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We report simulation studies on the self-assembly of a binary mixture of snowman and
dumbbell shaped lobed particles. Depending on the lobe size and temperature, different
types of self-assembled structures (random aggregates, spherical aggregates, liquid
droplets, amorphous wire-like structures, amorphous ring structures, crystalline
structures) are observed. At lower temperatures, heterogeneous structures are formed
for lobed particles of both shapes. At higher temperatures, homogeneous self-assembled
structures are formed mainly by the dumbbell shaped particles, while the snowman
shaped particles remain in a dissociated state. We also investigated the porosities of self-
assembled structures. The pore diameters in self-assemblies increased with an increase in
temperature for a given lobe size. The particles having smaller lobes produced structures
with larger pores than the particles having larger lobes. We further investigated the effect of
σ, a parameter in the surface-shifted Lennard-Jones potential, on the self-assembled
morphologies and their porosities. The self-assembled structures formed at a higher σ
value are found to produce larger pores than those at a lower σ.

Keywords: lobed particles, self-assembly, porous structures, particle mixtures, Langevin dynamics

1 INTRODUCTION

The spherical colloidal particles usually self-assemble into close-packed structures driven by their
isotropic interactions [1]. On the contrary, colloidal particles with patches, the patchy particles, can
self-assemble into diverse structures due to anisotropic interactions [2]. Therefore, the synthesis and
the self-assembly behavior of patchy particles are being increasingly investigated in the materials
science research [3–19], because these particles provide a way to fabricate unique morphologies on a
nanometer to micrometer scale for various technological and biomedical applications [20–25].

Although several methods have been developed to produce spherical or non-spherical patchy
particles, producing a homogeneous mixture of a single type of particles remains challenging
[26–29]. As a result, studies are needed to probe the self-assembly behavior of mixtures of different
types of particles. In our earlier studies [30–33], we reported on self-assembled morphologies
obtained from different types of lobed patchy particles where the patches around a central seed
sphere appear as protrusions or lobes. Specifically, we showed that unique porous self-assembled
morphologies can be produced depending on the number and the location of lobes. We reported that
the dumbbell shaped particles, having two lobes at two opposite poles, can produce larger pores than
the particles with higher number of lobes [31]. In addition, our earlier study on the effect of the lobe
size and temperature on the self-assembly showed that the single-lobed snowman shaped particles
self-assemble into only sheets or micelle like structures, whereas the dumbbell shaped particles can
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self-assemble into different non-crystalline and crystalline
structures at different lobe sizes and temperatures. Moreover,
the dumbbell shaped particles self-assemble at a wider range of
temperature and lobe size, but the snowman shaped particles self-
assemble only at higher lobe sizes and lower temperatures. In the
present work, we aim to study the self-assembled morphologies
and porosities obtained from a binary mixture of these two types
of particles. A binary mixture of these lobed particles, that have
only fewer number of lobes, is expected to enrich the spectrum of
the morphologies. For example, an earlier theoretical study
showed that a large part of the phase space of the self-
assembled structures formed by a binary mixture of patchy
particles having very fewer number of patches are occupied by
empty liquids [34].

Among experimental methods to produce patchy particles,
Park et al. [35] developed a method of producing monodispersed
snowman shaped particles (in their work, they refer the particles
having two spheres as dumbbell-shaped particles) on the
micrometer scale using seeded-emulsion polymerization
technique. The dumbbell shaped particles, that they produced
at different diameter ratios of two spheres, self-assembled into
thin two-dimensional layers. Using the same seeded-emulsion
polymerization method, Peng et al. [36] synthesized
monodisperse snowman and dumbbell shaped particles. Wang
et al. [5] developed a method of making non-spherical particles
having not only one or two lobes, but more than two lobes. At
first, by making the clusters of different shapes using polystyrene
beads, and then using a two-stage swelling and polymerization
technique, they produced particles of seven different shapes. They
showed that a binary mixture of snowman and dumbbell shaped
particles, where the lobes of each kind of particles are
functionalized with complementary DNA strands, self-
assemble into small linear chains at smaller lobe sizes. When
the lobes are smaller and the amount of single-lobed snowman
shaped particles is less, they form cis-trans-like isomers. When
the amount of snowman shaped particles is increased, they form
ethylene like molecules where a dumbbell shaped particle using
its two lobes remains attached with four snowman shaped
particles.

