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In this article, we investigate the problem of jointly estimating target location and velocity for
widely separated multiple-input multiple-output (MIMO) radar operating in correlated non-
Gaussian clutter, modeled by a complex elliptically symmetric (CES) distribution. More
specifically, we derive the Cramér—Rao lower bounds (CRLBs) when the target is modeled
by the Swerling 0 model and the clutter is complex t-distributed. We thoroughly analyze the
impact of the clutter correlation and spikiness to provide accurate performance estimation.
Index terms—Cramér—Rao lower bounds (CRLBs), MIMO radar, location and velocity
estimation, performance analysis, complex elliptically symmetric (CES) distributed, and
complex t-distribution.

Keywords: Cramér-Rao lower bounds (CRLBs), MIMO radar, location and velocity estimation, performance
analysis, complex elliptically symmetric (CES) distributed, complex t-distribution

1 INTRODUCTION

Multiple-input multiple-output (MIMO) radars have attracted increasing attention in recent years,
as proved by the many published articles (see, for instance, Fishler et al., 2004; Li and Stoica, 2008;
Davis, 2015). MIMO radars can be classified as coherent or noncoherent (He et al., 2010a; Derham
et al,, 2010), and colocated (Li and Stoica, 2007) or widely distributed (Haimovich et al., 2007).

Estimating target parameters in MIMO radars is one of the far-reaching research topics; hence,
various research studies have considered different scenarios, with different antenna deployment
(Fishler et al., 2006; Li and Stoica, 2009), target models (in motion or static target) (Hassanien et al.,
2012), and various estimation algorithms (Stoica and Nehorai, 1990; Tajer et al., 2010; Min et al.,
2011). The Cramér-Rao lower bound (CRLB) is a well-known tool for evaluating target parameter
estimation performance in clutter. In Godrich et al., (2008a), Godrich et al., (2010), the CRLBs were
derived for target localization in noncoherent and coherent MIMO radars. The CRLB for target
velocity was presented in He et al., (2010b), while the CRLB for joint estimation of target location and
velocity in case of noncoherent MIMO radars was derived in He et al., (2010a). In Godrich et al.,
(2008b), He et al., (2008), CRLBs were derived for MIMO radars with widely separated antennas.

In all the cited articles, the clutter is modeled as a Gaussian stochastic process, white or colored.
Such assumption is a good approximation in many cases, but not always, particularly when the
clutter is very spiky, for e.g., in high resolution radars (Brekke et al., 2010). In MIMO radars,
sometime the clutter has been modeled as a non-Gaussian process by the compound-Gaussian (CG)
(Farina et al., 1997; Gini, 1998; Gini and Greco, 1999; Sangston et al., 1999; Sangston et al., 2012) or
the complex elliptically symmetric (CES) distributions (Ollila et al., 2012; Fortunati et al., 2019) that
include a wide variety of distributions such as complex normal (CN) (Goodman, 1963), complex
generalized Gaussian (Novey et al, 2009), complex-t (Ct), complex-k, and all the other CG
distributions (Krishnaiah and Lin, 1986; Zhang et al., 2014; Zhang et al., 2017).
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FIGURE 1 | Transmitters and receivers location with respect to the
moving target.

The novel contribution of this article is to derive the CRLBs on
the estimation of location and velocity under the assumption that
the non-Gaussian correlated clutter is modeled by a
Ct-distribution. We then analyze the impact of the clutter
correlation and spikiness on the estimation performance.

This article is organized as follows: the data model is described
in Section 2. In Section 3, the general CES model and the
complex t-distribution are summarized. In Section 4, we
derive the analytical expression of the CRLBs for the
estimation of target location and velocity, and some numerical
results are reported in Section 5 to investigate the theoretical
findings.

2 DATA MODEL

Consider a coherent MIMO radar with M transmit (TX) and N
receive (RX) antennas, widely dispersed in a 2-D plane as shown
in Figure 1. In order to simplify the CRLB derivation of target
location and velocity, we assume an isotropic target whose
unknown complex amplitude is { = {x + j{;. The unknown
target location is (x, y), and the unknown target velocity is (v,,
vy). The known locations of the M transmitters are
(x> 04), (k=1,...,M) and of the N receivers are
(x},y7) (I=1,...,N). ¢, is the orientation of the kth
transmitter, and ¢; is the orientation of the Ith receiver with
respect to the x — axis.

