
Photoelectron momentum
distributions with twisted
attosecond Xwaves carrying orbital
angular momentum

Xiaofan Zhang1* and Xiaomeng Ma2

1Hubei Key Laboratory of Optical Information and Pattern Recognition, Wuhan Institute of Technology,
Wuhan, China, 2Department of Physics and Mechanical & Electrical Engineering, Hubei University of
Education, Wuhan, China

We theoretically investigate the photoelectron momentum distributions of 1s and
2px,y states of hydrogen by twisted attosecond X waves carrying orbital angular
momentum based on first-order perturbation theory. The photoionization spectra as
a function of photoelectron energy and emission angle are analyzed respectively.
The results indicate that there are interference fringes in the energy spectra andmore
nodes in the angular distributions. These angular nodes are attributed to both orbital
structure and the temporal-spatial structure of X waves. We derive an equation that
can quantitatively describe the angular nodes in the photoelectron angular
distributions. Our results and analyses indicate that the angular distribution is an
important observation for the investigation of the information of both orbitals and X
waves.
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1 Introduction

Advances of extreme ultraviolet (XUV) and soft x-ray pulses have opened up the intriguing
opportunity of probing and control of electronic dynamics on the attosecond time scale (1 as =
10–18 s) and Å spatial dimension (1 Å = 10–10 m) [1–8]. The attosecond XUV and soft x-ray
pulses can be accessible by high-order harmonic generation (HHG) [9–13] and free-electron
lasers (FEL) [14, 15]. Based on the interaction of these shorter pulses with targets, a variety of
applications, such as the ultrafast molecular orbital imaging [16–18], measurement of time
delays in photoemission [19, 20], and detection of the charge migration in molecules,
nanoparticles and materials [21–25], have been promised. In the majority of strong-field
processes above, the adopted attosecond XUV and soft x-ray are general plane-wave pulses,
which have been quite well understood.

Since the pioneering studies of Beth and Allen et al. [26, 27], one knows that, apart from the
pulses with a plane-wave front, beams of light can possess a helical wavefront and carry orbital
angular momentum (OAM) as well as their spin angular momentum (SAM). The polarization
state of light is associated with its SAM, whereas the spatial distribution of the wave-front is
related to the OAMof the light [27, 28]. Light with non-zero OAM is known as twisted or vortex
light beams, such as the Bessel and Laguerre–Gaussian (LG) beams. Beyond the Bessel and LG
pulses, another twisted beam, the X wave, formed by a superposition of Bessel beams, has also
obtainedmuch attention for its localization feature both in the spatial and temporal domain [29,
30]. These twisted light fields provide powerful capabilities for applications in the area of optical
sensing and communication, quantum communication, optical tweezers and optical
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manipulation [31–36]. Until now, there are various ways to generate
the twisted light pulses, such as spiral phase plates, axicons, computer-
generated holograms and integrated ring resonators [37–41].
Although the OAM of light produced by these ways can be
imprinted into waveforms over a large frequency range, it was not
possible to generate the coherent light possessing OAM beyond the
ultraviolet regime. So, the applications exploiting OAM interactions
were limited to macroscopic systems using visible light. Fortunately,
recent advances in HHG have broken this photonic limitation,
producing the fully coherent attosecond XUV and soft X-ray pulses
with designer OAM, which have opened up the possibility of
monitoring and manipulating the OAM of light-matter interactions
on the atomic scale [42–45].

Understanding photoionization in intense laser fields is of central
importance in ultrafast optical sciences. In recent years, the twisted
XUV pulses with OAM as a new powerful tool for probing ultrafast
electron dynamics have gradually obtained much attention in
theoretical and experimental studies on photoionization. For
example, the twisted XUV Bessel and LG pulses have been used to
theoretically study the above-threshold ionization and dichroism
signals of targets [46, 47]. In an experiment [48], the attosecond
vortex pulses have been applied to generate and manipulate, through
photoionization, attosecond electron beams carrying OAM.
Additionally, the energy spectrum of atoms irradiated by the
twisted attosecond X wave has also been investigated [49, 50]. In
contrast to plane-waves, a twisted X wave is a non-diffracting
electromagnetic field in both space and time [30]. Most previous
works, related to the attosecondXwaves, mainly focused on the energy
spectra [49, 50]. And the influence of the structure of orbitals on
photoelectron angular distributions (PADs) have also been well
studies. However, up to now, the PADs of different orbitals in the
twisted attosecond X pulses have rarely been studied and the influence
of the structure of X waves on the PADs have rarely been reported.