In our work, we studied the self-assembled morphologies
produced by a mixture of the snowman and dumbbell shaped
particles at different lobe sizes. An earlier study [5] showed that
the mixtures of these two types of particles self-assemble into
different small clusters at different conditions. Andre et al. [29]
showed that the dumbbell and snowman-shaped soft patchy
particles at nanometer scale range can co-assemble into
colloidal polymers of several micrometers. However, the
larger clusters, that can be obtained from the co-assembly of
the snowman and dumbbell shaped hard particles, have not
been reported yet but such structures would find practical
technological or biological applications [37, 38]. To probe
these questions, we studied a binary mixture of the snowman
and dumbbell shaped lobed particles where we have varied
several parameters including the lobe size, temperature, and
the σ in the shifted Lennard-Jones potential, and observed their
effect on self-assembled morphologies and their functional
properties such as porosities.

2 MODELS AND METHODS

We studied the self-assembly of a mixture of snowman and
dumbbell shaped particles. To model these particles, we
followed the approach reported in our previous work [31]. For
each dumbbell shaped particle, we placed two spherical beads
(Supplementary Figure S1) each with a diameter (σB) of 1.0 (in
all of our simulations, σB is the unit of distance) at a distance of
1.0 σB, that is equal to the sum of their radius (1.0 σB), meaning
that two spherical beads touch each other. We then placed
another spherical bead (the diameter of which is denoted by
σS) at the center of mass of these two spherical beads. Therefore,
the distance between the central bead and any of the terminal
beads is 0.5σB. Following our previous work [31], we refer to the
central bead as a seed. After inserting the seed, the exposed parts
of the terminal beads, act as lobes. For the snowman-shaped
particles, we first placed two spherical beads at a 0.5 σB distance
apart. One of these two spherical beads acts as the seed and the
exposed part of another bead acts as the lobe. For both types of
particles, we gradually changed the seed diameter (σS) from 1.0 σB
to 2.0 σB to vary the lobe size, and fixed the diameter of the beads
which act as lobes. The higher the diameter of the seed, lower is
the lobe size (Supplementary Figures S1B–G). We quantify the
lobe size by a parameter termed qL which is the ratio of σB to σS
(qL � σB/σS). As we increase the seed diameter (σS), qL decreases
from 1.0 to 0.50 (qL � 1.0, 0.83, 0.71, 0.63, 0.56, 0.50). The opening
angle (δ) of the lobes (Supplementary Figure S1H), which is
defined by the equation (39) δ � (σ2B − σ2S − 4d2)/4dσS, where d is
equal to 1/2 σB, the distance between the central seed and a lobe,
decreases from 120° to 0° (δ � 120°, 106.27°, 91.15°, 73.75°, 51.69°,
0°) with the increase of the seed diameter or the decrease of the
lobe size.

We performed coarse grained Langevin dynamics simulations
in constant volume and temperature ensemble using the
HOOMD-Blue software [40, 41]. We studied the self-assembly
of the mixture at three different number ratios (rN � NS/ND;
where NS and ND is the number of the snowman and dumbbell

FIGURE 1 | (A) A snowman shaped and (B) a dumbbell shaped particle.
The seed and the lobe of the snowman shaped particle are represented in red
and yellow color respectively. The seed and the lobes of the dumbbell shaped
particle are represented in blue and gray color respectively. (C) A
representation of the simulation domain showing a disassembled mixture of
snowman and dumbbell shaped particles.

Frontiers in Physics | www.frontiersin.org October 2021 | Volume 9 | Article 7676232

Paul and Vashisth Lobed Particle Mixture Self-Assembly

https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


shaped particles, respectively) of the lobed particles (rN � 0.5, 1.0,
and 2.0). When rN is equal to 1.0, the simulation domain contains
8,000 lobed particles of each type, thereby totaling 16,000
particles. At rN � 0.5 or 2.0, the number of particles of one
type is doubled keeping the number of particles of the other type
fixed at 8,000. Therefore, the total number of the particles at rN �
0.5 and 2.0 is 24,000. In all of our simulations, the length of the
simulation domain is 140 σB in each direction.