The echo at the Ith receiver from the transmission of all the M
transmitters and reflected from the target, after down-conversion
and sampling, is

E. M4 .
ri[n] = \/:C e fomelPr Sl g (0T — 1) + 24 [n],
M; Y

I=1,...,N wn=1,...,N,

where { is the target complex reflectivity (unknown and
deterministic), fy is the carrier frequency (carrier frequencies
of all transmitters are assumed to be identical), T, is the
sampling time (chosen to satisfy the Nyquist criterion), and Nj
is the number of samples in the observation period, si(A,) =
f(A,) - rect (%) with A, = (nT; — 7y), which is the complex
baseband signal received by the Ith receiver sent by the kth
transmitter. The rect (%—;) models the single pulse time interval,

FIGURE 2 | Antenna placement.

while f(A,) refers to the specific class of signal implementation,
and T}, refers to the pulse duration. Each signal is emitted by an
individual transmitter antenna with energy E,, while E = EM is
the total transmitted energy. Finally, z)[#] is the clutter echo at the
Ith receiver.

Ty represents the time delay of a signal given by
_ditd;

2

Tik

where dj, = \/(xfc —x)?+ (i - )* is the path from the kth TX

antenna to the target, d; = \/ (x] - x)% + ( yi- ¥)? is the path
from the target to the Ith RX antenna, and c indicates the speed

of light.
fi is the target Doppler frequency shift given by

v (xt —x)+v, (¥ — v (xr —x)+v, (yf -
fu = (% )}\dty(J’k )’)+ (x )}\dry()’l }’), 3)
k 1

where A indicates the wavelength of the carrier frequency.

In our derivation, we assume that the transmitted
signals are orthogonal (Peilin Sun et al, 2014).
Furthermore, they retain approximately orthogonality,
even after a variety of allowed time delays and Doppler
frequency shifts, that is,

Ns

Y sk (nTc = sy (T — Ty )i (Fumfru)os
mllﬂkk’ ' @
{0 / ; l')k ; k YT fiie Tris free

The orthogonality as given in Eq. 4 is clearly a strong
condition if applied to all possible delays and Doppler
frequencies. Despite this, for reasonable values of Doppler
frequencies and the set of target and radar parameters of
this work, we verified that the cross-ambiguity functions
are negligible compared to the auto-ambiguity functions;
thus, the orthogonal condition can be considered
approximately met.

Finally, the N,-dimensional observation vector at the Ith
receiver can be expressed as r; = {r;[1] r/[2] ... r;[N] }T.
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FIGURE 3 | CRLB for target location and velocity estimation in Clutter Model I.
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3 COMPLEX ELLIPTICALLY SYMMETRIC
DISTRIBUTION

Complex elliptically symmetric (CES) distributions are
commonly used to model non-Gaussian heavy-tailed radar
clutter (Zhang et al, 2014; Fortunati et al., 2018; Fortunati
et al., 2019; Raninen et al, 2021). The m-variate random
vector (r.v) z € C" that follows the CES model has a
probability density function (pdf) of the form,

f=(2) = CoglZ " g((z - )" (z— ), ®)

where p € C™ and the m x m matrix X denote the symmetry
center and scatter matrix, respectively. The function g: Rj — R*,
called density generator function, satisfies the constraint
Omg 2 I: t" g (t)dt <eo, and ()" refers to the Hermitian
(complex conjugate and transpose) operator. C,, is a

normalizing coefficient such that f(z) integrates to 1 and
Cing = 2(SmOmg)~", where S, = 2%

= Iy
Then, the clutter can be represenﬁted in short notation by
z ~CE,, (%, g) = CE, (1, 2). (6)

3.1 t-Distributed Clutter
A vparticular case of CES-distributions is the Ct-distribution
(Krishnaiah and Lin, 1986; Ollila et al, 2012), in short
notation z ~ Ct,, (4, X).

For a complex t-distribution of dimension m, the generating
function is given by

—(2m+v)

g =(1+%) o)
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FIGURE 4 | CRLB for target location and velocity estimation in Clutter Model II.
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parameter of the distribution, and it is related to the spikiness of
the clutter. The lower the value of v, the spikier is the clutter
(Sangston et al., 2012). For ¥ — oo, the t-distribution degenerates
into the Gaussian one.

