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A semi-empirical model for the assessment and an optimization procedure of the sound absorption coefficient of compressed nonwoven fibrous materials made from recycled Nylon fibers (RNF) is developed. In general, the prediction of the sound absorption properties of materials requires the measurement of non-acoustic parameters by specialized characterization tools that are not always within reach of most laboratories. The objective of the proposed model is to establish empirical relationships between these non-acoustic parameters and the bulk density of RNF materials. These empirical relationships are then substituted into a conventional acoustic model for porous materials, namely, the model of Johnson-Champoux-Allard. The proposed model accurately predicts the sound absorption coefficients of compressed RNF materials based solely on bulk density, thickness, and frequency. This prediction is validated through impedance tube measurements. Moreover, the model is used with a proposed optimization producedure to identify the ideal density and thickness for maximum sound absorption at a specific frequency. Impedance tube measurements on optimized configurations confirm the effectiveness of this optimization process.
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1 INTRODUCTION
In the current context of sustainable development, engineers and scientists are developing materials having a minimum impact on the environment; they are called green or eco-friendly materials. Some of these materials have shown excellent sound absorption properties compared to conventional materials such as glass and rock wools, with a minimum impact on the environment. In fact, while glass and rock wools are excellent sound absorbers, their recycling is still difficult and their processing is highly energy-consuming (Desarnaulds et al., 2005). An alternative to these wools are fibrous materials made from recycled fibers–this paper focuses on this type of materials. Such materials already replaced successfully glass and rock wools: cotton absorbers made from recycled clothing (shoddies) (Langley et al., 2000) and cellulose insulation made from recycled newspapers and even vegetal wools (Piégay et al., 2021) are a few examples. Reviews of sustainable materials and their applications to noise control can be found elsewhere (Desarnaulds et al., 2005; Langley et al., 2000; Asdrubali, 2006).
The modeling of sound propagation and sound dissipation in traditional porous materials is well known. Reviews can be found elsewhere for fibrous materials (Manning and Panneton, 2013; Lei et al., 2018; Tran et al., 2024a) and general porous media (Allard and Atalla, 2009). For eco-friendly acoustic fibrous materials made from recycled materials, many research works have been published in the past 10 years. Most of these works focus on the characterization of their acoustic properties (ex.: sound absorption coefficient) and on the comparison with traditional glass or mineral wools (Manning and Panneton, 2013; Lorenzana et al., 2002; Lee and Joo, 2003; Kosuge et al., 2005; D’Alessandro and Pispola, 2005; Del Rey et al., 2011; Maderuelo-Sanz et al., 2012). These works show the potential of using fibers from different post-consumer or post-industrial wastes (end-of-life tires, plastic bottles, used carpets, metal shavings, fabrics … ) to fabricate good fibrous sound absorbers. In these works, most of the recycled fibrous materials are nonwoven assemblies, where the fibers are blended and mechanically bonded (ex.: needle punched), thermally bonded or resin bonded. In general, few details are given to link their acoustic performance to their fabrication process, their microstructure or intrinsic parameters with a view to optimizing their sound absorption properties.
Porous materials are frequently acoustically modeled using an equivalent fluid method, assuming the frame is acoustically rigid. Common models for this approach include the 6-parameter Johnson-Lafarge (JL) model and the 5-parameter Johnson-Champoux-Allard (JCA) model. The parameters for these models are static airflow resistivity, open porosity, tortuosity, viscous and thermal characteristic lengths, and static thermal permeability. In the past, numerous theoretical and numerical studies have been conducted to connect these parameters for fiber bundles to their microstructure and acoustic properties, with reviews available elsewhere. (Luu et al., 2017; Pompoli and Bonfiglio, 2020; Tran et al., 2024a) However, such research on acoustic materials made from waste textiles or natural fibers remains limited.
Manning and Panneton (2013) measured the JL parameters in various manufactured samples of shoddies made from waste textiles. They developed empirical formulas that relate the JL parameters to the bulk densities of shoddies, which range from 30 to 180 kg/m3 (or porosity from 86% to 98%), with an average fiber diameter of about 22 [image: image] m. (Manning and Panneton, 2013) Santoni et al. introduced an effective fluid dynamic fiber radius for sound insulation materials made from natural hemp fibers. This diameter, derived from an analytical expression of airflow resistivity and its measurement, ranges between 18 and 27 [image: image] m for the manufactured samples. Except for the viscous characteristic length, which is determined by inversion on an acoustic measurement, existing expressions were used to link the other JCA parameters to this effective fiber radius and bulk density. They applied a homothety law to recalculate all JCA parameters across different compression ranges, covering bulk densities from 50 to 150 kg/m3 (or porosity from 88% to 96%). (Santoni et al., 2019).