The size of a seed and a lobe is same for each particle present in
the simulation domain. In Figure 1, we show a snowman and a
dumbbell shaped particle of σS � 1.2 and an initial simulation
domain of the binary mixture where the lobed particles are in a
dissociated state. We studied the self-assembly at six different seed
diameters, and for each seed diameter, we varied the temperature
(kBT) from 0.1 to 0.5 (kBT � 0.1, 0.2, 0.3, 0.4, 0.5). For each
simulation, we first obtained a randomized initial configuration by
performing Langevin dynamics simulation for 105 steps at a higher
temperature (kBT � 1.5). We used the randomized initial
configuration of each system to study the self-assembly at a
desired temperature. The lobe in each snowman shaped particle
and the two lobes in each dumbbell shaped particle are connected
to the central seed by harmonic bonds. The force constants were
stiff enough tomaintain the stability of lobes during all simulations.
The non-bonded interactions between every pair of particles were
modeled by a surface-shifted Lennard-Jones (SSLJ) potential. The
functional form of the SSLJ potential between particle i and particle
j at a distance r is given by

VSSLJ(r) � 4ϵij
σ

r − Δ( )12

− σ

r − Δ( )6[ ], (1)

where ϵij is the depth of the potential well and Δ � (σi + σ j)/2–1,
where σ i and σ j are the diameters of the particle i and particle j,
respectively. Here, σ measures how close two non-bonded
particles can come in an equilibrated self-assembled structure.
In all of our simulations, ϵij was set to 1.0 for every type (seed-
seed, lobe-lobe, seed-seed) of pair in particles. The interactions in
a lobe-lobe pair are attractive, and between a seed-seed or seed-
lobe pair are repulsive. The cut-off distance for the pairs of lobes
was set to 3.0 and the cut-off distances for the seed-seed and seed-
lobe pairs were set to 21/6σ. For each set of seed diameter (except
σS � 1.0) and temperature, we carried out two simulations; in one
σ was set to 1.0 and in another one σ was set to equal to the seed
diameter, σS. In Supplementary Figure S2, we show a trace of
VSSLJ vs. r at two different σ for σS � 1.4. At a higher σ, the location
of the potential well shifts to the right side.

We performed a total of 165 simulations (55 simulations for
each of the three rN values; 30 simulations at σ � 1.0 and 25
simulations at higher σ values). Each simulation was carried out for
108 steps using a time step of 0.005. We present the potential
energy per particle vs. time for all systems in Supplementary
Figure S3 which show a convergence of the potential energy with
time. To examine the robustness of the self-assembled
morphologies, we performed many additional simulations
starting from different initial configurations. We observed that
the self-assembled structures generated at a particular set of
parameters is invariable among different starting configurations.

We estimated the radial distribution (RDF) functions for the seed
pairs to understand the morphologies of the self-assembled
structures (see details in the supporting information).

To examine the homogeneity of the self-assembled structures,
we defined a parameter Φ which is given by [42].

Φ � 1
N〈∑N

i�1
Φi〉

t

(2)

where N is the total number of particles present in the system.
〈. . .〉 denotes the time average, and Φi is defined as
Φi � (na − nb)2/(na + nb)2 where na and nb are the number of
particles of type a and type b, respectively, that are present in the
first coordination shell of particle i. TheΦi is equal to one if all the
particles present in the first coordination shell of particle i are of
the same type (i.e., na or nb � 0) and the Φi is 0 if na � nb.

3 RESULTS AND DISCUSSION

In this section, we describe the self-assembled morphologies and
porosities obtained from the mixtures of snowman and dumbbell
shaped particles at different seed diameters (σS) and temperatures
(kBT). At first, we discuss the morphologies obtained at σ � 1.0
(the SSLJ parameter) and rN � 1.0. We show a state diagram in
Figure 2. Then we describe the results obtained at higher σ values
and at the other number ratios of the lobed particles.

