0
Δn(s, z′) dz′, where

Δn(s, z′) denotes the difference between the RI in the
turbulent boundary and in the free space. T(s) can be
treated as 1 approximately. Then, by Eq. 8, the symmetric
properties can be analyzed by examining the critical points
of RI distribution even when the exact scattered complex
amplitude is not solved.

3 VERIFICATION WITH A WELL-KNOWN
CASE: PHASE TILT

The influence on the light’s OAM and the spiral spectrum of
OAM modes is widely studied in the case in which the phase
is tilted. The conclusion is well known: the spiral spectrum of
OAM modes is expanded in a symmetric way. Here, we
assume that the additional phase is tilted along with one
direction, said, exp(ikax), where, a is the tilt degree. Hence,
the spiral spectrum of OAM modes is given by the following
equation:

CΔl � ∫ ​

ρ
∣∣∣∣Rl(ρ)∣∣∣∣2 dρ∣∣∣∣∣∣∫​2π

0
exp[ikaρcos(θ)]exp(iΔlθ) dθ∣∣∣∣∣∣2

� 4π2∫ ​

ρ
∣∣∣∣Rl(ρ)∣∣∣∣2∣∣∣∣JΔl(kaρ) 2 dρ,

∣∣∣∣ (9)

where JΔl(·) is the Δl-th order Bessel function. Equation 9 shows
that the spiral spectrum of OAM modes is symmetric with the
help of JΔl(·) � (−1)ΔlJ−Δl(·). The symptomatic behavior of Bessel
function is given by the following equation:

Jp(z) ∼ (z/2)p
p!

, z→ 0+, (10)

Jp(z) ∼
���
2
πz

√
cos[z − (p + 1

2
) π
2
], ∣∣∣∣z∣∣∣∣≫ 1. (11)

Substituting Eq. 10 and Eq. 11 into Eq. 9, the symptomatic
behavior of spiral spectrum can be obtained as follows:

CΔl ≈ 4π2∫​

ρ
∣∣∣∣R(ρ)∣∣∣∣2(kaρ)2|Δl|

4|Δl||Δl|! dρ, for small a (12)

CΔl � 8π
ka

∫​

|Rl(ρ)∣∣∣∣2cos2[kaρ − (Δl + 1
2
) π
2
] dρ

� 4π
ka

∫​ ∣∣∣∣∣∣Rl(ρ)∣∣∣∣∣∣2[cos(kaρ)+ (−1)Δlsin(kaρ)]2 dρ, for large a.

(13)

Equations 12, 13 give the asymptotic behavior of spiral spectrum
from its exact mathematical form (Eq. 9). Now, we will examine
the asymptotic behavior of the spiral spectrum from Eq.5 to Eq. 8.
By Eq.5, for a small a,

CΔl � 4π2δ(Δl)∫​

ρ|R(ρ)∣∣∣∣2 dρ + k2a2∫​

ρ3|R(ρ) 2 dρ
∣∣∣∣

∫​2π

0
cos(θ)exp(iΔlθ) dθ � 4π2δ(Δl)∫​

ρ|R(ρ) 2 dρ
∣∣∣∣

+ k2a2π2δ(|Δl| − 1)∫​

ρ3|R(ρ) 2 dρ.
∣∣∣∣ (14)

Equation 14 shows the following:

C0 � 4π2δ(Δl)∫ ​

ρ|R(ρ) 2 dρ
∣∣∣∣

C ± 1 � k2a2π2∫​

ρ3|R(ρ) 2 dρ,
∣∣∣∣ (15)

which coincides with Eq. 12 when Δl � 0, or, ± 1. CΔl is
extremely small for a large value of Δl, and we can say that
two kinds of asymptomatic behavior are same in the case of small
a.For a large a, according to the method of the stationary phase,
we have to calculate critical point of the first kind of P � aρcos(θ).
It is extremely easy to find two critical points θ1 � 0 and θ2 � π.
Additionally, P1 � aρ, P2 � −aρ, P″1 � −aρ, and P″2 � aρ.
Substituting into Eq. 8, we get the following:∣∣∣∣I∣∣∣∣2 � 4π

kaρ
[1 + 2(−1)Δlsin(2kaρ)]

� 4π
kaρ

[cos(kaρ) + (−1)Δlsin(kaρ)]2, (16)

therefore, the coefficient of the spiral spectrum is given as follows:
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CΔl � 4π
ka

∫​ ∣∣∣∣R(ρ)∣∣∣∣2[cos(kaρ) + (−1)Δlsin(kaρ)]2 dρ, (17)

which also coincides with Eq. 13. We also give the comparisons
between the theoretical results of Eq. 9 and the asymptomatic
results, (Figure 1). By comparison between the asymptomatic
results and the numerical simulation result, it can be found that
the asymptomatic method can describe the behavior of the spiral
spectrumwith aminor error, which is about 3%. For the smallΔL,
the errors will be smaller.

4 SYMMETRIC PROPERTY OF SPIRAL
SPECTRUM IN SOME SIMPLE
STRUCTURED MEDIA
Vortex is the basic structures in the turbulence. The refractive
index of a vortex flow field can be treated as a Gaussion
distribution. In order to avoid solving Navier–Stokes

equations, we prefer to use such a simple vortex structure to
discuss the symmetric property of the spiral spectrum by the
method proposed in Section 2. According to Section 2.1, if the
disturbance phase is small, the spiral spectrum of the scattered
light is always symmetric. Hence, in this section, the symmetric
property of light with strong phase disturbance is discussed.
Moreover, the disturbance on the amplitude is ignored,
assuming that the scale of vortex is much larger than that of the
wavelength. Of course, it is immediately obtained by Eq. 3 that if the

FIGURE 1 | The spiral spectrum of OAM mode for phase tilt. ka � 0.1 for (A) and ka � 100 for for (B).

