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Encoding computing qubits in multiple degrees of freedom (DOFs) of a photonic system
allows hyperparallel quantum computation to enlarge channel capacity with less quantum
resource, and constructing high-fidelity hyperparallel quantum gates is always recognized
as a fundamental prerequisite for hyperparallel quantum computation. Herein, we propose
an approach for implementing a high-fidelity photonic hyperparallel controlled-phase-flip
(CPF) gate working with polarization, spatial-mode, and frequency DOFs, through utilizing
the practical interaction between the single photon and the diamond nitrogen vacancy (NV)
center embedded in the cavity. Particularly, the desired output state of the gate without
computation errors coming from the practical interaction is obtained, and the robust fidelity
is guaranteed in the nearly realistic condition. Meanwhile, the requirement for the
experimental realization of the gate is relaxed. In addition, this approach can be
generalized to complete the high-fidelity photonic three-DOF hyperparallel CPFN gate
and parity-check gate. These interesting features may make the present scheme have
potential for applications in the hyperparallel quantum computation.
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1 INTRODUCTION

Quantum information processing (QIP) which is accomplished based on quantum mechanics [1]
surpasses classical information processing in terms of communication [2–14], computation [15–18],
precision metrology [19], and machine learning [20–22]. Due to the capability of parallel computing,
quantum computation exhibits a fascinating performance compared with the conventional
computation which works with a serial pattern. For example, it has been suggested that
quantum algorithms can largely speed up factorizing a large number [15] and searching data
[16, 17], and greatly reduce the computational complexity of simulation [23, 24]. Quantum
computation can be referred to as a succession of nontrivial critical single-qubit gates and two-
qubit gates, such as controlled-NOT (CNOT) gate or the identical controlled-phase-flip (CPF) gate
[25]. Nowadays, numerous works have been made on CNOT gates or CPF gates [26, 27].
Hyperparallel quantum computation, acting on more than one qubit-like degree of freedom
(DOF) simultaneously, can achieve full potential of the parallel computation [28]. In 2013, Ren
et al. [29] proposed the first scheme for the hyperparallel CNOT gate acting on the polarization and
spatial DOFs simultaneously, and later in 2015 a polarization-spatial hyperparallel Toffoli gate was
proposed [30]. Hyperparallel quantum gates have attracted much attention in recent years due to
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their excellent properties. Up to now, some interesting protocols
for implementing hyperparallel quantum gates have been proposed
via photon-matter platforms [31–36], and the inevitable incomplete
and imperfect photon-matter interactions are usually not taken into
account.

Photon has been widely recognized as an especially promising
physical architecture for implementing hyperparallel quantum
gates due to its high transmitting speed, weak interaction with its
environment, low cost for preparation, easy and accurate
manipulation, and multiple qubit-like DOFs such as
polarization, spatial mode, orbital angular momentum, time
bin, and frequency [37–41]. It has been demonstrated that by
encoding computing qubits in multiple DOFs of a photonic
system, hyperparallel quantum gates can be achieved. The
polarization and spatial-mode DOFs are particularly appealing for
constructing photonic hyperparallel quantum gates [29–35]. For
example, In 2014, Wang et al. [33] proposed an interesting scheme
for implementing the hybrid hyperparallel CNOT gate, where the
spatial-mode and polarization states of a photon control the two
stationary electron spins in quantum dots simultaneously. In 2016,
Wei et al. [34] constructed a hyperparallel Toffoli gate on a three-
photon system in both the polarization and spatial-mode DOFs.
Recently, frequency encoded photonic qubit has garnered much
interest for its compatibility, stable in any transmission
surroundings, and high-dimensional characters. In 2019, Lu et al.
[42] demonstrated a frequency-bin based CNOT gate. And in 2020,
Wei et al. [36] presented a hyperparallel CPF gate utilizing the
frequency DOF together with the spatial-mode and time-bin DOFs
of a two-photon system. Frequency-based entanglements were
employed by Zeng and Zhu [43] to complete hyper-Bell analysis.

To achieve a deterministic (hyperparallel) quantum photonic
gate, an essential prerequisite is obtaining the strong interactions
between individual photons, which can be completed by
employing cross-Kerr medium or cavity quantum
electrodynamics (QED) with trapped atoms or artificial atoms
(such as quantum dot, superconductor, diamond nitrogen
vacancy (NV) center, Josephson junction). A diamond NV
center is a promising candidate owing to its long-lived
coherence time even at room temperature [44–48] and optical
controllability including fast microwave manipulation, optical
preparation, and read out [49–52]. Meanwhile, it has been
experimentally realized the strong coupling between the NV
center and the whispering-gallery mode (WGM) resonator
[53–55], which can enhance the NV-photon interaction and
the photon-photon interaction. In 2011, Chen et al. [56]
introduced the interaction between the polarized single photon
and the NV center confined in theWGMmicrotoroidal resonator
(MTR). Utilizing the photon-NV interactions, where the realistic
NV-cavity parameters are not taken into consideration, some
interesting works on (hyperparallel) quantum gate have been
presented [30, 35, 36, 57–59]. It is worthy to relax the necessary
for high-Q cavity system, and to further improve the fidelity of
the schemes in realistic environment by preventing the imperfect
and incomplete photon-NV interactions. In 2012, by utilizing the
practical interaction between the single photon and the atom-
cavity system, Li et al. [60] proposed the robust-fidelity
entangling gate in which the computation errors coming from

the realistic atom-cavity parameters were wiped out. In recent
years, much attention has been attracted to the research in high-
fidelity (hyperparallel) quantum gates via different methods [32,
61–71].