Here, we investigate two different scenarios for the clutter.
Model I: the clutter samples are uncorrelated in space and time.
Model II: the clutter samples are temporally uncorrelated but
spatially correlated. The mean value is 0, that is, g = 0.

and Cy 4 =

4 THE JOINT CRAMER-RAO LOWER
BOUND

The CRLB provides a lower bound of the variance of any unbiased
estimator of unknown deterministic parameters. Given y = [x, y,

Vi ¥y (o (1] as the vector of all the unknown parameters in the
received signal, we derive the CRLBs for the MIMO radar. Since
we assume here that the target has already been detected and we
want to estimate target range and velocity, we consider the target
reflectivity, (r and (j, as nuisance parameters (Gini and
Reggiannini, 2000; Fortunati et al, 2010), then we derive the
CRLBs of the unknown vector B,.; = [, y, v V], p = 4.

4.1 CRLB for Target Range and Velocity
In order to derive the CRLB of target location and velocity, the
first step is to calculate the Fisher information matrix (FIM) and
then to invert it, CRLB(y) = [](1//)]_1.

The FIM matrix is defined as

D)l = _E"W{a%,. [a%j Inp (r; w)] } (8)
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where E{.} indicates the expectation operator, Inp(r; y) is the
log-likelihood (LL) function, and r is the data vector. The FIM is a
p x p symmetric positive semi-definite matrix after deleting the
rows and columns of the nuisance parameter.

Since (1) is a function of time delay and Doppler frequency
shift, we introduce the (2 + NM)-dimensional parameter vector
O =[111,T120- - > T f115 f125 - o> fiio (o (I]T, and since y is a
function of @, in order to compute the FIM, the chain rule (He
et al., 2010a) is applied; therefore, the FIM can be expressed as

J(v) = PJ(O)P, ©

where P = % depends on the geometry of the scenario and is
given by

where 0 and I are the zero and identity matrices, respectively,

while U is given by

[0ty

aTU

0

W . e

OTnM
ox

aTNM

oy

0

ofu
ox
ofu
oy
ofu
ov,

9fu

ov,

9fnm

ox

9fnm

dy

oV,

Of nm
ov,

ofwm |

(11)

T
P= 00 - [ Usanm Opo ] (10) The details on the derivation of the elements of U are in He
oy 024 L et al. (2010a). J(@®) is the Jacobian matrix such that
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TABLE 1 | CRLBs of x and v, in clutter Model | and Model Il with different values of v, SCR = 0 dB, and p = 0.9.

Case |
v=21 v=4 v=6 v=8 v=16 v =32 v =64
crb, 2.49E-06 7.69E-06 8.32E-06 9.18E-06 1.00E-05 1.04E-05 1.05E-05
crb,x 0.588 1.814 1.963 2.165 2.363 2.464 2.493
Case Il
v=21 v=4 v=6 v=8 v=16 v=232 v =64
crby 2.04E-05 1.71E-05 1.09E-05 8.50E-06 5.70E-06 4.80E-06 4.40E-06
crb,x 0.117 0.057 0.053 0.051 0.048 0.047 0.046
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p

0| o
J(®)];; = —Er,e‘[aO [aelnp(r; 9] } (12)
i | 00]

Matrix J(®), computed as in Eq. 12, can be divided into four
submatrices as follows:

](@) — [DZNMXZNM GZNMXZ :I, (13)

T
G2><2NM Ly

D. Dy
Ds. Dy

lower right submatrix L involves the derivatives of the target

where D = [ ] in which D, D and D€ RNM*NM The

L, O
complex scattering coefficient, L = [ éR L ] Finally, the upper
I

right submatrix involves the derivatives related to all parameters,
time delay, the Doppler frequency, and the target complex

reflectivities, then G = [ Guto Gre ]
GT(I Gf ¢

By exploiting the chain rule for Eq. 9, the FIM of v is given by

T
J(v) = [Ié?gr ULG] (14)

Eventually, since our aim is to calculate the CRLBs of the
vector B, we get it as (He et al., 2008)

CRLB; = [U(D - GL'G")U"| ", (15)

where the diagonal elements of the CRLB matrix represent
the lower bound of the variances of the parameters of
interest.