In this work, the PMDs of hydrogen atoms irradiated by twisted
attosecond X waves are investigated based on first-order

perturbation theory. Due to the temporal-spatial structure of X
waves, interference fringes in the radial and more nodes in the
angle direction of PMDs are observed. In order to interpret these
phenomena in detail, we study the energy spectra and angular
distributions by integrating the PMDs over emission angle and
momentum, respectively. We derive a concise equation, which can
quantitatively interpret the angular nodes in PADs. They are
attributed to the spatial structures of orbitals and X waves. Our
results and analyses indicate that the PADs can reveal the
information about X waves and orbitals that cannot be revealed
in energy spectra. Atomic units (me = qe = Z = 1) are used
throughout this work unless otherwise stated. The atomic units
(a.u.) of time, distance, energy and momentum are τ0 = 24.2 × 10–18

s, a0 = 0.053 × 10–9 m, E0 = 27.2 eV and v0 = 2.18 × 106 m/s.

2 Theoretical model

X waves are localized waves and formed by the superposition of
Bessel beams AmΛθk(r, t), which are solutions of the wave equation:

Δ − α2
z2

zt2
( )AmΛθk r, t( ) � 0, (1)

in which m, Λ and θk are the projection of total angular momentum
(PTAM), helicity and opening angle in momentum space. α is the
electromagnetic fine structure constant. The cylindrical coordinates
r = (r, ϕr, z) are applied. Distinguishing from plane-wave,AmΛθk(r, t) is
also an eigenfunction of the PTAM,

ĴzAmΛθk r, t( ) � mAmΛθk r, t( ), (2)
where Ĵz is the operator of PTAM. In general, the Bessel waves can be
constructed with either linearly or circularly polarized plane-waves.
Here, we just take the Bessel wave constructed with circularly
polarized plane-waves with helicity Λ as an example to investigate
the photoelectron momentum distributions of X waves [49],

AmΛθk r, t( ) � ∫ d2k⊥
2π( )2aκm k⊥( )ei k·r−ωt( )εkΛ (3)

with the wave vector k = (k⊥, kz) = (κ, ϕk, kz) and the Fourier
coefficients

aκm k⊥( ) �
���
2π
κ

√
−i( )meimϕkδ k⊥ − κ( ). (4)

The opening angle is θk = arctan(κ/kz). The polarization vector εkΛ
describes a circularly polarized plane-wave with helicity Λ = ±1 and
depends on the angles θk and ϕk in momentum space,

εkΛ � −Λ�
2

√
cos θk cosϕk − iΛ sin ϕk

cos θk sinϕk + iΛ cos ϕk

−sin θk
⎛⎜⎝ ⎞⎟⎠ (5)

with the condition k ·εkΛ = 0. Note that, whether the Bessel pulses are
constructed with linearly or circularly polarized pulses, the analyses
and conclusions about the influence of X wave structures on PMDs is
the same.Pulses applied in experiments of the light-target interactions
possess a finite pulse duration TX. Such pulses can be obtained by
weighted non-monochromatic superposition of continuous Bessel
beams [30]. The superposition with a fixed θk can construct X
wave vector potential as

FIGURE 1
Ionization schematic of a hydrogen atom with twisted X wave with
pulse duration TX. Left panel: in momentum space, all wave vectors k
contributing to Eq. 3 lie on a cone with opening angle θk = arctan(κ/kz)
with κ = |k⊥|. kz is parallel with z-axis. Right panel: the pulse
propagates along z direction. An atom is localized at the impact
parameter b=(b, ϕb = 0, zb = 0) relative to the beam z-axis. Then, x-z
plane is determined by the position of the target and the pulse
propagation. The photoelectron is observed with asymptotic
momentum p=(p, ϕp, θp) at the detector.
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AX r, t( ) � ∫∞