For felts made from recycled fibers, Tran et al. used a multiscale numerical approach to link the microstructural features (fiber radius distributions and orientation) to the JL parameters. From their results, they updated the semi-analytical relations of Luu et al. (valid for a single fiber diameter) by including the fiber diameter distribution. Contrary to the latter two studies, this time the relations are based only on microstructural features and not on the bulk density. Also, their relations are validated for fiber diameters varying between 0 and 60 [image: image] m following a Gamma function distribution, and porosity from 65% to 99%. (Tran et al., 2024b). In a subsequent paper, Tran et al. utilized these relations as a basis for optimization, employing an iterative differential evolution algorithm to enhance sound absorption. (Tran et al., 2024a).
All the previous relations on sustainable materials were experimentally validated against measured JL or JCA parameters and their ability to predict the normal incidence sound absorption coefficient obtained using an impedance tube. A common aspect of these studies is that the average diameter of the fibers is less than 30 [image: image] m. Moreover, these studies did not address the optimization of the material for sound absorption by a direct method (i.e., not iterative). In this study, the sound absorption coefficient of nonwoven blends made from a Recycled Nylon Fibers (RNF) derived from carpet waste is investigated. Contrary to the previous studies, the diameter of the fibers is much lager and range between 50 and 90 [image: image] m. Consequently, the main purpose of this work is to propose a robust semi-empirical model to predict and optimize the sound absorption of a RNF blend with only one physical parameter, the bulk density. A general direct optimization approach inspired by the non-dimensional design charts for fibrous sound absorbers by Mechel (Mechel, 1988) is proposed. While this direct optimization approach is developed for the studied RNF nonwoven, it could be extended to any other types of porous materials.
In the following, the acoustic model used to describe the porous materials is first presented. Second, experimental characterizations of several RNF assemblies of different densities, ranging from 30 to 180 kg/m3;, are performed. Empirical relationships between each material property (airflow resistivity, open porosity, tortuosity, viscous and thermal characteristic lengths) and the bulk density are developed. Third, the empirical relationships are used in the acoustic model to derive the semi-empirical model for the RNF blend. This semi-empirical model depends only on the bulk density and thickness of the blend, and the frequency. Fourth, design charts for the RNF sound absorbers are obtained from the semi-empirical model to define optimal sound absorption configurations. To facilitate optimization, a straightforward theoretical procedure is finally developed and validated.
2 THEORY
The RNF blend is seen as a porous medium made of a solid phase (the fibers) and a fluid phase (here air), see Figure 1. The fluid phase forms a complex network of interconnected pores in which an acoustic wave can propagate and dissipate by thermal and viscous losses. Typically, the fluid phase network is characterized by five macroscopic parameters. Besides the bulk density ([image: image]), these parameters are the open porosity ([image: image]), the static airflow resistivity ([image: image]), the tortuosity ([image: image]), the viscous characteristic length ([image: image]), and the thermal characteristic length ([image: image]). These parameters are homogeneous at the macroscopic scale H defined in Figure 1. This scale is much larger than the diameter of the fibers, and much smaller than the wavelength [image: image] of the acoustical wave. The macroscopic parameters are used to populate an acoustical propagation model based on an equivalent fluid approach (Panneton, 2007). Following this approach, the elastic deformation of the solid phase is neglected and only sound pressure waves propagate in the fluid network. The sound pressure [image: image] in this equivalent fluid is governed by the homogeneous Helmholtz equation
[image: image]
where [image: image] is the frequency in Hertz, [image: image] is the Laplacian operator, and [image: image] and [image: image] are the equivalent dynamic density and the equivalent dynamic bulk modulus of the equivalent fluid. In Equation 1, both equivalent properties are frequency-dependent and complex-valued to account for the viscous and thermal losses, respectively. Many models exist to predict these two equivalent properties. A review is given elsewhere. (Allard and Atalla, 2009) In engineering applications dealing with sound-absorbing porous materials, the Johnson-Champoux-Allard (JCA) model is largely used. This model is well adapted to most open-cell porous materials, without being limited to specific high porosity fibrous materials with a given fiber size distribution (ex.: mineral wool based model by Delany and Bazley (1970)). Moreover, it depends on measurable parameters only.