In this paper, through utilizing the practical interaction
between a NV-cavity system and a single photon, we put
forward a method for implementing a high-fidelity
hyperparallel CPF gate working with three DOFs of a two-
photon system. Here, the polarization-polarization-based, the
spatial-spatial-based, and the frequency-frequency-based CPF
gates are completed simultaneously, which is equal to three
CPF gates operating simultaneously on the systems in one
DOF, and the potential of parallel computation is further
achieved. Particularly, the fidelity of this hyperparallel CPF
gate is robust against the realistic NV-cavity parameters, since
the computation errors coming from the practical interaction are
wiped out by the single-photon detectors. This self-error-detected
working pattern also relaxes the requirement for the experimental
realization of the gate. In addition, the method can be generalized
to achieve the high-fidelity photonic hyperparallel CPFN gate and
parity-check gate working on three DOFs. We use the frequency,
spatial-mode, and polarization DOFs to complete our schemes,
where a frequency encoded photonic qubit is naturally stable in
the transmission surroundings as its alteration requires a
nonlinear interaction between photon and an optical fiber,
which takes place with a negligible probability, a spatial-mode
encoded photonic qubit is robust against the bit-flip channel
noise, and a polarization encoded photonic qubit can be skillfully
manipulated. These interesting features may make our scheme
more useful in the practical quantum computation tasks.

2 NONLINEAR INTERACTION BETWEEN A
SINGLE PHOTON AND A DIAMOND NV
CENTER INSIDE A MICROTOROIDAL
RESONATOR

The nonlinear interaction between a single photon and a
diamond NV center inside a microtoroidal resonator (MTR)
which is employed as the platform for implementing our

FIGURE 1 | Schematic diagram for a diamond NV center confined in a
MTR and energy-level diagram of a diamond NV center. The transitions |∓ 1〉
↔|A2〉 are resonantly coupled to the left-circularly and the right-circularly
polarized photons, respectively.
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hyperparallel CPF gate is illustrated in Figure 1. The ground state
of a negatively charged diamond NV center is a spin triplet, and
there exists 2.88 GHz zero-field splitting between levels |0〉 with
ms = 0 and |± 1〉 with ms = ±1 owing to spin-spin interactions.
There exist six excited states defined by the group theory as |A1〉 =
|E−〉| + 1〉 − |E+〉| − 1〉, |A2〉 = |E−〉| + 1〉 + |E+〉| − 1〉, |Ex〉 = |X〉
|0〉, |Ey〉 = |Y〉|0〉, |E1〉 = |E−〉| − 1〉 − |E+〉| + 1〉, and |E2〉 = |E−〉
| − 1〉 + |E+〉| + 1〉, which are eigenstates of the full Hamiltonian
including spin-orbit and spin-spin interactions in the absence
of any perturbation [72]. Here, |E−〉, |E+〉, |X〉, and |Y〉 are
orbital states. |A1〉 and |A2〉 are split from the other excited
states by at least 5.5 GHz due to the spin-orbit interaction, and
the energy gap between these two states is increased to 3.3 GHz
due to spin-spin interaction [56, 72]. Thus, in the limit of low
strain and magnetic field, the excited state |A2〉 is robust
against the stable symmetric properties and preserves the
polarization properties of its optical transitions to states
|± 1〉 through polarized radiations |σ∓〉 due to total angular
momentum conservations. That is to say, as shown in Figure 1,
the two transitions |A2〉 ↔|± 1〉 are resonantly coupled to the
right- and the left-circularly polarized photons with the
identical transition frequency ω0, respectively.

After a circularly polarized single photon with frequency ωp

interacting with a NV-cavity system with mode frequency ωc, it
will be scattered with a reflection coefficient. In the weak
excitation limit with the NV center predominantly in the
ground state, through solving the Heisenberg equations of
motion and the input-output relations, we can obtain the
reflection coefficient as [73, 74]

r ωp( ) � i ω0 − ωp( ) + γ
2[ ] i ωc − ωp( ) − κ

2 + κs
2[ ] + g2

i ω0 − ωp( ) + γ
2[ ] i ωc − ωp( ) + κ

2 + κs
2[ ] + g2

, (1)

where κ and κs are the cavity damping rate and the side-leakage
rate, respectively. γ is the NV center dipolar decay rate, and g is
the coupling strength between the cavity and the NV center. By
taking g = 0, the reflection coefficient for a cold cavity (i.e., the NV
center is uncoupled to the cavity) is obtained as

r′ ωp( ) � i ωc − ωp( ) − κ
2 + κs

2

i ωc − ωp( ) + κ
2 + κs

2

. (2)

Considering the single photon with frequency ωp = ω1 ≠ ω0

being injected into the NV-cavity system with ωc = ω0, no matter
what the polarization of the photon is or what the spin of the NV
center is, the single photon always senses a cold cavity due to a large
detuning and then it will be scattered with a reflection coefficient
of r1′ � r′(ω1) � [2i(ωc − ω1) − κ + κs]/[2i(ωc − ω1) + κ + κs].
However, when the single photon with frequency ωp = ω2 = ω0

is injected into theNV-cavity systemwithωc =ω0, if theNV center is
initially prepared in the state | − 1〉, the single photon in the left-
polarization state |L〉 feels a hot cavity and then obtains a reflection
coefficient of r2 = r(ω2) = [γ(κs− κ) + 4g