0

dω���
2π

√
Δω exp −1

2
ω − ω0

Δω( )2[ ]
× AmΛθk r, t( ),

(6)

whereΔω = 1/TX is the width of the Gaussian spectral distribution and
the ω0 is the central frequency.Eq. 3 is the most general form of the
twisted states vector potential, which will be employed in the
following discussions about the PMDs. For the sake of description
of twisted X waves, we write the wave vector AmΛθk(r, t) in the
Coulomb gauge on a spin basis

AmΛθk r, t( ) � e−i ωt−kzz( )
���
κ

2π

√ ∑
ms�0,±1

ηms

× −i( )mscmsJm−ms κr( )ei m−ms( )ϕr ,
(7)

in which ηms
(ms � 0,± 1) are the eigenvectors of the spin projection

operator Ŝz:

Ŝzηms
� msηms

, η0 �
0
0
1

⎛⎜⎝ ⎞⎟⎠, η±1 �
∓�
2

√
1
± i
0

⎛⎜⎝ ⎞⎟⎠. (8)

In Eq. 7, Jm−ms(κr) are Bessel functions of the first kind. The
coefficients are given by

c± � 1
2

1 ± Λ cos θk( ), c0 � Λ�
2

√ sin θk. (9)

The set-up for the ionization of an atom by an X wave pulse is shown in
Figure 1. The atom ionized is localized at position b = (b, ϕb = 0, bz = 0).
The XUV pulse propagates along the z-axis with helicity Λ = +1. We
assume that the central frequency ω0 = 3 a.u. is large enough and the

intensity of the pulse is very weak. The single-photon ionization process
can be induced. The pulse duration is TX = 1.9 TL0 with TL0 = 110 a.u. =
2.7 fs. The photoelectron ionized from the atom is collected at the
detector with the asymptotic momentum p = (p, ϕp, θp).We shall analyze
the PMDs at the px-py plane for θp = π/2. Within first-order perturbation
theory [49], the transition amplitude at impact parameter b reads as

Db p( ) � −i∫∞

−∞
dt〈Ψf t( )|p̂ · AX r, t( )|Ψi t( )〉, (10)

where Ψi and Ψf are the initial (bound) and final (continuum) wave
functions. For hydrogen atoms, the wave functions can be analytically
described. The continuum states are typically described by Volkov
wave functions |Ψf(t)〉 � |q(t)〉e−iSV(t), in which q(t) = p−AX(r0, t) is
the kinetic momentum of the plane-wave electron at a specific
position r0. p is the conserved canonical momentum. The Volkov
phase is given by SV(t) � 1

2∫t
dt′[p + AX(r0, t′)]2. For that ω0 is large

enough, AX ≪ p, we can approximate q(t) ≈ p. The integration of Eq.
10 can be further simplified. Then, the photoionization probability
can be obtained from Eq. 10 as

Pb p( ) � |Db p( )|2. (11)
Substituting Eq. 6 into Eq. 10, we obtain the transition amplitude as a
superposition of Dωb(p)

Db p( ) � ∫∞

0

dω���
2π

√
Δω exp −1

2
ω − ω0

Δω( )2[ ] × Dωb p( ), (12)

whereDωb(p) are the transition amplitudes of each ω Bessel beams. If
r denotes the electronic coordinate with respect to the atomic nucleus,

FIGURE 2
PMDs in plane-wave pulses. (A)Modulus of the pulse vector potential as a function of the distance r from the beam axis and time t on a logarithmic scale.
r0 = 11350 a.u. is labeled by the white dashed line. (B) The projection of the pulse vector potential on the AX,x-AX,y plane at position r0. (C) Real part of the pulse
vector potential Re{AX(r0, t)}. (D–F) PMDs of 1s, 2px and 2py states of a hydrogen atom at b = r0. PMD of 1s state is isotropic and centered at zero momentum.
For 2p states, there is a nodal plane in PMDs. The structures of PMDs in plane-wave pulses are contributed only by the orbital. The insets in (D–F) present
the 1s, 2px and 2py orbitals of a hydrogen atom. The units of physical quantities in figures are atomic units (a.u).
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we have to replace r → r + b in the interactions of electron and
photon. Based on Eq. 3, Dωb can be written as

Dωb p( ) � ∫ d2k⊥
2π( )2aκm κ⊥( )eik·bDpl p, k( ). (13)

Here, Dpl(p, k) are the typical plane-wave transition amplitudes

Dpl p, k( ) � −i∫∞

−∞
dtq t( ) · εkΛ

× 〈p|eik·r |Ψi〉ei Ip−ω( )t+iSV t( ),
(14)

in which Ip is the ionization potential of Ψi.

