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Breathing mode is an ionization instability which is observed ubiquitously in the

operation of Hall thrusters. It is recognized as a relatively low frequency

(10–30 kHz) longitudinal oscillation of the discharge current and the plasma

parameters. Although breathing instability is widely studied in the literature, the

conditions for its origin are not fully understood. In this work we investigate the

mechanisms responsible for the origin of the breathing mode in Hall thrusters

by using a numerical model, allowing us to highlight the importance of electron

mobility fluctuations for the onset and self-sustenance of the instability. Our

one-dimensional, fully fluid model of the thruster channel is calibrated against

the measured discharge current signal for a 5 kW-class Hall thruster operating

in a condition where breathing mode is fully developed. The corresponding

steady, unstable configuration (base state) is numerically computed by applying

the Selective Frequency Damping (SFD) method. Then, a series of numerical

tests is performed to show the existence of a feedback loop involving

fluctuations around the base state of the neutral density, electron mobility,

and electric field. We show that oscillations of the electron mobility are mainly

caused by variations of the neutral density and are in phase with them; this, in

turn, induces oscillations of the electric field, which are in phase opposition. The

electric field acts simultaneously on the electron temperature and on the ion

dynamics, promoting the depletion and replenishment of neutrals in the

chamber.
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1 Introduction

Hall thrusters are plasma-based electric propulsion devices for space applications. The

cross-field configuration of these devices allows for an efficient (and synergic) ionization

and acceleration of the propellant, without space-charge limiting effects that are typical of

a configuration based on electrostatic acceleration. However, the strong coupling between

the processes of ionization and acceleration is associated with high-amplitude, low

frequency (5–30 kHz) discharge current oscillations, the so-called breathing mode.
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This mode has detrimental effects on the thruster performance

and can cause significant coupling issues with the driving

electronics. Additional details on the design and operation of

Hall thrusters can be found, for instance, in the work of [1].

Several theoretical and experimental research efforts have

been dedicated to the investigation of breathing mode. From the

experimental point of view, breathing mode is directly diagnosed

by sampling at high frequency the thruster discharge current.

Measurements performed with intrusive [2–4] and non-intrusive

[5–8] diagnostics have shown that breathing oscillations manifest

as longitudinal coherent waves propagating in the plasma

domain without significant frequency dispersion. From the

modelling point of view, investigations were performed by

means of zero-dimensional models [9–11] as well as with

multidimensional simulations [12]. Zero-dimensional

simulations have demonstrated that the origin of the

breathing oscillations is associated with the periodic ionization

and replenishment cycle of the propellant [10]. However, the

proposed mechanisms could not reproduce self-sustained

oscillations [13]. One-dimensional fluid models, on the other

hand, have shown to be able to simulate the breathing mode. The

authors of [13] employed a one dimensional formulation and

selectively fixed in time different contributors to the discharge

dynamics. Their results, for an uncalibrated case, suggest the

importance of the electron temperature oscillations and of the

non-linearity in the electron power absorption on the onset of

breathing mode. As described in [14], these models can be

specifically calibrated using the discharge current signal, in

which the breathing mode oscillations are the most distinctive

feature, indicative of the thruster operative condition. In the

present work, the calibrated model of [14] is used to further

investigate the mechanisms responsible for the onset of such self-

sustained breathing oscillations in Hall thrusters.

2 Methodology

To describe the thruster discharge we consider an

unsteady 1D fluid model [14]. The domain extends along

the thruster symmetry axis z, from z = 0 (anode) to z = zf =

2 Lc, where Lc is the length of the thruster channel. Sensitivity

of the results to different choices of the domain length has

been verified and it is negligible for the results presented here.

