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In [Opt. Lett. 38, 4023-4025 (2013)] the author predicted that the low coherent
X-ray is hard to provide a high-resolution diffraction pattern from an object with
a spatially periodic structure. This would severely restrict X-ray crystallography
and its similar techniques. In this letter, we indicate that the Ghost diffraction
technic takes advantage of the low coherence and may thus break through the
bottleneck. Analytical formulae for calculating ghost diffraction patterns
diffracted by the periodic structured media under any coherent state are
derived.
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In 1912, Laue discovered an X-ray pattern diffracted by a crystal of CuSO,*5H,0. His
experiment pioneered X-ray spectroscopy and made the prospect of determining crystal
structures promising [1]. A historic example was that in 1951 Rosalind Franklin obtained
an X-ray diffraction pattern scattered by a DNA crystal [2]. Based on that, a double helix
fine structure of DNA with its parameters was revealed by Watson and Crick [3]. In the
past half-century, X-ray crystallography [4] has shown a tremendous impact in Nano-
sciences [5], structural biology [6], and other areas [7, 8]. In recent years, many X-ray free-
electron laser (FEL) facilities have been established [9], they allowed us to observe
molecular structures from crystals of a few nanometers [10], and provide the possibility of
visualizing macromolecular structures and complexes at high resolution even without the
need for crystals [11]. From the perspective of classical diffraction, all these require a high-
coherence light source [12, 13].

On the other hand, to obtain an effective diffraction pattern requires radiation sources
with a wavelength much shorter than the crystal’s spatial period, or the spatial spectral
information of the object remains less [14]. This can be compared to the case where the slits
contain only zero-order fringes. For crystals with a spatial period close to or even below the
sub-atom scale, namely 107'° m, candidate sources remain few but like hard X-rays [15],
gamma rays [16], and neutron rays [17]. Among them, neutron crystallography [18, 19]
develops as a similar technique more than a shorter wave counterpart to sub-atomic X-ray
crystallography. It is so far the only approach for the location of highly polarized H atoms and
protons (H"), because X-rays are blind to them [20]. A further advantage of neutron
crystallography is that neutron rays do much less damage to crystals than X-rays [21].
However, high-quality diffraction patterns are difficult to obtain [15-17] due to the difficulty
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of generating coherent radiation with these sources [22]. One may
even not make a tradeoff between the quality and its coherence. The
bottleneck has precisely been predicted in Ref. [12].

Ghost imaging (GI) is a technique that enables one to obtain
objects’ geometrical images or diffraction patterns from the optical
path that does not contain them. There have been many practicalities
of GI reported during recent decades in terms of the hard X-ray
sources [23], neutron ray sources [24], single-pixel detection
techniques [24, 25] etc, Among former reports, issues for
complete incoherent sources [22, 26] and for non-periodic objects
[27] are discussed, but few partially coherent problems are addressed
on periodic media, especially on the issue of crystallography. In this
paper, we compare the quality of diffraction patterns and ghost
diffraction patterns of the same periodic object and show that the
coherence state has the opposite effect on them with respect to the
quality of the patterns: An increase (decrease) of the degree of partial
coherence leads to a decrease (increase) of the quality of the
diffraction pattern.

We begin by writing fields in the optical path containing the

object as
E(r) = J” E(p)Gos; (p)d’p @
v
and containing no object as
E() = ||| E(p)G(p.1)d’p @
i
Among (1)
ejkr .
Gosj (pox) = F(p) ——e /™ 3

is the propagator in space containing the object, with scatter
potential of F(p), and among [2].

jkr
e e iksp

G(p.r) = 4

r

is the propagator in free space, i.e., there is no object present in
the optical path. By applying Eqs 1-4, one can write, respectively,
the cross-spectral density function (CSD)

W (11, 15) = CE" (1)E (1)) )

in the far zone for diffraction patterns as

Wp (r,1) = Jjj W(p,» Pz)G;bj Py 11)Gobj (Py» r2)dspldspz>
v

(6)
and for ghost diffraction as
WS (ry,15) = ”:[ w (Pl’ Pz)G* (Pl’ rl)Gobj (Pz’ rZ)dspldspz-
v
()
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FIGURE 1

Vector p = (£ 7, {) denotes the position in the medium, and r =

rs = (x, y, z) denotes the position in the far-field. § is the unit vector
along the X-axis, and s is the unit vector along with r.

where the vector p = (& #, {) represents the position in the near-
field and r = (x, y, z) denotes the position in the far-field, as
Figure 1 shows. Among [6, 7].

W(Pp Pz) = (E (Pl)E(Pz)> (8)

defines the CSD for the source. We consider [8] to have a form of
Gauss—Shell mode (GSM) of

2
1

+ 2
- Ao - 128 o] -

0-2

(Pz_Pl)z
28 ] )

with ¢ to describe its spread size and § to evaluate its spatial
coherence length. GSM of Eq. 9. Was chosen to model CSD of Eq.
8. Because it exists most widely in nature and is easy to explain,
although there are many light sources with special correlation
structures [28] that are more suitable for specific occasions. It is
worth noting that the physics behind Eq. 6. Was that the
observable CSD W (p;, p,) travels like a monochromatic
wave. Such an interesting physical picture derives from two-
photon Helmholtz equation [29]:

VEW (r1,1;) + W (r1,1,) =0, n=1,2, (10)

one can appreciate its ghost imaging counterpart of Eq. 7. By
referring to Ref. [30], which provides a unified understanding of
phenomena that related to the two-photon wave packet
propagation.