3 Results and discussions

We first calculate the PMDs of the hydrogen atom irradiated by
the plane-wave pulses, which are the twisted X waves in the limit θk→
0 in Eq. 6. The results are presented in Figure 2. We display the
modulus of the plane-wave pulse potential vector as a function of time
t and distance r from the beam axis in Figure 2A. One can see that the
vector potential is independent of r and exhibits a single maximum in
time. For better visualization of the XUV pulse polarization and its
temporal properties, we also plot the projection of the potential vector
on AX,x−AX,y plane and the real part Re{AX(r0, t)} with r0 = 11350 a.u.
in Figures 2B,C. It is shown that the electric field is circularly polarized
with helicity Λ = +1. In Figure 2C, only one XUV pulse is exhibited.
The time-duration of the pulse is TX. Then, we calculate the PMDs of
1s and 2px,y states of hydrogen atom placed at the impact parameter
b = 11350 a.u. from the X wave beam axis. The results are shown in
Figures 2D–F respectively. Note that, for a plane-wave pulse, the

impact parameter bwill not affect the results. In Figure 2D, the PAD of
the 1s state is isotropic. For 2px,y states, the PADs present a distinct
two-lobed structure in Figures 2E,F. The structures of PADs are
attributed to the symmetry of the systems, which have been
investigated in previous works [51, 52]. From Figures 2D–F, one
can see that there are no interference structures and only one
probability peak in the radial direction of PMDs. Besides,
according to the energy conservation, the momentum
corresponding to the maximum probability of PMDs satisfies

|p| �
���������
2 ω0 − Ip( )√

. (15)

So, for the 1s state with Ip = 1/2 a.u. and 2px,y states with Ip = 1/8 a.u.,
the momenta mentioned above are |p| = 2.2361 a.u. and |p| = 2.3979
a.u. respectively, which are very agree with the results in Figure 2D–F.
Overall, Figure 2 illustrates that, in circular plane-wave pulses, the
structures of PADs are only induced by orbitals. In this situation, the
temporal-spatial structures of X waves play no role in PMDs at all.

Then, we study the PMDs in twisted X waves with larger θk. When
the opening angle θk of the X pulses increases, the structure of X pulses
changes, which will affect the PMDs. In Figures 3A,F, for θk = 5° and
60°, the moduli of X wave vector potential withm = 1 versus distance r
and time t are plotted. By comparing with the vector potential in
Figure 2A, one can see that the X wave vector potential splits into two
pulses in the time domain. At a specific distance r0, the time-delay τ

between these two pulses is concerned with the opening angle θk of the
X wave. For example, at r0 = 11350 a.u., the time-delays are τ =
0.142 TL0 for θk = 5° in Figure 3A and τ = 1.302 TL0 for θk = 60° in
Figure 3E. It is worth noting that, we are mainly concerned with the
influence of θk and PTAM on PMDs through adjusting the time-delay

