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Non-Hermitian systems have been widely utilized to achieve specific functions

for manipulating abnormal wave motion, such as asymmetric mode switching,

unidirectional zero reflection (UZR), and unidirectional perfect absorption

(UPA). In this paper, a novel non-Hermitian piezoelectric metamaterial beam

is proposed to realize the tunable UZR of flexural waves. The unit cell of this

non-Hermitian metamaterial beam consists of a host beam and two pairs of

piezoelectric patches shunting different resistor–inductor circuits. Based on the

flexural wave theory, the transfer matrix method is introduced to analyze the

influence of electrical boundary conditions on the UZR and further clarify the

relationship between the UZR and the exceptional point. The exceptional point

depends only on the dissipative circuit, and it has no need for the balanced gain

and loss like parity–time symmetric metamaterial. Furthermore, the UZR for the

desired frequency is realized by applying a genetic algorithm, and its effectivity

is experimentally validated. In addition, the non-Hermitian metamaterial beam

is designed to realize the UPA of flexural waves. Results indicate that the

proposed metamaterial beam is versatile and can achieve tunable

manipulations of asymmetric wave propagations and has widely promising

applications in many fields, such as non-destructive testing, enhanced sensing,

wave isolation and vibration attenuation.
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1 Introduction

Controlling elastic wave propagation based on the metamaterial/metasurface has been

explored to exhibit wide potential applications in wave isolation and vibration attenuation

[1, 2], enhanced sensitivity in non-destructive testing [3], source illusion [4], wave

travelling manipulation [5, 6], etc. Metamaterials have been widely investigated by

artificially designing their microstructures for achieving highly unusual properties in

elastic wave propagations, like broadening the passband [7] or bandgap [8], cloaking wave

[9], negative refraction [10], and one-way wave transport [11]. Recently, non-Hermitian

metamaterials with loss or/and gain, as open systems, have attracted a lot of attention

OPEN ACCESS

EDITED BY

Zongliang Du,
Dalian University of Technology, China

REVIEWED BY

Xiaoming Zhou,
Beijing Institute of Technology, China
Chen Shen,
Rowan University, United States

*CORRESPONDENCE

Zheng Li,
lizheng@pku.edu.cn

SPECIALTY SECTION

This article was submitted to Physical
Acoustics and Ultrasonics,
a section of the journal
Frontiers in Physics

RECEIVED 04 November 2022
ACCEPTED 21 November 2022
PUBLISHED 06 December 2022

CITATION

Wu Z, Yi J, Xia R, Chen J and Li Z (2022),
Versatile non-Hermitian piezoelectric
metamaterial beam with tunable
asymmetric reflections.
Front. Phys. 10:1089250.
doi: 10.3389/fphy.2022.1089250

COPYRIGHT

© 2022 Wu, Yi, Xia, Chen and Li. This is
an open-access article distributed
under the terms of the Creative
Commons Attribution License (CC BY).
The use, distribution or reproduction in
other forums is permitted, provided the
original author(s) and the copyright
owner(s) are credited and that the
original publication in this journal is
cited, in accordance with accepted
academic practice. No use, distribution
or reproduction is permittedwhich does
not comply with these terms.

Frontiers in Physics frontiersin.org01

TYPE Original Research
PUBLISHED 06 December 2022
DOI 10.3389/fphy.2022.1089250

https://www.frontiersin.org/articles/10.3389/fphy.2022.1089250/full
https://www.frontiersin.org/articles/10.3389/fphy.2022.1089250/full
https://www.frontiersin.org/articles/10.3389/fphy.2022.1089250/full
https://www.frontiersin.org/articles/10.3389/fphy.2022.1089250/full
https://crossmark.crossref.org/dialog/?doi=10.3389/fphy.2022.1089250&domain=pdf&date_stamp=2022-12-06
mailto:lizheng@pku.edu.cn
https://doi.org/10.3389/fphy.2022.1089250
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org/journals/physics#editorial-board
https://www.frontiersin.org/journals/physics#editorial-board
https://doi.org/10.3389/fphy.2022.1089250


because the viscosity loss is ubiquitous in natural materials, and

more importantly, it has been forming non-Hermitian

metamaterials to realize special wave phenomena, such as the

skin effect [12], asymmetric mode switching [13], Bloch

oscillations [14], and coherent perfect absorption using lasers

[15]. The existence of the exceptional point (EP) in non-

Hermitian systems is significant for realizing fascinating

phenomena of wave propagation.