Random Aggregates of Different Shapes at
Lower σS
At σS � 1.0 (qL � 1.0), the self-assembly occurs at all five
temperatures (kBT � 0.1, 0.2, 0.3, 0.4, 0.5) studied in this work.
The RDFs shown in Figure 3A reveal that the self-assembled

FIGURE 2 | A phase diagram of all self-assembled morphologies
observed at different seed diameters and temperatures for σ � 1.0 (the SSLJ
parameter) and rN � 1.0.
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structures formed at σS � 1.0 are mainly random aggregates. At
lower temperatures, the lobes are sticky due to stronger interactions
between them. As a result, when the smaller aggregates generated at
the initial stages in simulationsmerge to form larger aggregates, the
lobed particles cannot rearrange their positions inside these
aggregates, thereby leading to different shapes. The aggregates
formed at lower temperatures are composed of both snowman
and dumbbell shaped particles (Figure 3B). However, at higher
temperatures, the lobes are not so sticky as the interactions between
them are moderate, and the lobed particles can rearrange their
positions to reduce the interfacial tension and finally appear in a
spherical shape (Figure 2 and Figures 3D,F). The spherical
aggregates formed at higher temperatures are homogeneous, as
revealed by the parameterΦ at different temperatures (Figure 4A;
black curve). The cross sectional views of the random aggregates
shown in Figures 3C,E reveal that the cores of the random
aggregates are formed mainly by the dumbbell shaped particles
and the outer most shell is covered by a single layer of snowman
shaped particles. This is partly driven by the excluded volume effect
and partly driven by the energy. As the volume of the dumbbell
shaped particles are higher than the snowman shaped particles, the
formation of the central cores of the self-assembled structure only
by the dumbbell shaped particles reduces more excluded volume,
which makes it favorable to form these morphologies. In addition,
the dumbbell shaped particles, when they are at the cores of the
self-assembled structures, utilize their two lobes to interact with the
other particles, and lower the energy of the system. And the
snowman shaped particles due to having one lobe interact with
the other particles from one direction only, and form the outer
surfaces of the self-assembled structures, making the process partly

energy driven. We suggest that the self-assembled monolayers
formed at lower temperatures by the snowman shaped particles
can stabilize, and control several properties like wetting, adhesion,
and chemical resistance of the inner self-assembled structures
formed by the dumbbell shaped particles [43, 44].

We also estimated the average number of particles present in the
first coordination shells of dumbbell shaped ( �ND) and snowman
shaped ( �NS) particles at different seed diameters and temperatures.
The changes in �ND and �NS with temperature for all seed diameters
are shown in Figures 4B,C, respectively. At σS � 1.0, the values of
�ND (Figure 4B, black curve) remain nearly constant with an
increase in temperature, revealing that the dumbbell shaped
particles participate in the self-assembly for the entire range of
temperatures. But, the values of �NS, at σS � 1.0 (Figure 4C, black
curve) reveal that the snowman shaped particles participate in the
self-assembly until kBT � 0.3, and then they begin to disassemble
and at kBT � 0.5, most of the snowman shaped particles remain in a
dissociated state. At kBT � 0.5, the aggregates are homogeneous,
formed predominantly by the dumbbell shaped particles.

At σS � 1.2 (qL � 0.83), we observed a very similar kind of self-
assembly phenomenon that we observed at σS � 1.0
(Supplementary Figure S4). At lower temperatures (kBT �
0.1, 0.2), random aggregates of different shapes are formed
(Supplementary Figures S4A,D), and at higher temperatures
(kBT � 0.3, 0.4, 0.5), these aggregates become spherical
(Supplementary Figures. S4B,C, E–G). With an increase in
temperature, the aggregates become homogeneous (Figure 4A;
red curve), formed mainly by the dumbbell shaped particles. The
variations in �ND and �NS with temperature reveal that the
dumbbell shaped particles self-assemble at a wider range of

FIGURE 3 | Self-assembly of a mixture of snowman and dumbbell shaped particles at σS � 1.0. The RDFs computed for the seed pairs at kBT � 0.1 (black
trace), kBT � 0.3 (red trace), and kBT � 0.5 (green trace). Shown are the zoomed views of the random aggregates formed at (B) kBT � 0.1, (D) 0.3, and (F) 0.5. The
cross-sectional views (panels C and E) of aggregates given in B and D are also shown.
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temperatures (Figure 4B; red curve), but the snowman shaped
particles start to disassemble from kBT � 0.3 and remain in a
dissociated state (Figure 4C; red curve).