FIGURE 3
PMDs of an atom by the twisted Xwave pulse at r = (r, ϕr = 0, z = 0). Moduli of the X wave vector potential as a function of the distance r to beam axis and
time t for the PTAMm = 1 and two values of the opening angle (A) θk = 5° and (E) θk = 60° on a logarithmic scale. The time-delay τ between the two split pulses
of the Xwave at the position r0 = 11350 a.u. labeled by the white dashed line is labeled by the solid line with double arrows. (B–D), (F–H) PMDs of 1 s, 2px and
2py states of a hydrogen atom at the impact parameter b= 11350 a.u. in the Xwaves for (A) and (E). The insets in (F–H) show the details of PMDswithin the
area outlined in white. The units of physical quantities in figures are a.u.
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rather than the spatial structure in the plane (r, ϕ). Additionally, under
the conditions of the laser waves applied in our work, the maximum
excursion distance of the electron is much smaller than the spatial size
of the fields and the electron does not feel the spatial structure of the X
waves. Thus, we can apply the local dipole approximation in the
matrix element: 〈p|eik·r|Ψi〉 ≈ 〈p|Ψi〉 in Eq. 14. Then, the X wave pulse
interacts with the hydrogen atom placed at the distance b = 11350 a.u.
The PMDs of 1s and 2px,y states are presented in Figures 3B–D for θk =
5° and in Figures 3F–H for θk = 60°. From Figures 3B–D, one can see
that, rather than a single probability peak of PMDs as shown in Figures
2D–F, two probability peaks appear in the radial direction of PMDs. In
Figures 3F–H, there are more probability peaks in the radial direction
of PMDs. For a clear visualization, momentum distributions outlined
by white lines have been zoomed in. From the results in Figure 3, one
can see that the opening angle θk of the twisted X pulses can affect the
probability peaks of PMDs. These complex structures in the radial
direction of PMDs are attributed to the interference of the ionization
processes from the two split pulses, which will be discussed
quantitatively below. In addition, the momentum corresponding to
the maximum probability of PMDs still almost satisfies Eq. 15. In the
angular direction, when θk increases, for 1s state, the isotropic PADs
turn to a two-lobed distribution. For 2px,y states, some variations of the
PAD also take place. A closer examination of PADs will be discussed in
Figure 6.

We have discussed the dependence of the PMDs on the opening
angle θk in Figures 2,3. Next, we investigate the effect of PTAM m
on PMDs. The moduli of X wave potential and the PMDs are
displayed in Figure 4 for the same beam parameters as those in
Figure 3, except for a different value ofm = 20. As seen from Figures
4A,E, the structure of X waves changes compared with that in
Figure 3. The first maximum of the X wave potential shifts away
from the beam axis r = 0 to a larger distance in contrast to the wave
with m = 1. Mathematically, this shift arises from the r dependence

of the Bessel functions Jm−ms(κr) in Eq. 7. In order to analyze the
effects of PTAM m on PMDs, we place the hydrogen atom at the
impact parameter b = 11350 a.u. in X fields with a different PTAM
m = 20. The results are presented in Figures 4B–D for θk = 5° and in
Figures 4F–H for θk = 60°. In the radial direction, it is found that,
with m = 20, there is only one maximum probability peak of the
PMDs for θk = 5°, which is different from that for m = 1 in Figures
3B–D. This one-peak structure can be explained by the comparison
with the potential vector in Figure 4A: There is only one maximum
value of the vector potential as a function of time t for θk = 5° and
m = 20 at r0 = 11350 a.u. No interference structure appears in
PMDs. For a larger opening angle θk = 60°, there are also many
interference fringes in PMDs, which are similar to the results in the
case of m = 1. The mechanism of the interference fringes will be
discussed in detail in Figure 5 below. In the angular direction, both
the opening angle θk and PTAM of the X pulses have an influence
on PADs, which will be discussed in detail in the following Figure 6.

In order to interpret the interference fringes of PMDs in Figures
3,4, we propose a concise theoretical model. Here, we focus on the
structure of energy spectra by integrating the PMDs over ϕp with θp =
π/2. We define the transition amplitude of the photoelectron from one
split pulse of the twisted X wave as De. Considering the time-delay τ
between the two split pulses, the transition amplitude from the other
pulse is De exp(−iEeτ), in which Ee is the evaluated photoelectron
energy. Then, the yield of the energy spectrum in X wave pulses is
evaluated by

Pe � De +De exp −iEeτ( )∣∣∣∣ ∣∣∣∣2
� 2 De| |2 1 + cos Eeτ( )[ ]. (16)

From Eq. 16, one can determine the positions of the interference
fringes based on Ee = 2nπ/τ (n is an integer). The numerical
interference fringe of energy spectra can be obtained by
integrating the PMDs over ϕp with θp = π/2. We take the case of

FIGURE 4
Same as Figure 3 but for a different PTAM m = 20 of the X wave. (A–D) θk = 5° and (E–H) θk = 60°.