The EP is a branch point of singularity in a wave scattering

matrix or a degeneracy point of non-Hermitian systems, and

eigenvalues and eigenvectors simultaneously degenerate at

this point [16]. Previously, a non-Hermitian system is

usually constructed by a parity–time (PT) symmetric

structure with balanced gain and loss, and the EP was first

explored in optics [17] to realize the asymmetric reflection.

Nowadays, the unusual unidirectional zero reflection (UZR) at

the EP of PT-symmetric structure has been pursued to steer

elastic waves, like longitudinal waves [18] or flexural waves

[19]. However, the PT symmetric condition for balanced gain

and loss is too hard to be satisfied in elastic metamaterials

since the effective and stable gain is difficult to be provided.

Therefore, the passive asymmetric metamaterials only

involving the viscosity loss of materials were designed to

achieve the UZR associated with the EP [20, 21], but the

frequency of the EP or UZR is determined and unchangeable.

How to tune and broaden the working frequency of the UZR

is an important issue for their extremely narrow band.

Piezoelectric metamaterials are conveniently and accurately

tunable because their shunted external circuits can be highly

designable and controllable to change the effective mechanical

parameters [22–24]. Based on piezoelectric metamaterials, Yi et

al. [15] proposed reconfigurable metamaterials to design a

coherent perfect absorber for longitudinal and flexural

waves, Chen et al. [25] designed a metabeam to realize the

tunable UZR of a flexural wave, and Katerina et al. [26]

proposed a non-Hermitian metasurface for unidirectional

focusing of flexural waves. However, these researches are

only focused on numerical simulation, and there is still a lack

of the corresponding experimental study for the tunable EP

and UZR based on piezoelectric metamaterials. The EP not

only can be used for the UZR but also can achieve the

unidirectional perfect absorption (UPA), which provides

convenience for designing dynamic control devices [27].

To obtain the UPA, Li et al. [28] constructed an

asymmetrical metabeam with a pair of loss-induced

asymmetrical resonators to find the EP and the critical

coupling condition for extremely asymmetric flexural wave

absorption based on the intrinsic viscosity loss. However, the

EP and the UPA were determined and found to be not

tunable for their fabricated asymmetrical metabeam.

Therefore, how to accurately design the tunable EP at an

arbitrarily desired frequency and simultaneously achieve the

UZR or UPA is a challenging topic, but it has great potential

applications in the fields of controlling wave travel and wave

isolation.

In this paper, a non-Hermitian piezoelectric metamaterial

beam is proposed to realize the tunable UZR and UPA of flexural

waves by associating with the designable EP. The arrangement of

the rest paper is as follows. In Section 2, we design a tunable non-

Hermitian piezoelectric metamaterial beam with shunted electric

circuits, and based on the flexural wave theory, the highly tunable

EP and UZR are demonstrated through the transfer matrix

method (TMM). In Section 3, enabled by genetic algorithm

(GA), an optimization method is introduced to accurately

design the UZR and UPA of flexural wave at the desired

frequency in the non-Hermitian piezoelectric metamaterial

beam. In addition, the experimental study is conducted to

verify the effectivity of UZR. Finally, conclusions are provided

in Section 4.

2 Tunable non-Hermitian
piezoelectric metamaterial beam

2.1 Design of the non-Hermitian
piezoelectric metamaterial beam

In order to extraordinarily achieve the abnormal flexural

wave propagation, a non-Hermitian piezoelectric metamaterial

beam is designed by a host beam with periodically attached pairs

of PZT (lead zirconate titanate) patches, as shown in Figure 1A.

There are two pairs of PZT patches bonded on both surfaces of

the host beam to form the unit cell, as shown in Figure 1B, and

the PZT patches are polarized along the z-axis, and both surfaces

are covered with thin electrodes to shunt different resistor-

–inductor (RL) circuits. In Figure 1B, the geometric

parameters of the unit cell are illustrated as the width b, the

thicknesses of the host beam and PZT patch, hb and hp, and the

lengths of the five segments, l1, l2, l3, l4, and l5. In addition, the

different pairs of PZT patches that shunted different RL circuits

in Figure 1B are denoted by green and blue dashed rectangles for

shunting R1L1 and R2L2 circuits, and they are simply marked as

green and blue boxes in Figure 1A.