The xenon plasma is assumed as quasi-neutral (ions and

electrons have equal density n) and involves three species,

neutrals, singly-charged ions and electrons. It is assumed that

neutrals have a constant axial velocity, ions are unmagnetized

and cold, and electrons inertia is neglected, thus relying on a

drift-diffusion approximation. Finally, the external magnetic

field is assumed to be purely radial, so that the model may not

be suited for investigating modern Hall thrusters employing

magnetic shielding. The plasma dynamics is described by the

following set of equations:
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where n, u and T stand for density, axial velocity and

temperature, and kB is the Boltzmann constant. Subscripts n, i

and e indicate neutrals, ions and electrons, respectively. The

discharge current density J is computed by integrating Eq. 4

between the anode and the end of the domain. The resulting

integral equation contains the applied potential difference ΔV,
which is specified in the operating condition. The ionization-rate

coefficient kI and the collisional energy loss coefficient K are

computed as a function of the electron internal energy using the

LXCat database [15] and the Bolsig+ [16] solver. Bolsig+ is used

to parse the cross-section data to compute Maxwellian rates. The

terms _nw and W represent the neutral particles flowing in the

domain from the lateral walls due to ion recombination and the

electron power loss to the wall, respectively. The cross-field

mobility μ is defined as:

μ � μ0
1 +Ω2, (7)

where μ0 = e/(]e me) is the unmagnetized mobility and Ω = ωe/]e
is the Hall parameter, ωe = (eBr)/me being the local cyclotron

frequency of electrons and Br being the external magnetic field

intensity. The term ]e represents the momentum transfer

collision frequency and is given by the sum of three

contributions:

]e � ]c + ]ew + ]a, (8)

where ]ew is the electron-wall collision frequency, proportional to
a wall interaction coefficient and the Bohm velocity, and ]c takes
into account collisions between electrons and neutral atoms

(elastic, excitation and ionization collisions) and it is given by

the product of the neutral density and the relevant reaction rate

kx computed using LXCat and Bolsig+. Coulomb electron-ion
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(e-i) collision frequency has not been accounted for after having

verified that it is always negligible in comparison to ]e. More

specifically, for the investigated case the e-i collision frequency is

one order of magnitude lower than ]c in the ionization and

acceleration regions, where the core of the breathing instability is

supposed to be localized. The comparison against the

experiments of the calibrated model further support this and

the other modeling assumptions. However, we underline that in

different thrusters the proposed modeling assumptions should be

critically reconsidered. Finally, the anomalous collision

frequency ]a is modeled as

]a � β
e Br

16me
� β

16
ωe, (9)

where β(z), which is time independent, is the same function of

the axial position already used in [14]. Several attempts to

provide a closure function for the anomalous collision

frequency, i.e., to identify a relation between β and the local

plasma fields, have been performed (see, for instance [17]), but to

date no self-consistent closure function exists. Even if in specific

cases different spatial profiles have been adopted (see [18, 19]),

the particular choice followed in our model, as shown in [14],

leads to reasonable agreement against the experiments for the

considered thruster.

For the objectives of the present work it is important to

underline that, in our model, the mobility μ depends only on two

plasma quantities, the neutrals density and the electron

temperature; this aspect is made explicit, when needed for

clarity, by writing μ as μ(nn, Te). Finally, we assume that the

electron population follows an isotropic Maxwellian distribution

with temperature Te. Thus, the electron pressure pe is related to Te

as follows:

pe � ne kB Te. (10)

As concerns the boundary conditions, at the inner boundary (z =

0) the neutral density is fixed based on the injected mass flow rate

and accounting for the ion recombination at the anode surface.

Additionally, ions must enter the anode sheath edge with a

velocity greater than or equal to the local sound speed (for

the electron-repelling sheath to form), and the electron energy

flux is imposed according to the analysis of a sheath in front of a

biased electrode. At the outer boundary (z = zf), instead, we fix

Te = 2eV. For additional details on the adopted boundary

conditions and on the finite-volume method used to discretize

in space the PDEs of the model refer to [14].

The objective of the present analysis is to investigate the

mechanisms at the basis of the self-sustenance of the breathing

mode using the model described above. To this purpose a

particular configuration is selected in which breathing is

evident and well observable. The considered thruster is a

5 kW-class Hall thruster, SITAEL’s HT5k, operating with a

conventional magnetic field topology (almost radial magnetic

lines at the channel exit) at nearly 2.6 kW, with a discharge

voltage of 300 V and a mass flow rate of 8 mg/s. This particular

configuration has been investigated experimentally and detailed

measurements of the plasma properties are available [2]. Some

details on the magnetic topology can be found in [20].