1) CRLB for Clutter Model I: If the clutter is
independent in both the time and space domains,
then the clutter samples z[n] (I=1, ..., Nn=1, ...,
N;) are 1ID.

In this case, the log-likelihood function is given by
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p

Inp(r|®) =1n H Hp(rl n]|®) =
n=1 [=1
N, N N, (16)
C+Y Y Inpnn@)=C+) > Ing(t[n),
n=1 =1 n=1 I=1

where C is a generic constant that does not depend on the
parameters of interest, and the pdf of each sample r[n] is
given by

p(r[n]; @) = = =2 g(t[n]), 17)

e

(M) (3)
o oM

fln] = Sirilnl - \EGulnlP, win] 2 S YielnlselA,), and

Yy [n] = e /2 fomrei2nfunTs represents each element of the Y[n]

matrix of all transmitter and receiver antennas.

where Cy 4= fln] is the quadratic form

Each element of the Jacobian matrix is

d*Inp (r|©)
U(@)]i,]:—E[W:l =
LZ Z(%(fl [n]) g(tln ])2>al‘z [n] ot; [n]+g(tl [n]) 0°t;[n]
~ L\ g(tin) g(ulnl)?) 90, 00,  g(t[n]) 96,0,
i,j=1,..,2NM+2

(18)
ieldin: guln) ["D N4y (1 4 2ulnly-1 and
yg(tt [ﬂ])g g (tz[fl])z) — ‘%(éil\}ﬂ/) (1 -I(— 24 [n?)( 2 where) the first derivative

W), gt nl)? 2
oiqgls g( tlf j %E’] ata’g’].

Note that, in computing the derivatives of the LL function with
respect to the parameters in Eq. 18, we consider the
orthogonality conditions in Eq. 4, and then the generic
element of Eq. 18 is calculated with the derivative
expressions as follows:
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L ERPS Yl (8w ]} )81 - p);

o’
o’tyln]  (8n'n’T? [E . F. .
afzkaf,,k, - ( po \/%W{(sz [H]Sk(An)<r,, [n] - \/%( u} [n])]»

*% TP et (g Uit (An)sk*(An)}>
8(1-p,l-1k-K),

(19)

(20)

where the aforementioned equations represent the first and
second derivatives with respect to (w.rt.) the Doppler
frequency. The derivatives w.r.t. time delay and target complex
reflectivity are as follows:

oty[n] (4 .
a",: < nfo \/;\s{( g [”]sz[n]sk(A,,)}

\F R{¢rj (] Y [nls, (A} + 4"f“—|<”|2°{u (] [n]si (A}
+ 5 P Il (A0} ) (0 - p):

21

’t,[n] .
=\ =\ Yo [m]( =47 fisi (D) — j4 A
FTon: T ( 91 (r MY n] 7 fosk (Dn) = JAT fosi (An)+

s(n)}+ > Mm m{m [nlug [n)(=47" fosic () = jAm fosi (An) + sic (A,) )+
e’fzﬂfo (Tlrfl’k')eﬂ” (fik=frw InTs (j27Tf05; (A) + S;: (An)>

(=27 fose (An) + s'k(An))})> S(l-pl-1k-K);

ot
;C[: = \/'91 up [n]rj [n]}

(22)

CR|”1> |2 (23)

)
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Tt~ ol Sran T @) — it )
n . .
The second cross-derivatives w.r.t. Doppler frequency, time arl:a(R = <__ \/:ER{Q’; (] Y [”](_]27Tf oSk (An) + Sk(A”))}
delay, and target complex reflectivity are
LR I ) (2 fosk (8) + 5 (80)} )3 - p:
(28)
’t,[n] [4mnT, 0°t, 1]
afliacf( o \/; Yl (4 o} (26) an:ac, o \F”‘ Uirs I ) (=27 fosi () + 5 (8)
T,
T S Ylnlsy (3w 1]} )61 - p); +o R DY) (=2 fose () + e (8)} )0 - p);
(29)
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o

(30)

Note that 6(I — p) = 1 for | = p and 0 elsewhere, and
sk (A,) = %ﬁ"). More details about the derivations are
presented in the Supplementary Appendix under Clutter
Model L