2.2 Transmission and reflection of the
flexural wave

For the non-Hermitian piezoelectric metamaterial beam,

based on the Euler–Bernoulli beam theory, its governing

equation of the flexural wave can be written as follows:

z2

zx2
D x( ) z2

zx2
w x, t( )( ) + ρ x( ) z

2

zt2
w x, t( ) � 0, (1)

where w(x, t) is the deflection in the z-axis, and D(x) and ρ(x),
respectively, denote the bending stiffness and density per length.
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The constitutive equations of the PZT patch can be expressed as

follows [29, 30]:

S1
D3

[ ] � sE11 d31

d31 εT33
[ ] T1

E3
[ ], (2)

where subscripts 1, 2, and 3 correspond to x, y, and z axes,

respectively; S1 and T1 are normal strain and normal stress along

the x-axis; D3 and E3 are electric displacement and the electric

field along the z-axis; sE11, d31, and εT33 are the compliance

coefficients of PZT under a constant electric field intensity,

the piezoelectric constant, and dielectric constant of PZT

under constant stress, respectively. For harmonic wave

propagation, the equivalent elastic modulus of the PZT patch

for the shunting RiLi circuit can be obtained by the following

equation [30]:

Ei
p � hp 1 + jωZiCT

p( )
hpsE11 1 + jωZiCp( ) − jωZid2

31A
, i � 1, 2( ), (3)

where j � ���−1√
is the imaginary unit, CT

p � εT33A/hp is the

electrical capacitance of PZT under constant stress, Zi � Ri +
jωLi is the electrical impedance of the shunting RiLi circuit, andA

is the area of the electrode.

As shown in Figure 1B, in each unit cell, D(x) and ρ(x) in
Eq. 1 can be separately determined by the following expression:

D x( ) �

Ebbh
3
b

12
, segment Ⅰ,Ⅲ,Ⅴ,

Ebbh
3
b + Ei

pb hb + 2hp( )3 − h3b[ ]
12

, segment Ⅱ,Ⅳ,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(4)

and

ρ x( ) � ρbbhb, segment Ⅰ,Ⅲ,Ⅴ,
ρbbhb + 2ρpbhp, segment Ⅱ,Ⅳ,{ (5)

where Eb is the elastic modulus of the host beam, and ρb and ρp
are the densities of the host beam and PZT, respectively.

The plane wave solution for Eq. 1 can be written as follows:

w x, t( ) � ∑4
n�1

Wne
ξnx−jωt, (6)

whereWn is the wave amplitude, ξ1,2 and ξ3,4 separately represent

the wave number of the propagating flexural wave and

evanescent flexural wave, which can be obtained by

substituting Eq. 6 into Eq. 1 and expressed

as ξ1,2 � ± j
���
ρω2

D
4
√

, ξ3,4 � ±
���
ρω2

D
4
√

.

To analyze the transmission and reflection property of

the flexural wave in the non-Hermitian piezoelectric

metamaterial beam, TMM is introduced to solve the

governing equation of the flexural wave in Eq. 1. For a

unit cell, its state vector X is defined as the following

equation:

X � w,
zw

zx
,M, T[ ]T

, (7)

where M and T are the shear force and bending moment,

respectively.

Since bothM and T are the functions of w, the state vector X

can be written as the following equation:

Xk � AkWk, k � b or p( ), (8)

where the superscript b or p represents the segment without PZT

or with PZT; the matrix Ak is expressed as follows:

Ak �
1 1 1 1
ξk1 ξk2 ξk3 ξk4

Dk ξk1( )2 Dk ξk2( )2 Dk ξk3( )2 Dk ξk4( )2
Dk ξk1( )3 Dk ξk2( )3 Dk ξk3( )3 Dk ξk4( )3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (9)

and

Wk x( ) � Wk
1e

jξk1x, Wk
2e

jξk2x, Wk
3e

jξk3x, Wk
4e

jξk4x[ ]T. (10)

For simplicity, xm � ∑m
1 lm is defined to represent the

positions of the interfaces between different segments. For

segment Ⅰ, since there are no PZT patches attached on it, the

FIGURE 1
(A) Schematic representation of the non-Hermitian piezoelectric metamaterial beam. (B) Unit cell.