In order to increase the realism of the numerical model, a

calibration has been carried out against the discharge current

signal available from the experiments, and the resulting estimated

properties of the plasma have been compared against the

available measurements [14]. More precisely, the neutral

velocity, wall interaction coefficient, and anomalous collision

frequency profile were progressively varied until the simulated

discharge current signal matched as close as possible the

measured one in terms of dominant frequency, mean value,

and amplitude of the oscillations. The model resulting from

the calibration and its accuracy in representing the plasma

properties are discussed in details in [14]. We underline that

different calibration strategies may be applied, for instance by

taking into account local measurements of plasma properties.

The one adopted here has the advantage of relying only on a

single measurable quantity which is usually available in existing

experimental databases. Moreover, although the kind of

calibration may affect the resulting model, the core

mechanism leading to breathing mode should not be

significantly affected because it is by far the dominant

dynamical process at play in the selected calibration database.

For this reason, in the present work we investigate breathing

mode by using the calibrated model of [14].

Since the breathing mode has the characteristics of a self-

sustained instability, the first step is to find the steady (unstable)

configuration on top of which it develops. This particular

configuration, denoted in the following as base configuration,

FIGURE 1
Discharge current signal of the calibrated model with (red)
and without (blue) the application of the SFD technique.
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FIGURE 2
Simulated discharge current signal for tests (A) T1, (B) T2, (C) T3 (D) T4 starting from a perturbation of the base configuration and tests (E) T2 and
(F) T3 starting from the saturated breathing instability; results from tests T6 and T7 are reported in (G) and (H), respectively.
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is computed by searching for a steady solution of the calibrated

model. This is achieved numerically by applying the Selective

Frequency Damping (SFD) method, which is commonly used to

find steady solutions in high-dimensional dynamical systems, as

for instance in the field of computational fluid dynamics [21, 22].

This technique relies on the application of a proportional

feedback control which vanishes on the steady state and

makes it stable, so that it can be computed by classical time-

advancing methods. In the present case the controller is applied

only to the neutral continuity equation, given the importance of

neutral density oscillations in the breathing mode dynamics.

Equation 1 becomes

znn
zt

+ z

zz
unnn( ) � −nennkI + _nw − χ nn − �nn( ), (11)

where χ ≃ 107 Hz, �nn is given by

z�nn
zt

� nn − �nn( )
Δ , (12)

and Δ ≃ 10−4 s. Equation 12 updates the target solution �nn
(which is not known a priori) at each time step, and must be

integrated in time together with the other equations. Free

parameters are set following the guidelines presented in the

literature and tuned for the specific problem [22]. In general, χ

represents the strength of the controller and Δ defines its cutoff

frequency, and both need to be tailored for the specific case.

Figure 1 reports the discharge current signal of the calibrated

model (blue line) together with that obtained applying the SFD

(red line) at time t = 0, showing that SFD is effective in damping

the oscillations, quickly leading to the base configuration.

Figure 1 shows that the discharge current of the base

configuration is I ≃ 8.73 A, while it oscillates periodically in

the range I ∈ [4.5, 16.4] A when breathing mode is present. Note

that the base configuration has already been computed in the

literature for different objectives and with different techniques

(see for instance [13]).

3 Results

We now investigate the self-sustenance process driving the

instability by means of ad-hoc numerical simulations. We start

by calculating the base configuration; then, starting from the base

configuration, we have verified that the instability spontaneously

emerges, leading to an exponential growth of its amplitude. The

instability then saturates in the non linear phase finally settling

on a periodic limit cycle (Test T1, Figure 2A). This evidence

supports the idea that the breathing mode is a linear Hopf-like

instability of the base configuration.

We now focus on the role of mobility on the self-sustenance

mechanism of the breathing mode. The idea that mobility can

play a dominant role in the instability originates from the

observation that breathing mode can be suppressed, both in

experiments [8, 23] and in the present model (not shown here),

by increasing the intensity of the magnetic field. Note that in the

model, Br enters only via the mobility μ.