2]/[γ(κs+ κ) + 4g
2] after being

scattered, whereas the single photon in the right-
polarization state |R〉 experiences a cold cavity due to a
polarization mismatch and then introduces a reflection
coefficient of r2′ � r′(ω2) � (κs − κ)/(κs + κ) after being

scattered. Conversely, if the NV center is initially
prepared in the state | + 1〉, the |R〉-polarized photon
suffers a hot cavity and gets a reflection coefficient of r2
after being scattered, whereas |L〉-polarized photon
experiences a cold cavity and gets a reflection coefficient
of r2′ after being scattered. Here, the reflection coefficients r1′ ,
r2′ , and r2 are the functions of the realistic NV-cavity
parameters. Therefore, the practical interaction rules,
dependent on the polarization and frequency of the
incident single photon and the spin of the NV center, can
be summarized as

|L〉|ω1〉| + 1〉→ r1′|L〉|ω1〉| + 1〉, |L〉|ω1〉| − 1〉→ r1′|L〉|ω1〉| − 1〉,
|R〉|ω1〉| + 1〉→ r1′|R〉|ω1〉| + 1〉, |R〉|ω1〉| − 1〉→ r1′|R〉|ω1〉| − 1〉,
|L〉|ω2〉| + 1〉→ r2′|L〉|ω2〉| + 1〉, |L〉|ω2〉| − 1〉→ r2|L〉|ω2〉| − 1〉,
|R〉|ω2〉| + 1〉→ r2|R〉|ω2〉| + 1〉, |R〉|ω2〉| − 1〉→ r2′|R〉|ω2〉| − 1〉.

(3)

3 HIGH-FIDELITY PHOTONIC THREE-DOF
HYPERPARALLEL CPF GATE

Based on the practical interaction between the single photon and
the NV-cavity system as described in Eq. 3, we propose a scheme
for implementing a high-fidelity photonic three-DOF
hyperparallel CPF gate, in which the qubits are independently
encoded in the frequency, polarization, and spatial-mode DOFs
of the single photons. Suppose the control photon a, the target
photon b, and the three NV centers are initially prepared in the
normalized states

|ϕ〉a � α1|F〉 + α2|S〉( ) ⊗ β1|ω1〉 + β2|ω2〉( ) ⊗ γ1|a1〉 + γ2|a2〉( ),
|ϕ〉b � δ1|F〉 + δ2|S〉( ) ⊗ η1|ω1〉 + η2|ω2〉( ) ⊗ ξ1|b1〉 + ξ2|b2〉( ),
|ϕ〉1 � | + 〉1, |ϕ〉2 � | + 〉2, |ϕ〉3 � | + 〉3.

(4)
Here and afterwards, |±〉 � 1�

2
√ (| + 1〉±| − 1〉) are the states of the

NV centers; |F〉 � 1�
2

√ (|R〉 + |L〉) and |S〉 � 1�
2

√ (|R〉 − |L〉) are
the polarization states of the single photons; |ω1〉 and |ω2〉 are the
frequency states of the single photons; |a1〉, |a2〉, |b1〉, and |b2〉 are
the spatial-mode states of the single photons.

The photonic hyperparallel CPF gate in three DOFs
completes the task that when the polarization state of
photon a is |S〉, a phase flip takes place on the
polarization state |S〉 of photon b, when the spatial-mode
state of photon a is |a2〉, a phase flip takes place on the
spatial-mode state |b2〉 of photon b, and when the frequency
state of photon a is |ω2〉, a phase flip takes place on the
frequency state |ω2〉 of photon b, simultaneously. The
quantum circuit for implementing the three-DOF
hyperparallel CPF gate is shown in Figure 2, and the
principle is described in detail as follows in step by step.

Firstly, the control photon a is injected into the circuit from
the input ports a1 and a2. Through the circularly polarizing
beam splitters (CPBSs), the wave packets in |F〉 are
transmitted to the paths a11 and a21 for interacting
with the NV1-cavity system directly. Whereas the wave
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packets in |S〉 are reflected to the paths a12 and a22, pass
through the half plate waves (HWPs) resulting in |F〉 ↔|S〉,
and interact with the NV1-cavity system. In this process, the
wave packets in the four paths are respectively routed to
interact with the NV1-cavity system. Then after the wave
packets in the paths a12 and a22 pass through the HWPs, they
reunite with the wave packets in the paths a11 and a21 at the
CPBSs, and the state of the system is changed from

|Φ〉0 � |ϕ〉a ⊗|ϕ〉b ⊗|ϕ〉1 ⊗|ϕ〉2 ⊗|ϕ〉3 (5)
to

|Φ〉1 � r2 − r2′
2

α1β2|S〉|ω2〉 + α2β2|F〉|ω2〉( )| − 〉1 γ1|a11〉 + γ2|a21〉( )[
+ r2 + r2′

2
α1β2|F〉|ω2〉 + α2β2|S〉|ω2〉( )| + 〉1 γ1|a12〉 + γ2|a22〉( )

+ r1′ α1β1|F〉|ω1〉 + α2β1|S〉|ω1〉( )| + 〉1 γ1|a12〉 + γ2|a22〉( )⎤⎦
a

⊗ |ϕ〉b ⊗ |ϕ〉2 ⊗ |ϕ〉3.
(6)