2) CRLB for Clutter Model II: In this case, the clutter is
correlated in the space domain and independent in the time

domain, meaning that the N; clutter vectors z[n]=

[z1[n), z2[n), ...,z [n]]" (n=1,...,N,) are IID, then the
scatter matrix ¥ is a N x N semi-definite positive matrix.
Under this condition, the observed N-dimensional signal
vector can be written as

E
r(n] = \]%H[n]s[An] +z[nl,n=1,....,N, (31)
where the s[A,] = (51 (An), 52 (&), s (An))"
The pdf of the observation vector is given by
Cnyg
p(r[n]; @) = ﬁg(t[n]), (32)
2T ()

where Cy 4 = , and the quadratic form is given by

(m)NT (@)
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FIGURE 14 | CALB,, vs. ¢ antenna position, Clutter Model Il for different p with v = 2.1, SCR = 0 dB, and v, = v, = 50 m/s.

N N E N N where C is a generic constant, and each element of the Jacobian
t[n]= Z ZWP,J; [n]rq[n] _2\/%91 ‘{ Cz ZWp,q"; [n]uq [n] } matrix is
p=1g=1 p=1g=1
E NN
A 00D X tpquf nlusg 1)
p=lg-1 J(®)], = -E azlnp(l‘|®) .
(33) M 00,00, |’
where #,,, is the inverse of scatter matrix, qpqé[f.'l]p,q. _E % g(tn]) B g (¢[n])*\ 0t [n] ot [n] N g(t[n]) 8°t[n] )
Subsequently, the log-likelihood function is given by Z\g(tn]) g(tn])’) 00; 00; g(t(n]) 00,0, ]
Inp(x1®) = In [| 9
n = = ..
p(x©) = In[] p(r[1]|®) ij=1,...,2NM +2.
N N; (34)
C+ z Inp(r[n]|®) = C + Z In g (t[n)), Afterward, the generic element of Eq. 35 is derived using the
n=1 =1 derivative expressions as follows
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ot[n]
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E N
4nnTs\/%S{cm [n]sk(An); 1,13 [n] };

E N
—4nnT5M|C|25{Ylk[nlsk(mpzlnp,u; [n]} 8(1-p): (36)

M_ 2.2 2\/§ N . .
ofwdfn \" Mm{(Ylk[”]sk(An) 2. 7 bl

E N
—ST T (PR { Yo lnlse () Y 1, [n] };
p=1

E
ST PR [y Yol Yo [l (An)se (A0} );
§(1—pl-1'k—K').

The aforementioned equations represent the first and second
derivatives w.r.t. Doppler frequency. Next, the derivatives w.r.t.
time delay are given as follows:

at E N
aT[Z] _ _4nfo\/% S { Y [m]si (A) ; Nty (1] };
_2\/%2)1{(%;( [n]sk (A)) z ﬂplr; (1] };
p=1

N
+4ﬂfo%|6|25 { Yienlse (D) Y 7,05 [n] };

p=1

N
+2 A’jwm{m (s (8,) )" 3 [n] } 8(1- p):

p=1
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Furthermore, the derivatives w.r.t. target complex reflectivity
are as follows:

N N N N
a(R \/79{{2 Zq [nuq[n}+2M{RZ ququ [n]u, [1];

p=1 g=1 p=1 g=1

=
=

(40)
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3 N N E N
;‘[:1 = \/7 {Z 211 ry [nlu, n]}»+2M(,z

p=1 g=1 p=1

X anqu;,‘ [n]ug [n]; (41)

q=1

o*t[n] t[n] 2 E L X o*t [n]
- - - ——=0.
0 000, o M & &t Ul e

(42)

Also, these are the cross-derivatives of unknown parameters,
for the clutter model II.