Frontiers in Physics frontiersin.org03

Wu et al. 10.3389/fphy.2022.1089250

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.1089250


state vectors between its two boundaries can be related through

the transfer matrix T1:

Xb x1( ) � T1X
b 0( ). (11)

Substituting Eq. 8 into Eq. 11, the transfer matrix can be

derived as T1 � AbPb
l1
[Ab]−1, in which Pb

l1
is the propagating

matrix. For the mth segment, the propagating matrix Pk
lm

is

related to the wave amplitude vectors with the relationship

Wk(xm) � Pk
lm
Wk(xm−1), and its uniform expression can be

expressed as follows:

Pk
lm
� diag eξ

k
1 lm , eξ

k
2 lm , eξ

k
3 lm , eξ

k
4 lm{ }. (12)

Similarly, the transfer matrices for segmentⅢ and segment Ⅴ
can be expressed as follows:

T3 � AbPb
l3
Ab[ ]−1,

T5 � AbPb
l5
Ab[ ]−1. (13)

For segment Ⅱ with PZT patches, considering the continuity

conditions of the state vector X at positions x1 and x2, i.e.,

Xb x1( ) � Xp x1( ),
Xb x2( ) � Xp x2( ), (14)

the transfer matrix can be derived from Eq. 14 as follows:

T2 � Ap x2( )Pp
l2
Ap x1( )[ ]−1. (15)

Similarly, the transfer matrix for segmentⅣ can be expressed

as follows:

T4 � Ap x4( )Pp
l4
Ap x3( )[ ]−1. (16)

Finally, with the transfer matrix of the unit cell

T � T5T4T3T2T1, the relationship of state vectors between

both boundaries of the unit cell can be Xb(x5) � TXb(0) and
the relationship of wave amplitude vectors is

Wb(x5) � (Ab)−1TAbWb(0) � MWb(0). When an incident

flexural wave is with amplitude Wb
1(0) from the left, the

reflection coefficient rl and transmission coefficient tl can be

defined separately by the reflected wave amplitude Wb
2(0) and

the transmitted wave amplitudeWb
1(x5) to be rl � Wb

2(0)/Wb
1(0)

and tl � Wb
1(x5)/Wb

1(0). Thus, the relationship of wave

amplitude vectors can be written as follows:

tl
0
t*l
0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �
M11 M12 M13 M14

M21 M22 M23 M24

M31 M32 M33 M34

M41 M42 M43 M44

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
1
rl
0
r*l

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (17)

where the superscript ‘*’ represents the evanescent flexural wave.

In terms of Eq. 17, the reflection coefficient rl for an incident

flexural wave from the left can be derived as rl � −M44M21+M24M41
M44M22−M42M24

.

Similarly, the reflection coefficient rr for an incident flexural

wave from the right can be written as rr � M44M12−M42M14
M44M22−M42M24

. To

characterize the asymmetry reflection of the metamaterial, a

contrast ratio α is defined by the following expression:

α � rr
rl
� M44M12 −M42M14

−M44M21 +M24M41
. (18)

The transmission coefficients of incident waves from the left

and the right are the same, i.e., tl � tr � tlr. Thus, the scattering

matrix S of the unit cell is as follows:

S � tl rr
rl tr

[ ] � tlr rr
rl tlr

[ ]. (19)

2.3 EP and UZR

In order to demonstrate the realization of the EP and UZR, an

aluminum (AL6061) beam is attached to the two pairs of PZT (PZT-

5H) patcheswith shunted LR circuits to form the unit cell for studying

the electromechanical coupling effect on wave motion. The geometric

andmaterial parameters of themetamaterial beamare listed inTable 1

and Table 2, respectively. Since there are four electrical parameters

controlled by the external RL circuits, it is difficult to simultaneously

study their effect on the asymmetric reflection of the metamaterial

beam. To normalize the inductance of the shunt circuits, a resonant

inductance Lr is used, which is expressed as follows:

Lr � 1
4π2f2CT

p

, (20)

in which f is the frequency of the incident flexural wave. If the

frequency of the incident wave is set f � 1 kHz, for the unit cell in

Figure 1B, the resistances are changed at three cases: (1)R1 � R2 � 0;