The wave packets in the path a21 pass through the HWP and
the wave-form corrector1 (WFC1); the wave packets in the
path a22 first pass through the wavelength division
multiplexer (WDM), which divides photon with different
frequencies to the different paths. If the wave packets in
the path a22 are in the frequency states |ω2〉, they will trigger
the single-photon detector which represents the process of
the photonic hyperparallel CPF gate is terminated.
Otherwise, the wave packets in the path a22 with frequency
states |ω1〉 will pass through the WFC2 and the frequency

shifter (FS) which shifts the frequency ω1 to ω2; Similarly, the
wave packets in the path a12 pass through the WDM. If the
wave packets in the path a12 are in the frequency states |ω2〉,
they will trigger the single-photon detector which means the
process of the hyperparallel CPF gate is terminated.
Otherwise, the wave packets in the path a12 with frequency
states |ω1〉 pass through the WFC3 and the FS which shifts the
frequency ω1 to ω2; the wave packets in the path a11 pass
through the HWP and the WFC4. Before the wave packets in
the paths a21 and a22 passing through the CPBSs, the state of
the system becomes

|Φ〉2 � r1′ r2 − r2′( )2
4

β2γ1 α1|F〉 + α2|S〉( )|ω2〉| − 〉1|a11〉[
+ r1′ r2 − r2′( )2

4
β1γ1 α1|F〉 + α2|S〉( )|ω2〉| + 〉1|a12〉

+ r1′ r2 − r2′( )
2

β2γ2 α1|F〉 + α2|S〉( )|ω2〉| − 〉1|a21〉

+ r1′ r2 − r2′( )
2

β1γ2 α1|F〉 + α2|S〉( )|ω2〉| + 〉1|a22〉]
a

⊗ |ϕ〉b ⊗ |ϕ〉2 ⊗ |ϕ〉3.

(7)

Then, for the wave packets of photon a in the spatial-mode
states |a2〉, after they passing through the CPBS, the wave
packets in the polarization states |F〉 interact with NV2-cavity
system, pass through the HWP and the CPBS in sequence,
and the wave packets in the polarization states |S〉 interact
with NV2-cavity system, pass through the CPBS and the
HWP in sequence. If either of the two single-photon
detectors is clicked, the process of the hyperparallel

FIGURE 2 | Schematic diagram for implementing the high-fidelity photonic three-DOF hyperparallel CPF gate. j1 and j2, where j = a, b, are the input ports for the
control photon a and the target photon b being injected to the circuit in sequence. CPBS represents a circularly polarizing beam splitter in the basis {|F〉, |S〉} transmitting
the |F〉-polarized photon and reflecting the |S〉-polarized photon. HWP is a half-wave plate set at 0° performing operation |F〉↔|S〉. WFCi (i = 1, 2, 3, 4) represent wave-
form corrector introducing coefficients r1′, (r2 − r2′)/2, (r2 − r2′)2/4, and r1′(r2 − r2′)/2 on the incident photons, respectively. WDM represents a polarization-
independent wavelength division multiplexer, which divides photon with different frequencies from one path to different paths or completes the reverse conversion. FS is
a frequency shifter which can shift the frequency ω1 to ω2. D is a single-photon detector.
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photonic CPF gate is terminated. If there is no click of the two
single-photon detectors, the process continues, that is, the
two wave packets of different polarizations in the spatial-
mode states |a2〉 reunite at the CPBS and the state of the
system is changed into

|Φ〉3 � r1′ r2 − r2′( )2
4

α1|F〉 + α2|S〉( ) β2γ1|ω2〉| − 〉1|a11〉| + 〉2([
+β1γ1|ω2〉| + 〉1|a12〉| + 〉2

+ β2γ2|ω2〉| − 〉1|a21〉| − 〉2 + β1γ2|ω2〉| + 〉1|a22〉| − 〉2]a
⊗|ϕ〉b ⊗|ϕ〉3. (8)

Next, after photon a passing through the CPBSs, in the path
a11(a12, a21, a22), the wave packets in the polarization states |F〉
pass through the WFC2, and the wave packets in the
polarization states |S〉 interact with NV3-cavity system and
pass through the CPBS. Similarly, if there is a click of the
single-photon detector, the process of the high-fidelity
hyperparallel photonic CPF gate is terminated. Otherwise,
the process continues, that is, the polarization states of wave
packets will be changed into |S〉 with the operation performed
by HWP, which will unite with wave packets in the polarization
states |F〉 at the CPBS. At this time, the state of the system
becomes

|Φ〉4 � r1′ r2 − r2′( )3
8

α1|F〉| + 〉3 + α2|S〉| − 〉3( ) β2γ1|ω2〉| − 〉1|a11〉| + 〉2([
+ β1γ1|ω2〉| + 〉1|a12〉| + 〉2 + β2γ2|ω2〉| − 〉1|a21〉| − 〉2
+β1γ2|ω2〉| + 〉1|a22〉| − 〉2]a ⊗|ϕ〉b. (9)

Subsequently, the wave packets in the paths a12 and a22 pass
through the FSs which shift frequency ω2 to ω1, and the wave
packets in the paths a11 and a21 respectively unite with the wave
packets in the paths a12 and a22 to the spatial modes |a1〉 and |a2〉
by the WDMs. At this time, the system composed of two photons
and the three NV centers is changed into

|Φ〉5 � r1′ r2 − r2′( )3
8

α1|F〉| + 〉3 + α2|S〉| − 〉3( ) β1|ω1〉| + 〉1([
+ β2|ω2〉| − 〉1) γ1|a1〉| + 〉2 + γ2|a2〉| − 〉2( )]a ⊗|ϕ〉b.