Considering now the calibrated case, a second artificial test

(T2) has been carried out by starting from the base configuration

with the spatial distribution of μ artificially fixed to the value

computed on the base configuration, i.e., μ = μbc = μ(nn,bc, Te,bc)

(where the subscript bc indicates quantities taken in the base

configuration). In this way we avoid that μ varies due to plasma

fluctuations nn′(t, z) � nn(t, z) − nn,bc(z) and

Te′(t, z) � Te(t, z) − Te,bc(z). The result is that the instability

does not develop and the system stays on the base configuration,

as shown in Figure 2B. In order to exclude the possibility to have

artificially created a conditional stability region around the base

state, the same test has been repeated, still fixing μ = μbc, but

considering, as initial conditions, fields of the limit cycle (selected

at random phase) on which the system settles when the full

model is considered and the instability is saturated. In this case

the modified system of test T2 shows a damped breathing mode

which eventually vanishes, and the system returns to the base

configuration (see Figure 2E). As a result, test T2 provides

evidence that variations of electron mobility (μ′ = μ − μbc)

play a fundamental role for the onset and self-sustenance of

the breathing mode. This fact has been already observed in [24]

where it is shown by 2D simulations that breathing mode

oscillations can be induced by modulating spatially the

anomalous mobility profile.

Considering that nn,bc and Te,bc are fixed quantities, the

mobility μ′ � μ′(nn′, Te′) varies in our model with respect to its

value at the base configuration only because of the presence

of fluctuations of 1) neutral density and 2) electron

FIGURE 3
Discharge current signal for test T5 (red line); green and blue
lines are the envelopes of the discharge current signals obtained
by imposing μ′ � 1.2γnn′ and μ′ � 0.8γnn′, respectively.
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temperature. Moreover, test T2 shows that if fluctuations μ′
are suppressed the breathing mode disappears. We focus now

our attention on fluctuations of μ′ induced separately by nn′
and Te′ only. To this purpose a third test, T3, is carried out

using the following expression for mobility: μ � μbc +
μ′(0, Te′) where only variations of μ induced by variations

of the electron temperature are considered. As for test T2, the

breathing mode does not develop if the simulation is started

from the base configuration, as shown in Figure 2C.

Furthermore, it disappears when starting the simulation

from random points of the limit cycle, as shown in

Figure 2F. Thus, test T3 demonstrates that variations of

mobility induced by nn′ are fundamental for the onset and

sustenance of breathing.

A fourth test T4 is carried out by considering only variations

of mobility induced by fluctuations of neutral density,

μ � μbc + μ′(nn′, 0). In this case the breathing mode starts and

reaches a self-sustained state for the same set of initial conditions

used in the previous tests, as shown in Figure 2D. This and the

previous tests indicate that, at least for the configuration under

investigation, only fluctuations of mobility due to the variations

of the neutral density are necessary for the triggering of the

breathing mode. Notice that, in different models/configurations,

other mechanisms can be dominating the instability, as for

instance in [13, 18].

In order to further investigate this point, a simplified model

for μ is derived by fixing Te = Te,bc and linearizing its dependence

on nn′

μ′ � e

me ]2e,bc + ω2
e( ) 1 − 2]2e,bc

]2e,bc + ω2
e( )⎡⎢⎣ ⎤⎥⎦km︸���������������︷︷���������������︸

γ

nn′. (13)

where km is the sum of the reaction rates for momentum transfer

collisions between electrons and neutrals.

A fifth test, T5, is carried out using μ � μl � μbc + γ nn′.
Results obtained using the same initial conditions as for the

previous tests show the development of the breathing mode with

typical features quantitatively similar to those obtained when

simulating the full system, see Figure 3 in comparison with

Figure 2A. Interestingly, we note that by artificially

modulating γ it is possible to change the growth rate and the

saturation amplitude of the instability, approximately

maintaining the same frequency (Figure 3, green and blue

lines). This indicates that the linearized mobility μl, although

very simplified, contains the elements needed to describe

quantitatively the breathing mode, confirming two aspects: 1)

FIGURE 4
Oscillations in time of neutral density (blue) and electric field (red) around their base state values at point z= Lc/2 (A) at incipient instability and (B)
of neutral density and temperature (black) on the limit cycle.
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that linearity in the dependence of μ on nn is sufficient to trigger

breathing and 2) that variations of μ induced by oscillations of Te

play a minor role, both qualitatively and quantitatively on the

simulated breathing mode. Thus, the coefficient γ(nn,bc, Te,bc) in

Eq. 13, which represents a rigidity coefficient relating μ with nn′,
plays a key role in the breathing instability.