[image: Figure 1]FIGURE 1 | Representation of the acoustic macroscopic scale H on a material sample (large gray disk), where [image: image] is the wavelength of the acoustic phenomenon. The dashed circle represents the smallest area on which an acoustic property (porosity, resistivity, etc.) is homogeneous over the surface.
In the present work, the acoustic response of the RNF blend may differ from the classical behavior of simple fiber assemblies, more particularly at higher compaction levels (i.e., higher densities, lower porosities, and higher tortuosities). Consequently, it is preferred to use the general 5-parameter JCA model instead of a specific model. In this model, the equivalent dynamic density and bulk modulus are given by (Equations 5 of Allard and Atalla (2009))
[image: image]
and
[image: image]
where [image: image] and [image: image], [image: image], Pr and [image: image] are the density, specific heat ratio, Prandtl number, and dynamic viscosity of the saturating fluid, respectively. Note that all the properties defined in this work are in MKS units. For soft fibrous materials (limp materials), it is usually preferred to take into account for the added mass of the fibers by using the corrected dynamic density of the equivalent fluid (Panneton, 2007)
[image: image]
Once these two dynamic properties are known, the sound absorption coefficient of a layer of thickness L backed by a hard wall is given by
[image: image]
where c0 is the speed of sound in the fluid, and [image: image] is the acoustic surface impedance
[image: image]
2.1 Optimization of sound absorption
The surface impedance in Equation 6 depends on six material parameters ([image: image], [image: image], [image: image], [image: image], [image: image], [image: image]), the thickness and the frequency. If one wants to design a sound absorber with maximum absorption (i.e., [image: image]=1) at a given frequency, or for a given thickness, this means that the parameters need to be adjusted (or optimized) so that [image: image]. This is possible from a mathematical point of view. However, since the material parameters are all interrelated and related to the structure of the pore network, it may be difficult to find a physical solution. The idea developed in the following is to connect all these material parameters to a single parameter easily identifiable and measurable, namely, the bulk density. This will end in a realistic and pragmatic optimization procedure for maximizing the sound absorption of the blend.
3 EXPERIMENTAL CHARACTERIZATION, MATERIAL AND METHODS
3.1 Description of the materials
The fibers used in this study come primarily from recycled carpets. The carpets are shredded into short fibers which are then cleaned up and mixed into a homogeneous mixture. Finally, the blend is compacted to reach a given bulk density. Figure 2 shows photos of the mixture. An optical analysis indicates that the diameter d of the fibers ranges typically between 50 and 90 [image: image] m. The data provided by the manufacturer indicates that the fiber blend is composed of 80%–85% Nylon, 6%–12% of polypropylene and 6%–8% of residues such as latex and carbonate calcium. It is worth mentioning that no specific bonding method was used. In fact, for the sake of simplicity, the blend was only compacted between a grid and the hard termination of an impedance tube, see Figure 3. As noted by Lee and Joo (2003), they observed that the web properties after needling were insignificant on the sound absorption of the fiber agglomerates. Also, results obtained from Maderuelo-Sanz et al. (2012) (see their results for samples M-B and M-C, Figure 4 showed that resin impregnation had little effect on the sound absorption of their recycled fiber assemblies. While in some cases the bonding method may influence sound absorption (Manning and Panneton, 2013), it can be assumed that its impact can be indirectly addressed by the bulk density of the agglomerate, provided that the agglomerate remains flexible or soft. Therefore, in this work, no special attention is paid to the bonding method.
[image: Figure 2]FIGURE 2 | (A) Photos of the studied fiber blend made from recycled carpets. (B) Optical microscope images. The fiber diameters range generally from 50 to 90 [image: image] m.
[image: Figure 3]FIGURE 3 | Sketch of the impedance tube with the fiber blend compacted between the grid and the hard wall termination.
[image: Figure 4]FIGURE 4 | Specimen holder placed in the support of the airflow resistivity meter [Model Sigma-X 2010, Mecanum, inc.].
3.2 Sound absorption coefficient [image: image]
The normal incidence sound absorption coefficient of a test specimen is measured following the standard test method ISO 10534-2 using a Mecanum’s impedance tube with the transfer-function method. (ISO 10534–2:2023, 2023) A tube of D = 44.44 mm in diameter is used. The valid frequency range of the tube spans from 100 Hz to 4,100 Hz. To test RNF blends at different bulk densities, a given mass M of RNF is compacted in the tube between a fixed grid and the hard termination of the tube, see Figure 3. The grid is acoustically transparent and the thickness of the blends is fixed to L = 50 mm. The bulk density of a compacted RNF blend is then given by [image: image].