aZ E N
af;(—[;{]}z = <4nnTs\/%S { Y [n]sk (A,) Z::l 11Plr;,‘ [n] }
x —8mnT. —CRJ{Ylk [n]sk (A,) Z Nty (1] })8(l -p);
p=1
(43)
&t [n] E S
57 udl, (4 nT \/]; m{m [n]si (An); s [n]}
E N
X —87mT5M(,‘R{ Y [m]si (An) Z Nty (1] } )5(1 - p);
p=1
(44)
9’t[n] E_ L
alea’zR = <—4ﬂf0 \/%0 { Yo [ sk (An); Npi"'p [n] }
E : o
—zﬁm{m [n]si <An);np,r; (] }»
E ) N
+4MCRER{T1k [”]Sk(An);ﬂpzuﬁ (] }
+8nfo—CR«s { Y [n]sk (An )Zﬂplup (n] } > 5(I-p);
=
(45)
aZ
ar;[anzf ( 4 fo\F m{rlk [n]si (A, )anlrp (] }
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The details about derivations are reported in the
Supplementary Appendix under Clutter Model II.
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5 NUMERICAL ANALYSIS

In the following, we investigate the estimation for the circular
MIMO radar shown in Figure 2. A M x N =4 x 4 MIMO radar
is considered whose antenna orientations are [¢) = ¢} =
0,45 = @5 =90, ¢ = ¢ = 180, ¢}, = ¢, = 270] with
d;c =d] =500 m. An isotropic target (T) with a complex
scattering coefficient { = % is placed at x = y = 0 m with
velocity v, = v, =50 =,

Moreover, the carrier frequency is fo = 10 GHz, the sampling
frequency is fs = 9 MHz, the pulse duration is T}, = 0.56 ms, and
the observation time is T, = 2.2 ms. The received waveforms are
s(nTs — 1) = e/ 0T=m) with frequency increment Af =
1 MHz between si[n] and s,;[n] to satisfy the orthogonality
assumption and with each waveform energy Es = 1. The signal-to-
clutter ratio (SCR) is defined as:

M
Yec lsell®

SCR = :
E{zy'z}

(48)

The clutter samples are IID and t-distributed, then
E{z]'z}} = N;%50%, where E{lz/*} = 50 is the variance of a
complex-t clutter. From the last equation, it is evident that to
guarantee a finite positive power, v > 2.

Following this, we chose the spikier clutter case v = 2.1.
Figures 3 and 4 show the range and Doppler frequency
CRLBs of the spikier clutter case for both models I and II,
respectively. In addition, we set ¢ = 1, and the CRLBs in
Figure 4 are shown for spatially correlated clutter.

Considering (Zhang et al., 2014) the spatially correlated clutter
is such that

(£, = 07p! (P00, (49)
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FIGURE 22 | Maximum achievable accuracy for shifted receiver
antennas when the target is moving, Clutter Model I, » = 2.1 and SCR =

-15dB.

where p is a constant value and we chose p = 0.9, and Aa, 4 is the
angular distance from the pth receiver to clutter cell and from
clutter to the gth receiver.

In the following figures, the joint CRLBs of target location and
velocity for different values » are presented for both clutter cases.
We only show CRLB, and CRLB,,, since we set the same
numerical values for x and y as well as for v, and vy,
therefore, the CRLBs along the two directions, in this case, are
the same.

According to Figure 5, a larger value of v leads to an increase
of the CRLBs in clutter case I. It is worth noting that the clutter
power depends on both the scale parameter ¢* and the shape
parameter v. In these figures, 0> = 1, then to keep constant the
SCR for different values of v, the energy of the transmitted signals
is changed accordingly.

In Figure 6, we plot the CRLBs for the correlated clutter
(Model II). In this case, the CRLB tends to increase for lower . It

A 500 m
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€ o
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0.005
-500
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Accuracy in Location Estimation
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B 00 s 3
2.5
2
E o
> 1.5
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FIGURE 23 | Maximum achievable accuracy for shifted receiver
antennas when the target is moving, Clutter Model Il, p=0, v=2.1,and SCR =
-15dB.

is apparent, anyway, that the differences in both models I and II
are small with varying values of v, at least in the tested
configuration.

To get a better look at the impact of the parameter » on the
target parameter estimation, under both Model I and Model II,
Table 1 provides the CRLBs corresponding to x and v, at SCR =
0 dB with different values of v. CRLBs of y and v, behave quite
similarly.