(10)

Secondly, Hadamard operations [| + 1〉↔| + 〉, | − 1〉↔| − 〉]
are performed on the three NV centers, where the Hadamard
operation can be implemented with a π/2 microwave pulse, and
the state |Φ〉5 is changed into

|Φ〉6 � r1′ r2 − r2′( )3
8

α1|F〉| + 1〉3 + α2|S〉| − 1〉3( ) β1|ω1〉| + 1〉1([
+β2|ω2〉| − 1〉1) γ1|a1〉| + 1〉2 + γ2|a2〉| − 1〉2( )]a ⊗|ϕ〉b.

(11)
Thirdly, the target photon b is injected into the circuit from the

input ports b1 and b2. After the same operations as those
performed on the control photon a are applied on the target
photon b, if none of the five single-photon detectors is clicked, the
system will collapse into the state

|Φ〉7 � r′21 r2 − r2′( )6
64

β1|ω1〉a| + 1〉1 η1|ω1〉 + η2|ω2〉( )b[
+β2|ω2〉a| − 1〉1 η1|ω1〉 − η2|ω2〉( )b] ⊗ γ1|a1〉| + 1〉2[
ξ1|b1〉 + ξ2|b2〉( ) + γ2|a2〉| − 1〉2 ξ1|b1〉 − ξ2|b2〉( )]
⊗ α1|F〉a| + 1〉3 δ1|F〉 + δ2|S〉( )b + α2|S〉a| − 1〉3[
δ1|F〉 − δ2|S〉( )b]. (12)

Finally, the three NV centers are measured in the orthogonal
basis {|±〉}. According to Table 1, some feed-forward operations
are performed on the control photon a. In detail, if NV1 center is
in the state | − 〉1, a frequency-based operation σzf = |ω1〉〈ω1| −
|ω2〉〈ω2| is performed on the control photon a; if NV2 center is in
the state | − 〉2, a spatial-based operation σzs = |a1〉〈a1| − |a2〉〈a2|
is performed on the control photon a; if NV3 center is in the state
| − 〉3, a polarization-based operation σzp = |F〉〈F| − |S〉〈S| is
performed on the control photon a. Conditioned on the results of
the measurement on the three NV centers, the two-photon
system collapses into the state

|Φ〉8 � r′21 r2 − r2′( )6
64

[α1|F〉a δ1|F〉 + δ2|S〉( )b
+ α2|S〉a δ1|F〉 − δ2|S〉( )b]⊗ [β1|ω1〉a η1|ω1〉 + η2|ω2〉( )b
+ β2|ω2〉a η1|ω1〉 − η2|ω2〉( )b]⊗ [γ1|a1〉 ξ1|b1〉 + ξ2|b2〉( )
+ γ2|a2〉 ξ1|b1〉 − ξ2|b2〉( )].

(13)
From Eq. 13, one can see that a photonic three-DOF
hyperparallel CPF gate is completed, in which the
conditional phase flips take place on the states |S〉a|S〉b,
|ω2〉a|ω2〉b, and |a2〉|b2〉, simultaneously. Notably, this
hyperparallel CPF gate is locally equivalent to the
hyperparallel quantum CNOT gate up to Hadamard
operations performed on the target photon b.

Fidelity, which can characterize the performance of a quantum
gate, is described by F = |〈Ψr|Ψi〉|2, where |Ψi〉 and |Ψr〉 are the
ideal desired output state and realistic output state, respectively.
From Eq. 13, one can see that there are no error items and the

TABLE 1 | The relations between the measurement results on the NV centers and
the feed-forward operations for completing a deterministic hyperparallel CPF
gate working with the three DOFs of a two-photon system.

Measurement Feed-Forward Operation

NV Center Control Photon Target Photon

| + 〉1 (frequency) none none
| − 〉1 (frequency) σzf none
| + 〉2 (spatial mode) none none
| − 〉2 (spatial mode) σzs none
| + 〉3 (polarization) none none
| − 〉3 (polarization) σzp none
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only difference between the ideal desired output state and the
realistic output state is the global coefficient r′21(r2 − r2′)6/64,
which would not affect the fidelity. That is to say, the fidelity of
the hyperparallel CPF gate is robust, which is immune to the
realistic NV-cavity parameters including the damping rate κ,
the side-leakage rate κs, the dipolar decay rate γ, and the
coupling strength g. Overall, the quantum circuit shown in
Figure 2 implements a high-fidelity hyperparallel CPF gate in
the frequency, spatial-mode, and polarization DOFs,
simultaneously.

4 HIGH-FIDELITY PHOTONIC THREE-DOF
HYPERPARALLELCPFNGATE ANDPARITY
CHECK GATE
The quantum circuit shown in Figure 2 can be generalized to
implement a high-fidelity hyperparallel CPFN gate working with a
multiple-photon system in the frequency, spatial-mode, and
polarization DOFs. Initially, the three NV centers are also
prepared in the states |ϕ〉1 = | + 〉1, |ϕ〉2 = | + 〉2, and |ϕ〉3 =
| + 〉3. The control photon a is also initially prepared in the
normalized arbitrary state

|ϕ〉a � α1|F〉 + α2|S〉( )a β1|ω1〉 + β2|ω2〉( )a γ1|a1〉 + γ2|a2〉( )a.
(14)

The N target photons bn(n = 1, 2, . . . , N) are initially prepared in
the normalized arbitrary state

|ϕ〉bn � δn1|F〉 + δn2|S〉( )bn ηn1|ω1〉 + ηn2|ω2〉( )bn ξn1|b1〉 + ξn2|b2〉( )bn.
(15)

The procedure of the hyperparallel CPFN gate completed with
the quantum circuit shown in Figure 2 is similar with that of
the hyperparallel CPF gate described above but the target
photon b is substituted with the target photon string b1, b2,
. . . , bN, which are injected into the quantum circuit in
sequence.