A Transition from Random Aggregates to
Liquid Droplets at Moderate σS
At σS � 1.4 (qL � 0.71) and σS � 1.6 (qL � 0.63), we observed a
transition from random aggregates to a liquid droplet state with
an increase in temperature. At σS � 1.4, the self-assembly occurs
at kBT � 0.1 to 0.4. At kBT � 0.1 and 0.2, heterogeneous random

aggregates form (Supplementary Figures S5A,C,E, and F). At
higher temperatures (kBT > 0.2), the self-assembled structures
become homogeneous, formed predominantly by the dumbbell
shaped particles (Figure 4A; green curve). At higher
temperatures, the self-assembled structures formed by the
dumbbell shaped particles attain a liquid droplet state
(Supplementary Figures S5B,D,G), and the snowman
shaped particles remain in a dissociated state.

At σS � 1.6, the self-assembly occurs from kBT � 0.1 to 0.3
(Figure 5 and Supplementary Figure S6). At a lower
temperature, kBT � 0.1, we observed wire-like structures, that
are amorphous and heterogeneous in nature, formed by both
types (dumbbell and snowman shaped) of particles (Figure 5B
and Supplementary Figure S6B). At kBT � 0.2, most of the
snowman shaped particles disassemble (Figure 4C, blue curve)
and the dumbbell shaped particles self-assemble into amorphous
three-dimensional aggregates (Figure 5C and Supplementary
Figure S6C). At both kBT � 0.1 and 0.2, the dumbbell shaped
particles form the cores of the self-assembled structures and the
snowman shaped particles are found in the outer shell (Figures
5B,C). At both temperatures, the average number of particles
present in the first coordination shells of the dumbbell shaped
particles ( �ND) is 10 (Figure 4B; blue curve), where each of the
two lobes are attached with five other particles (Figures 5E,F).
From the top-view, the first coordination shell resembles a
starfish (Figure 5E). At a higher temperature (kBT � 0.3),
mainly the dumbbell shaped particles participate in the self-
assembly, and form a liquid droplet state (Figure 5D and
Supplementary Figure S6D).

For σS ≥ 1.6, we observed a rapid phase separation with an
increase in temperature. For an increase in temperature (kBT)
from 0.1 to 0.2 at σS � 1.6, the values of Φ were observed to
significantly increase from 0.14 to 0.61 (Figure 4A; blue curve).
The values of �NS (i.e., the average number of particles in the first
coordination shell of the snowman shaped particles) were also
observed to undergo a significant decrease from 6.3 to 1.5 with an
increase in temperature from 0.1 to 0.2 (Figure 4C; blue curve),
while the values of �ND remain constant at around 8.5 for the
entire range of temperature (Figure 4B; blue curve). These data
establish the fact that the snowman shaped particles get separated
from the aggregates rapidly at higher seed diameters than they do
at lower seed diameters. A similar phase separation phenomenon
was observed at σS � 1.8.

Amorphous Wire and Ring like Structures
and Crystalline Structures at higher σS
At σS � 1.8, the self-assembly occurs only at lower temperatures
(kBT � 0.1 and 0.2), and a transition from a wire-like structure
(Figure 6B and Supplementary Figure S7B) to a crystalline
structure (Figure 6D and Supplementary Figure S7C) is
observed with an increase in temperature. At kBT � 0.1, the
heterogeneous wire-like structures (Figure 6B and
Supplementary Figure S7B) are formed by both types
(snowman and dumbbell shaped) of particles. The lobed
particles were observed to self-assemble into tetrahedral or
octahedral clusters (Figure 6C) before forming an extended

FIGURE 4 | (A) The change in the parameterΦ (defined by Eq. 2) with an
increase in temperature (kBT) at different seed diameters (σS) for the SSLJ
parameter σ � 1. At each seed diameter, the values of Φ increases with an
increase in temperature, revealing the formation of homogeneous self-
assembled structures at higher temperatures. (B and C) The average number
of particles in the first coordination shell of (B) dumbbell shaped particles ( �ND)
and (C) snowman shaped ( �NS) particles. The legend in the inset of panel C
applies to all panels. The values of qL, the parameter we defined to quantify the
lobe size (see Methods), are given in the parentheses.
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wire-like structure. The dumbbell shaped particles contribute to
form the central cores of the wires, thereby helping in
lengthening the wires via two lobes at the opposite poles.
The snowman shaped particles are mainly found at the
surfaces of wires, which prevents the growth of wires
orthogonal to the axes of the wires. At higher seed diameters,
the volumes of the snowman and the dumbbell shaped particles
are almost equal. Therefore, the excluded volume effect almost
diminishes at this condition. So, the formation of the central
cores of the self-assembled structures by the dumbbell shaped
particles and the outer surface by the snowman shaped particles
is mainly energy driven.