Frontiers in Physics frontiersin.org05

Zhang and Ma 10.3389/fphy.2022.1103142

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.1103142


1s orbital as an example to verify that our theoretical model can
precisely describe the interference fringes in the radial direction of
PMDs. The energy spectra for Figures 3B,F,4F are plotted in Figures
5A–C. For ease of comparison with the evaluate results, the
interference fringes are numbered. For the time-delay τ =
0.142TL0, 1.302TL0 and 1.296TL0 presented in Figures 3B,F,4F

respectively, the evaluate energy Ee can be calculated. Then, the
comparison between the numerical (labeled by the blue hollow-
circle lines) and evaluate (labeled by the red solid-circle lines)
results is displayed in Figure 5D. From this figure, one can see
that the evaluate results almost coincide with the numerical ones,
which indicates that our theoretical model can reproduce the
numerical results and quantitative interpret the mechanism of
interference fringes. From Eq. 16, we know that the energy
spectra are only dependent on the time-delay τ. They are
independent of the spatial information of the orbital and X wave
pulse. That is to say, the PTAM m and opening angle θk have an
influence on the PAM through affecting the time-delay τ rather than
the spatial structure of X waves. Besides, the information of orbital
and X wave structures cannot be revealed only in these energy
spectra. In order to demonstrate this point, we have calculated the
photoelectron momentum distributions of 1s orbital in the double
plane-wave pulses with the same time-delay τ as that in Figure 3E.
The wavefront structure of these pulses is plane and different from
the twisted wavefront of X waves. The comparison between the
energy spectra of the two cases is presented in Figure 5E. One can
see that the energy spectra are the same. Besides, we also compare the
energy spectra of 2px,y orbitals for PMDs in Figures 3G, H. The results
are plotted in Figure 5F. From this figure, one can see that the energy
spectra are the same and orbital structures have no influence on them.
Therefore, the discussions above demonstrate that, the interference
fringes of PMDs are due to the two ionization events from the two
split pulses, which can be interpreted by our theoretical model. Our
model can also reproduce the interference fringe positions.
Additionally, this model implies that the information of the X
wave and orbital structures cannot be revealed in energy spectra.

FIGURE 5
The energy spectra of 1s state of a hydrogen atom for ϕp = pz= 0with the PTAM and opening angle of the Xwave (A)m = 1, θk = 5°, (B)m = 1, θk = 60° and
(C)m = 20, θk = 60°. The red integers represent the peak numbers of the energy spectra. (D) Comparison of E (blue line) and Ee (red line) corresponding to the
peak numbers in (A–C). Ee is the evaluated result according to Eq. 16 and E is the numerical result. The units of photoelectron yield are arbitrary units (arb. units)
and the units of energy are a.u. (E) Comparison of the energy spectra of X wave (E labeled by the blue solid line) and double circular plane-wave pulses
with the same time-delay τ as that in Figure 3E (Ea labeled by the red dashed line). (F) Comparison of the energy spectra of 2px,y orbitals corresponding to the
PMDs in Figures 3G, H. The yield in (E) and (F) is normalized.

FIGURE 6
Photoelectron angular distributions by integration over the p of
electrons emitted from (A) 1 s, (B) 2px and (C) 2py states of a hydrogen
atom by plane-wave pulse and twisted Xwave withm = 1, 20 and θk = 5°,
60°. The black solid line represents the PAD of double plane-wave
pulses with the same time-delay τ as that in Figure 3E. The yield is
normalized.
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At last, we discuss in detail the PADs, i.e., the photoionization
yield versus azimuthal angle ϕp. We integrate the PMDs in Figures 2–4
over the momentum p: W(ϕp, θp) � ∫p2