Firstly, the control photon a is injected into the quantum
circuit. While the photon a passes through the circuit, if any of
the single-photon detectors is clicked, the construction process
of the hyperparallel CPFN gate is terminated. If there is no click
of any single-photon detectors, the process goes on and with
Hadamard operations respectively performed on the three NV
centers, the state of the whole system is changed from |ΦN〉0 to
|ΦN〉1, where

|ΦN〉0 � |ϕ〉a ⊗|ϕ〉b1 ⊗/⊗|ϕ〉bN ⊗|ϕ〉1 ⊗|ϕ〉2 ⊗|ϕ〉3,

|ΦN〉1 � r1′ r2 − r2′( )3
8

α1|F〉| + 1〉3 + α2|S〉| − 1〉3( ) β1|ω1〉| + 1〉1([
+ β2|ω2〉| − 1〉1) ⊗ γ1|a1〉| + 1〉2 + γ2|a2〉| − 1〉2( )]a
⊗|ϕ〉b1 ⊗/⊗|ϕ〉bN . (16)

Secondly, the first target photon b1 is injected into the
circuit. Similarly, while the photon b1 passes through the
circuit, if any of the single-photon detectors is clicked, the

construction process of the hyperparallel CPFN gate is
terminated. If none of any single-photon detector is clicked,
the process of the hyperparallel CPFN goes on and the state of
the whole system becomes

|ΦN〉2 � r′21 r2 − r2′( )6
64

β1| + 1〉1|ω1〉a η11|ω1〉 + η12|ω2〉( )b1[
+ β2| − 1〉1|ω2〉a η11|ω1〉 − η12|ω2〉( )b1]
⊗ γ1| + 1〉2|a1〉a ξ11|b1〉 + ξ12|b2〉( )

b1
+ γ2| − 1〉2|a2〉a[

ξ11|b1〉 − ξ12|b2〉( )
b1
] ⊗ α1| + 1〉3|F〉a δ11|F〉 + δ12|S〉( )b1[

+ α2| − 1〉3|S〉a δ11|F〉 − δ12|S〉( )b1 ]. (17)
Subsequently, the target photons b2, . . . , bN are injected into the

quantum circuit in sequence. Similarly, if any of the single-photon
detector is clicked, the process is terminated. Otherwise, the process
goes on. Then the state of the whole system is expressed as

|ΦN〉3 � P1+N | + 1〉1β1|ω1〉a η11|ω1〉 + η12|ω2〉( )b1 η21|ω1〉([
+ η22|ω2〉)b2 · · · ηN1 |ω1〉 + η22|ω2〉( )bN + −1〉1β2|ω2〉a η11|ω1〉(∣∣∣∣
− η12|ω2〉)b1 ηN2 |ω1〉 − ηN2 |ω2〉( )b2 · · · ηN1 |ω1〉 − ηN2 |ω2〉( )bN]
⊗ [| + 1〉2γ1|a1〉a ξ11|b1〉 + ξ12|b2〉( )

b1
ξ21|b1〉(

+ ξ22|b2〉)b2 · · · ξN1 |b1〉 + ξN2 |b2〉( )
bN

+ | − 1〉2γ2|a2〉a ξ11|b1〉(
− ξ12|b2〉)b1 ξ21|b1〉 − ξ22|b2〉( )

b2
· · · ξN1 |b1〉 − ξN2 |b2〉( )

bN
]

⊗ [| + 1〉3α1|F〉a δ11|F〉 + δ12|S〉( )b1 δ21|F〉 + δ22|S〉( )b2 · ··
δN1 |F〉 + δN2 |S〉( )

bN
+ | + 1〉3α2|S〉a δ11|F〉 − δ12|S〉( )b1 δ21|F〉(

− δ22|S〉)b2 · · · δN1 |F〉 − δN2 |S〉( )
bN
], (18)

where P � r1′(r2 − r2′)3/8.
Finally, after some classical feed-forward operations based on

the measurements on the three NV centers in the orthogonal
basis {|±〉} according to Table 1, the system consisting of the
control photon and target photons is projected into the state

|ΦN〉4 � P1+N × [β1|ω1〉a η11|ω1〉 + η12|ω2〉( )b1 η21|ω1〉(
+ η22|ω2〉)b2· · · ηN1 |ω1〉 + ηN2 |ω2〉( )bN + β2|ω2〉a η11|ω1〉(
− η12|ω2〉)b1 η21|ω1〉 − η22|ω2〉( )b2 · · · ηN1 |ω1〉(
− ηN2 |ω2〉)bN] ⊗ [γ1|a1〉a ξ11|b1〉 + ξ12|b2〉( )

b1
ξ21|b1〉(

+ ξ22|b2〉)b2 · · · ξN1 |b1〉 + ξN2 |b2〉( )
bN

+ γ2|a2〉a ξ11|b1〉(
− ξ12|b2〉)b1 ξ21|b1〉 − ξ22|b2〉( )

b2
· · · ξN1 |b1〉 − ξN2 |b2〉( )

bN
]