3.3 Bulk density [image: image] and fiber density [image: image]
From the fiber composition detailed above, one can estimate the density of a representative fiber of the blend by [image: image], where [image: image] is the density of constituent i (i = nylon, polypropylene, residues) and [image: image] its proportion in the blend. Applying this formula, one finds [image: image] = 1,114.8 12.5 kg/m3;. To check this value, an open porosity test, with a Mecanum’s porosity and density meter, was performed on 8 samples following a pressure/mass method (Salissou and Panneton, 2007). In this method, using a 10-mg readability balance, the mass of an empty test chamber of 1,161 cm3; is measured at low absolute pressure (0.1 psi) and at high absolute pressure (approximately 91.5 psi) when pressurized with argon. The same measurements are repeated when the test chamber is filled with approximately 93.5 g of compacted fiber blend. With the four measured masses, and using the perfect gas law, the method yields an open porosity of [image: image] = 0.926 [image: image] 0.001 and a bulk density of [image: image]= 80.53 [image: image] 0.01 kg/m3;. The measured open porosity represents the interconnected air volume in the tested compacted blend (i.e., the air phase) seen by an acoustical wave propagating in the porous medium. The measured bulk density of the compacted blend is given by the in-vacuum mass of the blend divided by its bulk volume (here the test chamber volume). From the measured open porosity and bulk density, one can determine the representative fiber density from the following relation
[image: image]
With the measured values on 8 samples, this yields [image: image]1,094.13 19.38 kg/m3;. This result is in accordance with the one estimated above from the composition of the blend. This value will be used in this work. Results of individual measurements are summarized in Table 1. Note that in this study, all parameter variations are expressed as standard deviations.
TABLE 1 | Results of the porosity and bulk density tests using the pressure/mass method. The fiber density (last column) is deduced from Equation 7.
[image: Table 1]3.4 Open porosity [image: image]
Since the measurement of the open porosity is lengthy, one prefers to use Equation 7 to deduce the porosity of a given compaction of fibers. For the sake of clarity, Equation 7 is rewritten in terms of open porosity in function of bulk density
[image: image]
This equation assumes knowledge of the representative density of the fibers.
3.5 Static airflow resistivity [image: image]
The static airflow resistivity [image: image] of a material is defined as its ability to hinder or block airflow. Its measurement is carried out using a Mecanum’s Airflow resistance meter which follows the direct airflow method of ISO 9053-2 standard test method for airflow resistance of acoustical materials. (ISO 9053–2:2020, 2020) It is given by
[image: image]
where [image: image]P is the air pressure difference across the test specimen subjected to an airflow of velocity v and thickness L. The standard requires test specimens of at least 90 mm in diameter and a velocity of 0.5 mm/s. In this work, since acoustic impedance tube measurements are performed on specimens of 44.44 mm in diameter, the same specimens were used for the airflow resistivity test at 0.5 mm/s.
To control the thickness and the diameter of the compacted fiber blend, the specimen holder shown in Figure 4 is used. A given mass M is carefully compacted in the inner volume of the specimen as homogeneously as possible. This fixes the bulk density of the fiber blend. For this density, the static airflow resistivity is measured with Equation 9. The measurement procedure is repeated for different compactions in the range [image: image] = [40, 180] kg/m3;. The measured results are presented in Figure 5. As one can note, the relation between [image: image] follows a power law growth. Since at [image: image] (i.e., air with [image: image]) and [image: image] (i.e., solid block with [image: image]), the following relation is proposed
[image: image]
with K1 = 924 580 Nsm-4 and K2 = 2.005 obtained from a simplex search method (function fminsearch in Matlab R2012b) with a coefficient of determination 0.9961. Using Equation 7, the previous relation can be rewritten as [image: image] which is of a similar form to the one proposed by Bies and Hansen (Bies and Hansen, 1980) for fiberglass materials (i.e., [image: image], where d is the fiber diameter). This growth for fiberglass is smaller than the one of the RNF blend. This makes sense if one considers that recycled carpet fibers have a more sinuous shape than glass fibers. For the studied RNF blend, Equation 10 is preferred to a power law relationship including fiber diameter, because it has exact limits at low and high bulk densities.
[image: Figure 5]FIGURE 5 | Static airflow resistivity versus the bulk density of the fiber blend. The dots are the measured data and the line is the power law regression with a coefficient of regression of 0.9961.