p1
Pb(p, ϕp, θp)dp. The

integration results with θp = π/2 and [p1, p2] = [2, 2.45] are
presented in Figure 6. For a better comparison, W is normalized.
The lime dot-dashed line represents the angular distribution W for
plane-waves. The red and yellow dot-dashed lines representW for θk =
5° and θk = 60° of X waves withm = 1. The blue and green dashed lines
represent W for θk = 5° and θk = 60° of X waves with m = 20. More
detailedly, for plane-wave and X wave with θk = 5°, W is almost
isotropic for 1s orbital in Figure 6A and two-lobed for 2px,y orbitals in
Figures 6B,C. These distribution structures are almost induced only by
orbitals. For X wave with θk = 60°, more complex distribution
structures are observed, such as an angular node for 1s orbital and
the other angular node structure for 2px,y orbitals, which are attributed
to the temporal-spatial structure of X waves. The results in Figure 6
also imply that the angular distributions can reflect the information of
orbitals. For example, the photoelectron angular distributions for 2px,y
orbitals are absolutely different. The above statements and phenomena
in Figure 6 can be interpreted by the following equation. According to
Eqs 13, 14, the photoionization probability satisfies

P p( )∝ a2 + a1 − a2( )cos2ϕp[ ]|Ψi p( )|2, (17)

in which Ψi(p) is the initial wave function in the momentum space.
For 2px,y states,Ψ2px ∝ cos(ϕp) andΨ2py ∝ sin(ϕp). For 1s states, the
wave function is independent of ϕp. a1 is |c1Jm−1 + c−1Jm+1|

2 and a2 is |
c−1Jm+1−c1Jm−1|

2. The terms a1,2 are only related to the spatial
structures of X waves. According to Eq. 17, one knows that, both
the orbital and X wave have an influence on PADs. Moreover; Eq. 17
indicates that, the influence of orbitals and X waves can be analyzed
individually. The first term on the right side is only determined by X
waves and the second term by orbitals. For the case of plane-wave and
X wave with θk = 5°, there is a1 ≈ a2 and a1,2 are almost constants.
Thus, according to Eq. 17, the first term related to X waves is a
constant and independent of ϕp. Only the second term related to
orbitals affects PADs. When θk increases to 60°, there is a1 ≠ a2. One
can see from Eq. 17 that, besides the orbitals, X waves also affect
PADs. The first term related to ϕp can contribute to other structures
of PADs, such as a remarkable anisotropy for 1s orbital. Therefore,
the equation we derived can clearly interpret the influence of both
orbital and Xwave on PADs. In order to further study the influence of
the temporal-spatial structure of X waves on PADs, we also plot the
result of double time-delayed plane-wave pulses in Figure 6A, which
is labeled by the black solid line. The time-delay is the same as that in
Figure 3E. The angular distribution of PMD in Figure 3E is labeled by
the yellow dot-dashed line. By comparing the two results in
Figure 6A, we find that the one for double plane-wave pulses is
isotropic and the other one for the twisted X wave pulse is two-lobed.
These two quite different PADs indicate that the structure of X waves
plays a significant role in the PADs. Therefore, our results in Figure 6
illustrate that angular distribution is an important observation for the
investigation of the information of both orbitals and X waves.

4 Conclusion

In conclusion, we investigated the PMDs of 1s and 2px,y states
of hydrogen atoms irradiated by the twisted attosecond X waves

carrying OAM using first-order perturbation theory. Different
from the plane-wave, the X wave carrying orbital angular
momentum can induce more complex structures in PMDs,
such as the interference fringes in the radial direction and
more nodes in the angle direction of PMDs. In order to
interpret these structures in detail, we respectively analyzed the
energy spectra and angular distributions. We found that the PADs
can reveal the spatial information of orbitals and X waves. A
concise equation is derived to quantitatively interpret the PADs. It
describes the influence of orbitals and X waves on PADs
individually. A comparison of the results in X waves and
double time-delayed plane-wave pulses has been carried out to
further demonstrate our point, i.e., PAD is an important
observation encoding the structure information of X waves. X
waves for their non-diffraction and OAM-carrying characteristics
can be an ideal candidate in quantum communication and give the
possibility to increase the amount of information that can be
transferred in an undistorted way through the atmosphere. They
can be also applied in other fields like acoustics, electromagnetism
and even medicine. When X waves interact with complex
molecules or solids, there may be more abundant strong-field
phenomena, which are of great significance for stimulating new
applications in various fields from quantum information to
microscopy.
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