(2) R1 � R2 � 100Ω; and (3) R1 � 100Ω, R2 � 500Ω. Then, the

absolute values of the contrast ratio |α| for the unit cell can be

calculated by the TMM with varying inductances, as shown in

Figure 2. Without resistances in shunted circuits, as shown in

Figure 2A, |α| remains constant and is equal to 1 for indicating

|rl| � |rr|. For the two circuits with the same non-zero resistance, for

example, R1 � R2 � 100Ω, |α| is changed with varying inductances

L1 and L2, as shown in Figure 2B. It means that the introduction of

resistance as loss is essential for asymmetric reflection. Furthermore, if

two resistances are set to R1 ≠ R2 and R1 � 100Ω, R2 � 500Ω, the

asymmetric reflection phenomenon can be achieved and illustrated by

the highest value of |α| in Figure 2C. In addition, the maximum value

of |α| is reached when the inductances L1 and L2 are slightly larger

than the resonant inductance Lr.

TABLE 1 Geometric parameters (mm).

l1 l2 l3 l4 l5 hb hp b

10 20 20 20 10 2 1 20
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When the UZR appears, the contrast ratio |α| tends to be

infinite or zero. To realize the UZR for the incident wave with

frequency 1 kHz, setting two inductances L1 and L2 as 0.9Lr and

1.1Lr and altering resistances R1 and R2 in a range from 0 to

20 kΩ, the value of |α| is calculated by the TMM, as shown in

Figure 3A, in which the UZR with extremely high |α| is clearly
observed. To show the UZR is associated with the EP, by setting

the inductance and resistance parameters to be such parameters

corresponding to the observed UZR in Figure 3A but varying the

incident wave frequency f, the reflection coefficients are

calculated by the TMM, and their phases are shown in

Figure 3B. In Figure 3B, there is an abrupt phase shift of π

for rl at 1 kHz, which is a feature of the EP. To further confirm

that the UZR corresponds to the EP, the eigenvalues of the

scattering matrix S in Eq. 19 are calculated, as shown in Figure 4.

It is obvious that there is a coalescence at 1 kHz, indicating the

UZR is associated with the EP [25, 31].

3 Accurate designs for the UZR
and UPA

3.1 Optimization algorithm for the UZR

Since the frequency of the UZR is strongly dependent on the

electrical parameters of the shunting RL circuits and is achieved

TABLE 2 Material parameters.

Host beam (AL6061) PZT patch (PZT-5H)

Eb (GPa) ρb(kg/m3) sE11 (m3/N) ρb (kg/m3) d31 (C/m2) εT33 (F/m)

69 2700 1.15 × 10−11 7770 −2.92 × 10−10 1.3 × 10−8

FIGURE 2
|α| varying with inductances L1 and L2 at (A) case 1: R1 � R2 � 0, (B) case 2: R1 � R2 � 100Ω, and (C) case 3: R1 � 100Ω,R2 � 500Ω.

FIGURE 3
(A) |α| varying with resistances R1 and R2. (B) Phases of reflection coefficients.
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by sweeping these parameters in large ranges, as illustrated in

Figure 2 and Figure 3, the process of finding the UZR is very

time-consuming and computationally expensive. It is necessary

to introduce efficient algorithms to accelerate the design process

[32, 33]. Therefore, we propose an optimization method to

accurately design the UZR in the non-Hermitian piezoelectric

metamaterial beam. The optimization problem for searching the

proper parameters of shunting RL circuits can be expressed as

follows:

max Δr L1, L2, R1, R2( ) � rr L1, L2, R1, R2( )| | − rl L1, L2, R1, R2( )| |
s.t. t L1, L2, R1, R2( )| |> tmin,
L1, L2 ∈ β1Lr, β2Lr[ ],
R1, R2 ∈ Rmin, Rmax[ ],

(21)
where tmin is defined as the minimum absolute value of the

transmission coefficient, and β1Lr, β2Lr, Rmin, and Rmax limit the

selecting ranges of the corresponding electrical parameters, and

GA is introduced to solve the optimization problem byMATLAB

software. In addition, the TMM is not suitable to handle the

structure with finite unit cells for numerical instability; thus, the

finite element method (FEM) is used by the commercial software

COMSOL to solve the problem of the flexural wave propagation

in the non-Hermitian piezoelectric metamaterial beam. The

flowchart of the optimization process for the aimed frequency

faim of the UZR is drawn in Figure 5. The interface between the

FEM and GA is connected by COMSOL LiveLink to include the

GA of MATLAB in the FEM calculation by COMSOL.