3.6 Viscous [image: image] and thermal ([image: image]’) characteristic lengths
The viscous and thermal characteristic lengths are two parameters used to accurately model the high-frequency viscous and thermal dissipations of sound waves in open-cell porous materials. The preferred measuring methods for these two parameters are based on ultrasound measurements (Leclaire et al., 1996). In this work, an inverse method using software Foam-X was chosen instead (Atalla and Panneton, 2005; ESI Group, 2024). This is due to the difficulty of having nicely shaped specimens for ultrasound measurements. The inverse method is based on impedance tube measurements. Typically, constrained by the physics of the sound propagation in porous media, the method iteratively searches the unknown parameters of a precursor acoustic model. The precursor model is the JCA model discussed in the Theory section. For a given 50-mm thick compacted RNF blend of bulk density [image: image], the inversion solver is fed with the measured absorption coefficient, and the measured open porosity and resistivity. Consequently, the inversion solver searches the remaining macroscopic parameters of the blend, namely, the viscous and thermal characteristic lengths, and the tortuosity (discussed below).
Based on this procedure, several blends of different bulk densities were tested and their characteristic lengths were identified. The results are presented in Figure 6. Compared to static airflow resistivity measurements, the correlation between bulk density and characteristic lengths is lower. This shows the sensitivity of the inverse method to measurement errors of all input parameters (bulk density, open porosity, resistivity, absorption coefficient, thickness, precursor model). However, the correlation is clearly sufficient to propose an empirical model to relate the characteristic lengths to bulk density. Based on the work by Allard and Champoux (1992), when the interaction between fibers can be neglected (i.e., diluted fiber media where the distance between fibers is large compared to the fiber diameters), the following relationships hold for a diluted fiber perpendicular to the flow:
[image: image]
[image: image]
where l is the length of fiber per unit volume of the fibrous aggregate. One recognizes that [image: image] is the solid phase volume ([image: image]) to total volume (V) ratio of the fibrous aggregate. This ratio is linked to the open porosity by [image: image]. Consequently, following this observation, and making use of Equation 7, the viscous length in Equation 11 can be rewritten as:
[image: image]
This indicates that the characteristic lengths are inversely proportional to the bulk density. Obviously, at high compaction levels, the diluted medium assumption may not hold anymore for the studied RNF blend, and one can assume that the condition on the characteristic lengths would be [image: image] (note that [image: image] is imposed by theory).
[image: Figure 6]FIGURE 6 | Viscous characteristic length (top) and thermal characteristic length (bottom) versus the bulk density of the fiber blend. The dots are the measured data and the lines are the curve fit models with coefficients of regression of 0.9158 and 0.8117, respectively.
Following Equation 13 and the previous discussion, inverse relationships between the characteristic lengths and the bulk density can be found by a constrained minimization process with constraint [image: image]. Applying such a minimization (function fmincon in Matlab R2012b) on the data presented in Figure 6 yields the following relationships
[image: image]
[image: image]
with coefficients of regression of 0.9158 and 0.8117, respectively. At high values of the density ratio [image: image] (i.e., diluted fibers, [image: image]1, see Equation 7), the first terms of Equations 14, 15 dominate and the diluted condition [image: image] of Equation 12 is found. One has to note that the previous relationships obtained from the constrained minimization process are valid for the studied range of bulk densities, and extrapolation to external values should be considered with care.
3.7 Tortuosity [image: image]
Tortuosity is a parameter that indicates how the path of a sound wave in the porous medium deviates from a straight path. If the path is straight, [image: image], else [image: image]. For diluted fibers, Allard and Champoux (1992) showed that [image: image]. This is the case for most fiberglass products. However, for dense fibrous materials (such as felts), the tortuosity may be larger.
The preferred method for measuring tortuosity is based on ultrasound techniques (Allard et al., 1994).24 However, as discussed for the characteristic lengths, the inverse method was used to identify the tortuosity of the RNF blend at different compaction levels. The results are shown in Figure 7. One can note two different behaviors in function of the bulk density. Up to a value of 88 kg/m3; corresponding approximately to a porosity of 0.92, the RNF blend can be considered as diluted in terms of tortuosity since [image: image]. However, for larger bulk densities, the tortuosity increases linearly with bulk density. This is logical because, as the fibers are closer, the path of the sound wave is increasingly perturbed. Consequently, the following empirical relationship between tortuosity and bulk density is proposed:
[image: image]
[image: Figure 7]FIGURE 7 | Tortuosity versus the bulk density (and corresponding open porosity) of the fiber blend. The dots are the measured data and the line is the curve fit model with coefficient of regression of 0.8952.