Next, in order to investigate the effect of the correlation
coefficient p in clutter Model II, Figures 7-9 show the CRLBs
as a function of p for v = 2.1 and SCR = 0 dB when the target is
stil, moving with vx=10%, wvy=35%and with
vx =vy =50 %, respectively. When the target is still, the
CRLBs decrease with increasing values of p from -1 to 1, (but
p has a large impact only when its values are in the interval [0.8;
1]). When the target is moving, the behavior of the CRLBs
depends on the value of the target velocity. For some
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combination of velocity and correlation values, the CRLBs show
peaks and notches but the minimum is again reached for p = 1. In
addition, Figure 10 presents the CRLBs as a function of p for v =
2.1, SCR = 0dB, and vx = vy =50 2 when the transmitter/
receiver antennas are rotated clockwise of 45° with respect to
(w.r.t.) the configuration of the previous figures. The CRLBs on
the target velocities do not depend strongly on the angular
position but the CRLBs on the positions, conversely, do. To
better analyze this dependency, keeping fixed the target velocity,
(modulus and direction) we rotated counterclockwise the 4 RX/
TXs, and in Figures 11-14 we show the CRLBs as a function of
the angle between the velocity and the TX/RX on the right (in
Figure 2, this angle is equal to —45°), for three values of the
correlation coefficient, in the range [-45": 45°]. Due to the
symmetry of the MIMO configuration, these CRLBs are
periodic of 90°. These results confirm that for some values of p
the CRLBs of the target positions strongly depend on the velocity
angular direction.

In Figures 15 and 16, the relation between the bounds and the
number of antennas is shown, when the target is located in (0,0).
These figures show the effect of increasing the number of sensors
in two different scenarios: 1) the radius of the circle is constant,
r=d] =d; =500 m, and the TX/RX antennas are uniformly
distributed on the circumference, and 2) the linear distance
between each TX/RX antenna pair is fixed to d,, = 49.06 m,
and the radius of the circle is variable as a function of the number
of antennas M, r = #m(%). As shown in these figures, the
performance of the joint target parameter estimation can be
remarkably improved by increasing the number of antennas,
and this is particularly evident in the second scenario and for the
velocity.

Additionally, to assess the maximum achievable accuracy of
the considered MIMO radar over the area of interest, we define
the errors (Maddio et al., 2015; Passafiume et al., 2017; Cidronali
et al., 2020) as

erry, = \|/CRLB, + CRLB,, ert,,,, = \|CRLB,, + CRLB,,. (50)

Figures 17 and 18 illustrate the maximum achievable accuracy
(or the error pattern over the area) attained by Eq. 50, in terms of
CRLBs in both the clutter models I and II for varying positions
with v, = v, = 50 m/s, while Figures 19 and 20 show the
maximum achievable accuracy for a fixed target. These figures
are all calculated for SCR = -15dB and v = 2.1.

Depending on the value of the target velocity along the x and y
directions and on the clutter correlation, the shape of the error
functioning inside the circle is different, but the range of
variations in the considered area is always small, for both
range and velocity, for both clutter models I and II.

To check the changes in the CRLBs as a function of the
correlation coefficient p, in Figure 21, the maximum achievable
accuracy is shown for the same scenario described in Figure 18
but for p = 0. It is worth observing that p = 0 does not mean that
the clutter components are independent but only uncorrelated
because they are not Gaussian-distributed.

Finally, to investigate the impact of the position of the
transmitters and receivers on the performance of the radar,

CRLB, MIMO Radar, CES Distributed, Estimation

the error function is shown for a different configuration in
Figures 22 and 23, where the receiver antennas are shifted of
45" with respect to the receiver; transmitters and receivers are
represented by black and red triangles, respectively. As evident in
Figures 22 and 23, configurations with shifted receiver antennas
are similar to those of colocated antennas in Figures 17 and 18.
The CRLBs are much more affected by the presence of the clutter
correlation.

6 CONCLUSION

This article presents the derivation of the CRLBs for the
estimation of position and velocity of an isotropic target in a
coherent MIMO radar with orthogonally transmitted waveforms
in the presence of correlated non-Gaussian clutter, modeled by
the complex t-distribution. We derived the CRLBs for two
different scenarios: 1) the clutter samples are independent in
space and time and 2) the clutter samples are temporally
independent but spatially correlated. We then investigated the
estimation accuracy as a function of the SCR, the clutter spikiness,
and the clutter spatial correlation as well as maximum achievable
accuracy parameter estimation for several radar
configurations. The CRLBs show a weak dependency on the
spikiness of the clutter but, conversely, a strong dependency
on the angular correlation, particularly for the moving target.
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