Concretely, it can transfer the electrical parameters generated

by GA codes to the COMSOL program, and then, it returns the

reflection and transmission coefficients calculated by the FEM to

GA codes. The detailed optimization process for the UZR is

predicted in the red-dashed rectangle in Figure 5.

For a five-cell metamaterial beam, if the aimed frequency of

the UZR is determined as faim � 4 kHz and other parameters are

set as tmin � 0.5, β1 � 0.8, β2 � 1.2, Rmin � 0, and Rmax � 500Ω,
the optimization problem is to obtain the electric parameters of

shunting RL circuits for realizing the UZR at the aimed

frequency. For the GA optimization, the population size is

100, elite count is 5, and crossover fraction is 0.8. The

optimization stops if the following possibilities occur: A) the

average relative change in the best fitness function over

10 generations is less than or equal to 1 × 10−4 or B) the

generation is over 500. After the optimization process, the

FIGURE 4
Eigenvalues of the scattering matrix: (A) real, (B) imaginary part, and (C) the absolute value.

FIGURE 5
Flowchart of the optimization process.
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optimized electrical parameters for the UZR at faim � 4 kHz are

L1 � 0.97Lr, L2 � 0.83Lr, R1 � 471Ω, and R2 � 28Ω. Based on

these optimized parameters, the reflection coefficients from both

sides of the metamaterial can be calculated by the FEM and are

shown in Figure 6A. The results show that the left reflection

coefficient |rl| and the right reflection coefficient |rr| are totally
different when the frequency of incident waves is around faim. At

faim, the values of |rl| and |rr| are 0.014 and 0.158, respectively,

which means that the UZR appears since |rl| tends to become

zero. Moreover, the wave fields are shown in Figure 6B by the

squared absolute value |w|2. The top panel in Figure 6B shows the

incident harmonic wave with the frequency faim from the left,

and |w|2 is almost constant at the left side of the metamaterial to

indicate no reflected wave to interact with the incident wave.

However, for the incident wave from the right, as shown in the

bottom panel of Figure 6B, the interference pattern appears at the

right side of the metamaterial to indicate the existence of the

reflected wave.

3.2 Optimized design for the UPA

For the non-Hermitian piezoelectric metamaterial beam,

the transmission coefficients are the same no matter from

which direction the wave is incident, the right or the left. It

means the metamaterial beam is reciprocal. Therefore, the

asymmetric absorption can be naturally realized when the

contrast ratio α is not equal to 1. To quantitatively study the

asymmetric absorption property, the absorptance is defined by

the following expression:

Ai � 1 − t2i − r2i , (22)

where the subscripts i � l and r represent the incident directions.

Thus, by elaborately designing the electrical parameters of the

shunting RL circuits, if a perfect absorption (A≥ 99%) of the
incident flexural wave can be obtained, the contrast ratio should

be large enough to realize the UPA. Similarly, the electrical

parameters of the shunting RL circuits for realizing the UPA

at the aimed frequency can be optimized by the following

expression:

max Al � 1 − t2l − r2l .
s.t. Al ≥ 99%,
L1, L2 ∈ β1Lr, β2Lr[ ],
R1, R2 ∈ Rmin, Rmax[ ].

(23)

The optimization route for the UPA is consistent with that

for the UZR, as shown in Figure 5, except for that the fitness

function is replaced by Al and a new constraint for Al is added.

For the same five-cell metamaterial beam, if the optimization

problem is to realize the UPA at an aim frequency faim � 4 kHz,

the parameters of optimized ranges are set as β1 � 0.7, β2 � 1.3,

Rmin � 0, and Rmax � 500Ω. After the optimized process, the

electrical parameters for the UPA are obtained as L1 � 1.12Lr,

L2 � 1.21Lr, R1 � 295Ω, and R2 � 195Ω, and the corresponding

absorptance is Al � 99.9% for the left incident wave, but Ar �
56.4% for the right incident wave to indicate that the UPA is

achieved. The transmission and reflection coefficients for the left

and right incident flexural waves are calculated by the FEM, and

their absolute values are shown in Figure 7A, in which |t| � |tl| �
|tlr| because of the reciprocity. Far away from the UPA,

i.e., 4 kHz, the absolute values of the reflection coefficients |rl|
and |rr| are nearly the same. However, as the frequency is close to

4 kHz, |rl| drops rapidly and reaches the minimum value, which

tends to be zero, while |rr| remains large. In addition, the squared

absolute value of the out-of-plane displacement |w|2 at faim is

also plotted in Figure 7B to demonstrate the UPA. As shown in

the top panel of Figure 7B, when the flexural wave is incident

from the left, the value of |w|2 is very small on the right side of the

metamaterial and remains constant in the left side, and it

indicates that the incident wave is almost totally absorbed.