We write the medium’s scattering potential F(p) with a
periodic structure as [12, 31]:

F(p) =Y ®(H)exp(j2nHp), (11)
H

H is the reciprocal lattice vector. We simplify [11] by
assuming it to be one-dimensional along the X direction, i.e.,

F(p) = f(©)8(m)d(0)

Assuming that f () has a spatial period d, i.e., f(§) = f (£ + d),
one can expand f (§) in the form of a Fourier series as

(12)
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f@= Y Coew(j2e), (13)

and its Fourier coefficients are given by
d

1 2
C,= EJf(E) exp(—j%f)d&, (n=+1,£2..). (14)

0

By substituting Eqs 3, 9, 12, 13, into Eq. 6, one obtains

AlPeiktrz—ry
Hei Z Cmcnwmn(glrel)’ (15)

m=—00

Wg) (rlr 1'2) =
nra

and by substituting Eqs. 3, 4, 9, 12, 13 into Eq. 17, one obtains

eik(ra=r1)

1
W (r,1,) =A A? exp( - ZAzkzsin201>

A (16)
Z Can (61’ 92)

n=—00

where 0 is the angle between s and § given by

cosf@=s-§ (17)

In Eq. 15,

W (01, 6,) = J jexp( —ijn% +jn271%>

& &

y f? +E§ (& _51)2
€xXpy — 02 +2—82

xexp[ - jk(s:€, - 8,&))E]dE, dE, (18)

2 —_

A
= Al exp{ - ?1 [Zn dm m+k (cos 0, —cos0,)]*}

A :
Xexp{ - 71 [m; ”n—g (cos 91+c0562)] ]»,

and in Eq. 16,

2, g2 2
w060 = [ [esp(nan's) exp| - S5 - EoET ]

o
b &

xexp[ — jk(s:€, — 8:&,)¢E]dE dé,

2
2
= nAlcexp{ - % [%Hc(cos 6,—cos6,)1’}

1 ,[nr k ’
xexp{ - EAf [7 -5 (cos 91+c0592)] }

(19)

Egs 18, 19 are evaluated by changing the variables follows:

:£1+Ez

2 =8 -&; (20)

&,

with
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A normalized 1(6)
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FIGURE 2

(A—E) Normalized /(6) (with arbitrary unit) plotted against

0 = arccos (s-§) for different values of the horizontal coherent
length §. The spot size and the wavelength of the incident
radiation are takentobe o =4 x 107 mand A = 1071°%* m.

1 1 1 1 1 1
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Egs 15, 16 together with Eqs 18, 19. are the main results of

this investigation.
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A normalized J(0)
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FIGURE 3

(A—E) Normalized J(6) (with the arbitrary unit) plotted against

0 = arccos (s-§) for different values of the horizontal coherent
length §. The spot size and the wavelength of the incident radiation
are taken to be 0 = 4 X 107 mand A = 107°%* m.

As a simple example, we select a one-dimensional black and
white grating with period d, and slit width b to model f (§) as:

£©= 3 rea( S5),

k=-c0

(22)

and by applying Eq. 14, we obtain
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cozg, anésin%ﬂb, (n=+1,%2..).  (23)
We use
1(6) = WS (1,1) (24)

to investigate diffraction patterns. When performing ghost
imaging experiments, one gets the information by applying

CAI(r)AL(xy)y = KI(1)I(xo)) — I (1))<I(x)>,  (25)
for GSM sources, there exists [32].
(AL(DAI(rp)) = [WE (5, 10)|° (26)
therefore, we use
J(0) = W (r,10)[° 27)

to investigate ghost diffraction patterns in the far-field. In Eq. 27,
r in plane XOZ denotes the position in the reference arm of GI,
which contains no object, and ro = (0, 0, r) describes the fixed
position of the detector located in the object arm containing the
object.

By setting that d = 2.814 x 10"m, b = d/10, A = 1 x
107" m, and 0 = 4 x 107'° m, we plotted I(0) in Figure 2 and J
(0) in Figure 3 with different value of §. All of them have been
normalized by their maxima. We arranged parameters as A < d <
0. The coherence scale § is generally larger than the wavelength A,
and might be slightly smaller than it in some places. This
the
conditions in general. From of Figures 2A—E, one can see that

arrangement conforms to diffraction  experiment
as the coherent size § of the radiation decreases, the information
of the scattering object is lost gradually in the diffraction pattern
I(6). When we use these data with the same sequence to plot the
ghost diffraction J(0), one sees from Figures 3A-E that the
information content of the diffraction patterns is gradually
increasing if the coherence length decreases. However,
reversely, a decrease in the coherence length leads to a
decrease in the information content of the ordinary classical
diffraction patterns.

These results clearly show that the lesser coherent the
radiation source is, the more difficult it becomes to obtain
high-quality classical diffraction patterns. However, the lesser
the beam’s coherence, the better it will perform in the case of
ghost diffraction! This suggests the superiority of ghost
diffraction in crystallography, when using extremely low
coherent radiation [24, 33, 34] and may thus be breaking
through the bottleneck which has precisely been predicted in
Ref. [12].

We address although ghost imaging provides a better resolution
with a less spatially coherent field may not be unexpected, we have
made a mathematical proof for the first time, not just based on

experience and intuition from experiments.
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