FIGURE 2 | The spiral spectrum of OAMmode for the single Gaussion distribution.(A) The given phase distribution with ρ0 � 1. (B) The spiral spectrum distribution
calculated by Eq. 3.

TABLE 1 | Coefficients of spiral spectrum modes for single Gaussion vortex
structure.

ΔL

−3 −2 −1 0 +1 +2 +3

CΔL 0.014 0.019 0.0192 0.85 0.023 0.019 0.014
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vortex flow field is on axis, the spiral spectrum will not expand at all.
Hence, we choose a single vortex structure, the center of which is off-
axis. The disturbance phase P can be written as follows:

P(ρ, θ) � ka exp[− ρ2 − ρ20 + 2ρρ0 cos θ]. (18)

The critical points of the first kind of Eq. 18 are θ1 � 0 and θ2 � π.
Thus, the spiral spectrum of the OAM modes is, of course,
symmetric. The normalized RI distribution and spiral spectrum
are shown in Figure 2; Table 1 gives the numerical results for
CΔL from −3 to +3. An interesting example is given by two off-axis
vortex structures. The phase disturbance can be written as follows:

P(ρ, θ) � ka exp[ − ρ2 − ρ20 + 2ρρ0 cos θ]
+ka exp[ − ρ2 − ρ20 − 2ρρ0 cos θ]. (19)

Such structures are composed by two off-axis Gaussian vortex
structure. The center of one vortex is at x � 1 and another is at
x � −1. The phase distribution is shown as Figure 3. Following
the proposed method in Section 2.2, the critical point of such
distribution can be obtained as: θ1 � 0, θ2 � π, θ3 � π/2, and
θ4 � 3π/2. There are four critical points. Calculating P and P″ for
each critical point, we have the following:

P1 � P2 � ka exp[− (ρ − ρ0)2] + ka exp[ − (ρ + ρ0)2],
P3 � P4 � 2ka exp(−ρ2 − ρ20),
P1
″ � P2

″ � ka exp(−ρ2 − ρ20)[exp(−2ρρ0) − exp(2ρρ0)]< 0,
P3
″ � P4

″ � 4kaρ2ρ20 exp(−ρ2 − ρ20)> 0.
(20)

Hence, the asymptotic behavior of Eq. 6 is as follows:

I � A1e
−iπ4eiP1[1 + (−1)Δl] + A3i

Δlei
π
4eiP3[1 + (− 1)Δl]

� [1 + (−1)Δl](A1e
− iπ4eiP1 + A3i

Δlei
π
4eiP3), (21)

where A1 � ( 2π
kP1″
)1

2

and A3 � ( 2π
kP3″
)1

2

. From Eq. 21, the distribution

of the spiral spectrum of the OAMmodes is symmetric. Equation

21 also demonstrates that if Δl is odd, Cm will be vanished at
m � l ± Δl. The spiral spectrum can be directly calculated by Eq.
3, shown as Figure 4; Table 2 gives the precise numerical
results. It expands in a symmetric way and vanished at the
position where Δl is odd. Such conclusions coincide with those
obtained by the proposed method in Section 2.2. So far, we
can conclude that the symmetric property is related to the
critical point of the phase distribution. In order to make this
conclusion more credible, a special phase is constructed according
to the rule of symmetry affected by the critical point proposed in
Section 2.2:

P(x, y) � ka(− 1
2
xy − 1

2
x

������
x2 + y2

√
+ x2 + y2). (22)

The critical points can be calculated at θ1 � π/6, θ2 � 5π/6, and
θ3 � 3π/2. After tedious calculation, we obtain the following:

∣∣∣∣I∣∣∣∣2 � 1 + 2
�
3

√
ρ2

+
�
2

√
ρ2

sin(2π
3
Δl + 3

�
3

√
4

ρ2) +
�������
3

√ − 1
√

ρ2

cos(4π
3
Δl + 3

�
3

√
8

ρ2) −
�������
3

√ + 1
√

ρ2
sin(2π

3
Δl − 3

�
3

√
8

ρ2). (23)

Under the integral for ρ, as shown in Eq.3, the sin terms will not
vanish in general. Thus, the spiral spectrum appears asymmetric.
The phase distribution and spiral spectrum calculated by Eq. 3
are shown in Figure 5; Table 3.

The critical point distribution makes the spiral spectrum
asymmetric. In this case, such critical point distribution is
mainly affected by the term xy, which is known as
astigmatism.

FIGURE 3 | Two off-axis Gaussian vortex structures.

FIGURE 4 | The spiral spectrum of light propagating through two off-axis
Gaussian vortex structures, calculated by Eq. 3.
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5 CONCLUSION

We studied the symmetric property of light’s spiral spectrum
propagating through a non-random inhomogeneous media.
Without losing the generality, instead of using the calculated
phase aberration, we treated the unknown continuous
distribution function of phase disturbance in a formal way.
Through asymptotic methods, we found that there exists a
critical point that determines the symmetric property of the
spiral spectrum. The position and refractive index, along with
its second derivative, determine the spectrum distribution.
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