⊗ [α1|F〉a δ11|F〉 + δ12|S〉( )b1 δ21|F〉 + δ22|S〉( )b2 · ··
δN1 |F〉 + δN2 |S〉( )

bN
− α2|S〉a δ11|F〉 − δ12|S〉( )b1 δ21|F〉(

− δ22|S〉)b2 · · · δN1 |F〉 − δN2 |S〉( )
bN
]. (19)

From Eq. 19, one can see that for each target photon bn, phase
flips take place on the frequency state |ω2〉bn , the spatial-mode state
|b2〉bn , and the polarization state |S〉bn respectively when the
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frequency, the spatial-mode, and the polarization state of the control
photon a is |ω2〉a, |a2〉a, and |S〉a. Meanwhile, from Eq. 19, one can
see that there is only a global coefficient between the ideal desired
output state and the realistic output state, which means the
hyperparallel CPFN is implemented with a robust fidelity to the
realistic NV-cavity parameters. Overall, the quantum circuit is
generalized to complete the high-fidelity photonic three-DOF
hyperparallel CPFN gate working on a multiple-photon system.

The quantum circuit shown in Figure 2 can be additionally
generalized to implement a high-fidelity hyperparallel quantum
parity-check gate in the polarization, frequency, and spatial-mode
DOFs. Suppose photon a and photon b are initially prepared in the
states |ϕ〉a and |ϕ〉b respectively. To check the parities of the two-
photon states in three DOFs, the three NV centers are all initially
prepared in the states | + 〉, and the two photons are injected into
the quantum circuit as shown in Figure 2 in sequence. If there is a
click of the single-photon detectors while either of the photons
passes through the quantum circuit, the process of the parity check
is terminated. Otherwise, the state of the whole system consisting of
two photons and three NV centers is transformed into the state

|ΦP〉 � r′21 r2 − r2′( )6
64

| + 〉1 β1η1|ω1〉a|ω1〉b + β2η2|ω2〉a|ω2〉b( )[
+ | − 〉1 β1η2|ω1〉a|ω2〉b( ) + β2η1|ω2〉a|ω1〉b)] ⊗ | + 〉2[
γ1ξ1|a1〉a|b1〉b + γ2ξ1|a2〉a|b2〉b( ) + −〉2 γ1ξ2|a1〉a|b2〉b( )∣∣∣∣

+ γ2ξ1|a2〉a|b1〉b)] ⊗ | + 〉3 α1δ1|F〉a|F〉b([
+α2δ2|S〉a|S〉b) + | − 〉3 α1δ2|F〉a|S〉b( ) + α2δ1|S〉a|F〉b)].

(20)

Therefore, after the three NV centers are measured in basis
{|±〉}, the parities of the two-photon states in three DOFs can be
obtained as shown in Table 2.

5 DISCUSSION AND SUMMARY

We have detailed the construction process of the photonic
three-DOF hyperparallel CPF gate as shown in Figure 2,
which can also be generalized to implement the photonic
three-DOF hyperparallel CPFN gate and parity-check gate.
Meanwhile, we have shown that in the nearly realistic
condition, the error items do not appear in the final output
states and the difference between the ideal desired output
states and the practical ones is only a global coefficient, as
shown in Eqs 13, 19, 20. That is to say, these gates work with
fidelities robust to the realistic NV-cavity parameters
including g, γ, κ, and κs. In what follows, we quantitatively
characterize the efficiency of the high-fidelity photonic three-
DOF hyperparallel CPF gate, which is obtained as

η �
∣∣∣∣∣∣∣∣∣∣
r′21 r2 − r2′( )6

64

∣∣∣∣∣∣∣∣∣∣
2

. (21)

Based on Eq. 21, the numerical simulation results are shown in
Figure 3A and Figure 3B, where the efficiency is respectively
treated as the function of g/

��
κγ

√
and (ω0 − ω1)/κ with κs/κ = 0.05

and ω2 = ω0 = ωc, and the function of g/
��
κγ

√
and κs/κ with (ω0 −

ω1)/κ = 5 and ω2 = ω0 = ωc. From Figure 3, one can see that the
efficiency is much more sensitive to the variations of g/

��
κγ

√
and

κs/κ compared with the variation of (ω0 − ω1)/κ. An optical
coupling of a NV center to an on-chip microcavity with the
parameters [g, κ, γtotal, γZPL]/2π = [0.3, 26, 0.013, 0.0004]GHz has
been demonstrated in the experiment [55]. Based on these
experimental parameters, the efficiency η = 38.51% can be
obtained provided κs/κ = 0.05 and (ω0 − ω1)/κ = 5. The
efficiency is sacrificed for the high fidelity. That is to say, the
computation errors are turned into detectable photon losses,
which is advantageous for quantum computation.

The fidelities of the present photonic three-DOF hyperparallel
gates are robust to the realistic NV-cavity parameters. In a more

TABLE 2 | The relations between the measurement results on the three NV
centers and the parity of the quantum state in the frequency, spatial-mode,
and polarization DOFs, respectively.