At higher temperatures, the snowman shaped particles
separate from the assembly leaving only homogeneous self-
assembled structures formed by the dumbbell shaped particles.
We observed a large increase in the Φ value from 0.21 to 0.82
(Figure 4A; the magenta curve) with a small increment in the
temperature from 0.1 to 0.2, revealing a rapid transition from
the heterogeneous to homogeneous structures. The variations
in �ND (Figure 4B; the magenta curve) and �NS (Figure 4C; the
magenta curve) values with temperature also support the
observation of a rapid phase separation. The self-assembled
structures formed at kBT � 0.2 are crystalline where the unit
cell is a face-centered cubic lattice (Figure 6F and

FIGURE 5 | Self-assembly of a mixture of snowman and dumbbell shaped particles at σS � 1.6. (A) The RDFs computed for the seed pairs at kBT � 0.1 (black
trace), kBT � 0.2 (red trace), and kBT � 0.3 (green trace). Shown also are the enlarged views of a wire-like cluster formed at kBT � 0.1 (B), a three-dimensional
amorphous cluster (C), and a liquid droplet (D). In all of these structures, the snowman shaped particles are found at the surfaces only. The first coordination shells of
the dumbbell shaped particles look similar at kBT � 0.1 and kBT � 0.2. The top and side views of the first coordination shell are shown in panels (E,F).

FIGURE 6 | Self-assembly of a mixture of snowman and dumbbell shaped particles at different seed diameters and temperatures. (A) The RDFs computed for the
seed pairs at σS � 1.8 and kBT � 0.1 (black trace), σS � 1.8 and kBT � 0.2 (red trace), and σS � 2.0 and kBT � 0.1 (green trace). (B) The wire like structures and (C) a small
cluster showing an octahedral and a tetrahedral arrangement of particles at two ends of a dumbbell shaped particle at σS � 1.8 and kBT � 0.1. (D,E) A cluster and its cross
sectional view, and (F) a face centered cubic unit cell formed at σS � 1.8 and kBT � 0.2. (G) A cluster formed at σS � 2.0 and kBT � 0.1 and (H) a smaller part of it
(shown in a stick representation). The particles present in the cluster (G andH) are observed to self-assemble into tetrahedral arrangements before forming large ring-like
structures.
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Supplementary Figure S7D). In Figures 6D,E, we show a self-
assembled cluster and its cross sectional view formed at kBT �
0.2. It reveals that the bulk of the crystalline structures is
constituted by the dumbbell shaped particles only, and few
lattice points at the surfaces of the crystalline structures are
occupied by the snowman shaped particles (the red spheres).

At σS � 2.0, the self-assembly occurs only at kBT � 0.1,
predominantly by the dumbbell shaped particles (Figure 6G).
The self-assembled structures are amorphous and made up of
ring like structures (Figure 6H). We did not observe any long-
range order between the particles (Figure 6A; the green curve)
but a short-range order is observed where the first coordination
shell possesses a trigonal prismatic geometry. The lobed particles
were observed to self-assemble into a tetrahedral geometry before
forming a ring like structure (Figure 6G). The dumbbell shaped
particles form the bulk of the clusters, and the snowman shaped
particles are observed only at the surfaces of the clusters
(Figure 6G).