When the incident wave is from the right, as shown in the

bottom panel of Figure 7B, in the right side of the metamaterial,

|w|2 is very large and the interference pattern can be observed,

and it indicates that a large part of the incident wave is reflected.

FIGURE 6
(A) Reflection coefficients of themetamaterial with optimized parameters. (B)Wave fields for the incident flexural waves with the frequency faim
from the left and right sides.
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3.3 Experiment verification
An experiment is carried out to verify the optimization

method for the UZR. The experimental setup is shown in

Figure 8A. The specimen with the same geometric and

material parameters listed in Table 1 and Table 2 was

fabricated and hung up to ensure a free boundary

condition. Both ends of the specimen were attached to the

blue tack to minimize reflected waves from boundaries. PZT

patches are glued on the aluminum beam periodically, and

each PZT patch is shunted with an independent RL circuit.

The electric parameters are the same as the optimized results

in Section 3.1. Antoniou’s circuit was applied to realize the

adjustable inductor, as shown in Figures 8B,C. A DC power

supply (JWY-30B) was used to supply constant voltage for the

operational amplifiers. A 5.5-cycle tone burst with a central

frequency of 4 kHz was generated using a signal generator

(RIGOL, DG1022) and amplified using a power amplifier

(Brüel & Kjær, 2718) to actuate a piezoelectric patch to

generate a flexural wave. The out-of-plane velocity of the

metamaterial beam was captured using a scanning laser

Doppler vibrometer (Polytec, PSV-400).

The incident and reflected waves are extracted from the

measured data, and their frequency spectra are calculated by

the fast Fourier transform (FFT), as shown in Figures 9A,B. In

Figure 9A, it is clear that the incident wave has a narrow

frequency range with the highest of 4 kHz. In Figure 9B, the

normalized frequency amplitude of the reflected wave by the

right incident wave reaches a peak of 4 kHz, whereas the

amplitude of the reflected wave from the left at 4 kHz is much

lower. For magnifying the difference, the frequency range is

zoomed around 4 kHz and the reflection coefficients are shown

in Figure 9C. Although the experimental results are a little

different from the FEM results shown in Figure 6A, the

tendency of the experimental results is in good agreement

with the FEM for the UZR. Therefore, experimental results

confirm the validation of the optimization method for

designing the abnormal reflection of the non-Hermitian

piezoelectric metamaterial beam.

FIGURE 7
(A) Amplitudes of transmission and reflection coefficients. (B)Wave field |w|2 for the incident flexural wave with the frequency faim from the left
and right sides.

FIGURE 8
(A) Experimental setup. (B) Schematic representation of Antoniou’s circuit. (C) Realization of Antoniou’s circuit.
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4 Conclusion

This paper has proposed a novel non-Hermitian

piezoelectric metamaterial beam to realize the tunable

UZR and UPA of flexural waves at the desired frequency.

An optimization method based on the GA is developed to

accurately design the electric parameters of shunting circuits

for achieving the UZR or UPA at the aimed frequency, and its

effectivity is verified by numerical simulation and an

experimental test. With TMM analysis and FEM

calculation, the UZR is associated with the EP. The

properties of the metamaterial can be highly tuned by the

shunting RL circuits to realize the accurate design of the UZR

and UPA at the arbitrary frequency. In addition, results

indicate that the resistance are important in manipulating

the abnormal wave motion in the non-Hermitian system for

altering the loss, and the extraordinary performance of PT

system can be obtained by only involving the loss. These

methods can be developed and applied in the control of other

elastic waves, such as Lamb waves and Rayleigh waves. This

study paves a way to design novel devices in signal

processing, vibration control, and guided-wave based

nondestructive testing.
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