With the support of the tests described above, it is now

possible to propose a physical interpretation concerning the

feedback mechanism that leads to the breathing instability in

the investigated case. To this purpose we look at variations

around the base configuration and we focus on the region

where ionization is concentrated. From Eq. 4 we note first

that the electric field E � −zΦ
zz is given by

E � −ue

μ
− 1
e ne

z(ne kB Te)
zz

. (14)

When the neutral density decreases, the same happens for

the electron mobility and, through the first term on the right

side of Eq. 14, this provides a positive contribution to the

electric field. As a matter of fact, during the simulated

oscillations, the electric field reaches its peak when the

neutral density is at its minimum, and the two quantities

oscillate in phase opposition, as depicted in Figure 4A. This

phenomenon promotes two parallel effects:

(E1) As concerns Te, when the neutral density decreases and

the electric field increases, the work performed by the

electric field on the electron fluid also increases, inducing

an increase of electron temperature and, in turn, of

ionization rate (see Figure 4B). This creates a positive

feedback as it contributes to further decrease the neutral

density.

(E2) As concerns the ion dynamics, when replenishment of

neutrals begins, the electric field is at its maximum and

ions are accelerated towards the exit. As a consequence,

during replenishment plasma density decreases and this

leads to a decrease of the ionization rate, thus promoting

the channel replenishment and creating again a positive

feedback on the neutral density.

The electron temperature fluctuations play an intricate

role in the system dynamics, with possible feedback on all

species. The performed tests have indicated that their

contribution to the variations of mobility are not relevant

for the development nor for the sustenance of breathing mode

oscillations. Nevertheless, to assess the importance of

temperature fluctuations Te′ on the whole system, a test

(T6) was performed in which mobility was linearized,

μ � μbc + γ nn′, and temperature fluctuations were artificially

suppressed by eliminating Eq. 5 from the system and replacing

it with Te = Te,bc. In this case, starting from the same initial

conditions used for the previous tests, we find that the system

reaches a time-periodic solution, as for breathing mode, and

this is shown in see Figure 2G. Scenario E2 is further

supported by observing that, for simulations carried out

with a fixed ion velocity profile, i.e., ui = ui,bc (test T7),

oscillations are always damped and no periodic solution

can be found, as shown in Figure 2H. We thus conclude

that, at least in our specific calibrated case, the most

important aspect at the basis of breathing mode is related

to the variations of mobility with the neutral density and that

the dominating mechanisms for self-sustenance is

E2 discussed above. Observe how in [13], for an

uncalibrated case, the authors conclude that the breathing

mode is triggered by a feedback mechanism akin to the effect

E1 discussed above. This suggests that the two described

effects, E1 and E2, could be concurring to determine the

discharge dynamics and the dominant one, responsible for

the onset of the breathing mode, may depend on the specific

case under analysis.

4 Conclusion

In this work the mechanisms leading to the onset of

breathing mode in Hall thrusters are further investigated

numerically and theoretically. A one-dimensional fluid

model of the thruster channel is used, which is calibrated

and validated against the experimental data available for

SITAEL’s HT5K thruster. A crucial element for the

proposed analysis is the identification of the base

configuration, i.e., the unstable steady configuration of the

thruster which undergoes breathing instability, so that

breathing can be investigated both during its initial onset

and in its final saturated state. Results demonstrate that

fluctuations of the electron mobility around its

distribution in the base configuration are necessary for the

onset of the breathing mode. In particular, a linear

dependence between oscillations of neutral density and

electron mobility is sufficient for triggering the instability

in the proposed model, inducing fluctuations of the electric

field in phase opposition. This establishes a positive feedback

on the ionization rate via two different mechanisms, one

involving the electron energy and one, which is dominant in

the case analyzed, involving the ion dynamics. These

observations provide a new perspective in the

interpretation of the ionization instability at the basis of

breathing mode.
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