Heterogeneous Wire-like Structures to
Homogeneous Liquid Droplets at σS = 1.4
and σ = 1.4
The self-assembled morphologies, that we have described so far,
were obtained at the SSLJ parameter σ � 1.0. Now we will describe
the self-assembled morphologies obtained at higher σ. For the
seed diameters (σS) equal to 1.2, 1.4, 1.6, 1.8, and 2.0, we carried
out a second set of simulations where the values of σ were set
equal to their respective σS values. At these higher σ values, we

observed the self-assembly only at σS � 1.2 and 1.4. At σS � 1.2, we
observed self-assembly at four different temperatures (kBT � 0.1,
0.2, 0.3, and 0.4). At lower temperatures, heterogeneous random
aggregates are formed, and at higher temperatures, homogeneous
liquid droplets primarily formed by the dumbbell shaped particles
are observed (Supplementary Figure S8). At σS � 1.4, we
observed the self-assembly at two different temperatures
(kBT � 0.1 and 0.2). At kBT � 0.1, the heterogeneous wire-like
structures (Figure 7A), that are amorphous in nature, are formed.
The lobed particles self-assemble into octahedral clusters
(Figures 7B,C) before forming the extended wire-like
structures. At kBT � 0.2, homogeneous liquid droplets are
formed mainly by the dumbbell shaped particles, and the

FIGURE 7 | Self-assembly of a binary mixture of snowman and
dumbbell shaped particles at σS � 1.4 and σ � 1.4. Shown are the RDFs for
the wire like structures (black trace) formed at kBT � 0.1 and liquid droplets
(red trace) formed at kBT � 0.2. The top and side views of a part of wire-
like structures (B,C) and a liquid droplet (D) are also shown.

FIGURE 8 | Pore size distributions (PSDs) at different temperatures and
at different values of the SSLJ parameter, σ for the seed diameter, σS � 1.2 (A)
and 1.4 (B). For comparison, we present the PSDs only at those
temperatures, where three-dimensional self-assembled structures are
formed for both the σ values.
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snowman shaped particles are found in a dissociated state
(Figure 7D).

At any seed diameter and temperature, the self-assembled
morphologies remain same at different number ratios (rN) of the
lobed particles. At any combination of the seed diameter (σS),
temperature (kBT), and the SSLJ parameter, σ, the morphologies
of the self-assembled structures formed at two other number
ratios (rN � 0.5 and 2.0) of the lobed particles are similar to the
structures formed at rN � 1.0 (Supplementary Figures S9, S10).
At any seed diameters, homogeneous structures are formed at
lower temperatures, and heterogeneous structures are formed at
higher temperatures (Supplementary Figure S11). The
variations in �ND and �NS (Supplementary Figure S12) with
an increase in temperature are also similar to the variations
that we observed in the case of rN � 1.0 (Figure 4). The
values of �ND (Supplementary Figures S12A,B) remain almost
same at the entire range of temperature. But, the values of �NS

(Supplementary Figures S12C,D) start to decrease after a certain
temperature at any seed diameter as the snowman shaped
particles remain in a dissociated state at higher temperatures.
At rN � 2.0, as the number of the snowman shaped particles is
twice the number of the dumbbell shaped particles, the self-
assembled clusters formed at rN � 2.0 are fully wrapped by the
snowman shaped particles. In contrast, at rN � 0.5, the clusters are
partially wrapped due to the less number of snowman shaped
particles in the mixture.

Porosities of Self-Assembled Structures
At the SSLJ patameter σ � 1.0, the largest pores are found at σS �
2.0 and kBT � 0.1. We estimated pore diameters for those
structures that are three dimensional, and not extended wire-
like. At any seed diameter, the three-dimensional structures
usually form at higher temperatures, and the extended wire-like
structures or narrow random aggregates form at lower
temperatures. Therefore we estimated the pore size
distributions, which are shown in Figure 8, Supplementary
Figures S13, S14, for the higher temperature structures only.
For three-dimensional self-assembled structures, we extracted
large cuboids, and then used the Zeo++ software [45, 46] to
estimate the pore size distributions, as carried out in our
previous work [30, 31]. For each seed diameter, the pore
diameters were observed to increase with an increase in the
temperature. The lobed particles having larger seeds or smaller
lobes were observed to produce bigger pores than the particles
having smaller seeds. At σ � 1.0, the largest pores were found for
σS � 2.0 at kBT � 0.1 (Supplementary Figure S13F). We
obtained a broader pore size distribution because of the
amorphous ring structures formed at this condition. The
pore diameters were found to vary between ∼ 1.5σB and ∼ 3.5σB.