Measurement DOF Parity State

| + 〉1 frequency even β1η1|ω1〉a|ω1〉b + β2η2|ω2〉a|ω2〉b
| − 〉1 frequency odd β1η2|ω1〉a|ω2〉b + β2η1|ω2〉a|ω1〉b
| + 〉2 spatial mode even γ1ξ1|a1〉a|b1〉b + γ2ξ1|a2〉a|b2〉b
| − 〉2 spatial mode odd γ1ξ2|a1〉a|b2〉b + γ2ξ1|a2〉a|b1〉b
| + 〉3 polarization even α1δ1|F〉a|F〉b + α2δ2|S〉a|S〉b
| − 〉3 polarization odd α1δ2|F〉a|S〉b + α2δ1|S〉a|F〉b

FIGURE 3 | (A) The efficiency of high-fidelity hyperparallel CPF gate vs. g/
��
κγ

√
and (ω0 − ω1)/κ with ω0 = ωc and κs/κ = 0.05. (B) The efficiency of high-fidelity

hyperparallel CPF gate vs. g/
��
κγ

√
and κs/κ with ω0 = ωc and (ω0 − ω1)/κ = 5.
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generally realistic condition, some other factors effecting the
fidelities should be evaluated, one of which is the mixture of
the excited states of NV centers. A degree of mixing among the
excited states of NV centers comes from a relatively low strain
which is induced by the fabrication of optical resonators, and it
would lead to an imperfect dipolar transition between the excited
state and the ground state which is the interaction unit in our
protocol. Fortunately, the excited state |A2〉 is robust to the low
strain and magnetic fields owing to the stable symmetric
properties, and the mixing between the state |A2〉 and the
other excited states is very tiny in the low-strain regime, as
demonstrated in the experiment implemented by Togan et al.
[72], where small number ε is used to describe the imperfect
dipolar transition between the excited state and the ground state
| + 1〉 induced by the low strain. It has been figured out that in the
case ε = 0.12 (0.08), the fidelity of the interaction between the NV
center in the state | + 1〉 and the polarized photon in the state
|F〉 � (|R〉 + |L〉)/ �

2
√

reaches 0.9928 (0.9968), which shows that
the effect of the low strain on the fidelity of the interaction can be
ignored [58]. Another factor of degrading the fidelity is the finite
zero phonon line (ZPL) emission, which is relevant to the emitted
photons from NV centers. In 2009, Barclay et al. [55] showed that
it is possible to enhance the ZPL emission rate γZPL/γtotal by 47% if
the Q value of the microdisk can be increased to 2.5 × 104. In
recent years, several techniques have been proposed which can
enhance the ZPL emission rate γZPL/γtotal from 3% to 70%
[75–79]. In addition, the fidelity is slightly lowered by errors
in readout, spin preparation, spin decoherence, spin operation, spin
flips during the process [80]. And the impact from the intracavity
loss and linear optical elements loss [26, 34] should be considered.
However, these limitations caused by the technical imperfections are
not fundamental and can be largely improved with the further
technical advances. For example, the spin-coherence time can
achieve millisecond level in isotopically purified diamond [46] or
by utilizing dynamical decoupling techniques [47, 48]. Moreover,
Dolde et al. [50] realized the single electron spin operation with the
fidelity F ≈ 0.99 by utilizing engineered microwae pulses, and Fuchs
et al. [49] reduced themanipulation time to the order of nanosecond.

We encode qubits in three DOFs including the polarization
and spatial-mode and frequency DOFs of a two-photon system
to complete our high-fidelity hyperparallel CPF gate, which
further expands the capability of parallel computation
compared with the ones working with one or two DOFs. The
polarization and spatial-mode DOFs can be skillfully
manipulated in experiment where arbitrary single-qubit
operations on them are completed with linear optical
elements, such as beam splitters, (circular) polarization beam
splitters, phase shifter, and half-wave or quarter-wave plates.
Frequency DOF has the advantages of large information
capacity, highly nonlocal properties, and compatibility with
current fiber optic technology infrastructure [81].

Extraordinary experimental and theoretical progress has been
made on the frequency-encoded photonic qubits, such as the
designation of the optical devices used to perform operations on
the frequency-encoded photons [82, 83], the demonstration on
coherent interference of frequency-encoded photons [84–88],
the schemes of quantum gate for frequency qubits [42, 89], and
the realization of discrete-frequency-entangled states [90]. In
our protocol, the optical devices, including WDM for dividing
photon with different frequencies from one path to different
pathes or completing the reverse conversion and FS for shifting
the frequency, are utilized to manipulate frequencies and they are
experimentally available. The WDM can be realized with Fiber Bragg
Grating [91, 92], optical cavity [93, 94], or asymmetricMach-Zehnder
on the frequency encoding [95, 96]. The FS can be obtained by means
of frequency up-conversion or down-conversion process [97–101].

In summary, we have proposed the approach for implementing the
high-fidelity hyperparallel CPF gate working with the polarization,
spatial-mode, and frequency DOFs of the two-photon system. The
hyperparallel CPF gate works in the self-error-corrected pattern where
the clicks of the single photon detectors remind the errors induced by
the practical interaction and terminate the construction of the gate.
Accordingly, the self-error-corrected pattern guarantees the realistic
output state against the computation errors coming from practical
interaction, enables the gate to work with high fidelity, and relaxes the
current experimental requirement. In addition, the method can be
generalized to implement high-fidelity photonic three-DOF
hyperparallel CPFN gate and parity-check gate. Maybe these features
make this work useful in the hyperparallel quantum computation.
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