Self-Assembled Structure Formed at a
Higher σ Value Produce Larger Pores than
the Corresponding Structure Formed at a
Lower Sigma Value
The self-assembled structures formed at higher σ values are
observed to form larger pores than the corresponding structures

formed at lower σ values (Figure 8). Among the self-assembled
structures formed at higher σ values, the structures self-assembled
at σS � 1.4 and σ � 1.4 were found to possess the largest pores at
kBT � 0.2 (Figure 8B, Supplementary Figure S14B). At this
condition, the pore diameter varies between ∼ 1.0σB and ∼
2.5σB. The structures self-assembled at the same seed diameter
and temperature (σS � 1.4 and kBT � 0.2) but at a lower σ value (σ �
1.0) produce very small pores (∼ 0.2σB to ∼ 0.7σB), revealing the
effect of the Lennard-Jones parameters σ on the porosities of the
self-assembled structures. The central seeds, at a higher σ value,
become more repulsive and therefore remain further from each
other compared to a lower σ, which is why the pore diameters at a
higher σ are much larger than at a lower σ.

As all the simulation domains in our work contain a mixture of
snowman and dumbbell shaped particles, the self-assembly
phenomenon is observed mainly at lower temperatures. For
example, in our earlier study [31], we observed that the highest
temperature at which the dumbbell shaped particles of σS � 1.6 self-
assemble is 0.4, and at that condition the pore diameters vary
between 0.1σB and 2.3σB [31]. But in the presence of snowman
shaped particles, the highest temperature at which the self-assembly
occurs at σS � 1.6 is 0.3. Although the self-assembled structures
formed at kBT � 0.3 in the present work are almost similar to the
structures formed at kBT � 0.4 in our previous study (in both cases
liquid droplets are formed by the dumbbell shaped particles), the
pore diameters found in the present work (Supplementary Figure
S13D, red curve) are relatively smaller (0.1σB to 1.2σB) than the
previous work due to the difference in the temperature. As pore
diameters increase with the temperature, and the presence of the
snowman shaped particles inhibits the self-assembly at higher
temperatures, we recommend the usage of only dumbbell shaped
particles for better porous self-assembled structures. Moreover, as
the snowman shaped particles remain only at surfaces of the self-
assembled structures and the bulk of the self-assembled structures
are formed mainly by the dumbbell shaped particles at any seed
diameter and temperature, the snowman shaped particles do not
have a significant impact on the porosities of the self-assembled
structures.

4 CONCLUSION

We have reported studies on self-assembled structures obtained
from a mixture of the snowman and dumbbell shaped particles at
different lobe sizes and temperatures. We also investigated the effect
of the SSLJ parameter σ on the self-assembled morphologies and
porosites. At lower temperatures, heterogeneous self-assembled
structures are formed by both the dumbbell and snowman
shaped particles. The dumbbell shaped particles form the cores
of self-assembled structures, and the snowman shaped particles are
self-assembled in a single layer at the surfaces of the self-assembled
structures. With an increase in temperature, homogeneous self-
assembled structures formed predominantly by the dumbbell
shaped particles are observed, and the snowman shaped particles
are found in a dissociated state. The difference in the number of
lobes between these two types of particles is the reason for the self-
assembly of snowman particles only at lower temperatures, while
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those of the dumbbell shaped particles at higher temperatures too.
At larger seed diameters, the transition from the heterogeneous to
homogeneous structures occurs faster than at smaller seed
diameters. Depending on the seed diameter and temperature, we
found different types of self-assembled structures (random
aggregates, wire-like structures, liquid droplets, crystalline, and
ring structures). The self-assembled morphologies are invariant
with respect to the number ratios of the constituent lobed
particles in the mixture. At higher σ values, the self-assembly
occurs only at lower seed diameters (σS � 1.2 and 1.4). Our
work suggests that the repulsive interactions between the seed
particles play a major role in producing porous self-assembled
structures, as suggested by the results at various σ values. Our
work also shows that the simpler particle shapes like snowman and
dumbbell shaped lobed particles, having very small number of lobes
that are easier to synthesize, can produce a variety of structures when
they are mixed and when the interactions between them are tuned.
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