4 SEMI-EMPIRICAL MODEL
The empirical relationships between the macroscopic parameters of the RNF blend and its bulk density developed in the previous section are valid for the studied range of RNF fiber blends. These empirical relationships (Equations 8, 10, 14–16) can be substituted into the JCA equivalent fluid model (Equations 2–4) to form a semi-empirical model. Doing so, the sound absorption coefficient, Equation 5, now depends on the frequency, the thickness, and bulk density of the NCF blend only: [image: image].
To validate this semi-empirical model, three RNF blends of 30, 120 and 180 kg/m3; are assembled and tested in the acoustical impedance tube described above. Validations are made for 50-mm thick samples. Note that densities 30 and 180 kg/m3; are at the bounds of the range on which the empirical relationships were built. This will test the robustness of the model at its low and high limits. The sound absorption measurements are compared to the predictions obtained with the developed semi-empirical model in Figure 8. Three measurements are done for each density. Good correlations are obtained between the measurements and the predictions of the developed semi-empirical model.
[image: Figure 8]FIGURE 8 | Sound absorption coefficient of three 50-mm thick RNF blend compactions: (A) 30 kg/m3, (B) 120 kg/m3, and (C) 180 kg/m3. The black lines are the model predictions, and the gray areas show the dispersion of the measurements on three different specimens of the same compaction.
5 OPTIMIZATION PROCEDURE
From a noise control point of view, it is always desirable to have a simple solution that is tailored to a given problem. A design engineer would like to know the thickness to use for a given material to reach maximum sound absorption at a given frequency when it is backed by a hard wall. Alternatively, he could want to know the material to use for a fixed thickness to reach maximum absorption at a given frequency. To answer these questions, the engineer needs to test (or simulate when possible) different thicknesses, hoping to find the desired optimal solution. This process is lengthy and may yield no optimal results.
Another optimization process would be to adjust the 5 material parameters to reach a given objective. Such an approach is not realistic because the solution found could not make sense physically. In fact, all the parameters of the material are related to its microstructure. Apart from using a microstructural model and sophisticated simulation tools (Perrot et al., 2008; Tran et al., 2024b), one needs to perform a systematic study on the relationship between sound absorption and the material properties. In the past, some optimization studies on fibrous absorbers have been done. Shoshani and Yakubov (2000) made a numerical investigation to obtain optimal parameters for a sound-absorbing fiber web in terms of thickness, porosity, density and coupling parameter (function of resistivity). Their analysis did not take into account for the fact that the material parameters are linked together in a blend (e.g.,: porosity does not vary independently from resistivity, nor density). While their study gives interesting insights, it cannot be systematically applied in a real situation. More recently, Yang et al. (2011) investigated experimentally the effects of the bulk density on the sound-absorbing behavior of a fiber assembly at different compaction levels using a similar setup as the one used in Figure 3. They noticed that there exists an optimum density at which the sound absorption passes through a maximum at a so-called critical frequency. Nevertheless, they did not make a systematic optimization study to link the critical frequency and optimum density to the material properties and thickness. However, such a systematic study had already been made by Mechel (1988) to obtain design charts for fibrous sound absorbers. Based on a one-parameter equivalent fluid empirical model (here the parameter was resistivity), he observed that the sound absorption coefficient is governed by two non-dimensional parameters: [image: image] and [image: image], where [image: image] is the free field wavenumber in air. From this observation, he built design charts at different angles of incidence of the acoustic wave. The design charts can be used to find optimal values of thickness and resistivity to reach a maximum absorption at a given frequency. While his charts are of practical interest, they were built from a one-parameter empirical model valid for a given set of fibrous materials.
For the RNF blend under study, the developed semi-empirical model may be used to find the optimal parameters that will maximize the sound absorption of the blend when backed by a hard wall. This is possible since the only material parameter of the model is the bulk density. Once the optimal bulk density is found, the fiber blend is fully determined; there is no need to directly know what the 5 macroscopic parameters are. Consequently, the optimization process could be posed by one of the following expressions:
[image: image]
where [image: image] is the frequency at which the absorption must reach a maximum. The difficulty in using directly Equation 17 lies in the frequency behavior of the absorption that can show several maxima. Another approach is inspired by the work of Mechel (1988) It consists of computing the normal incidence sound absorption coefficient [image: image] from the developed semi-empirical model, and plotting absorption charts in function of the non-dimensional parameters [image: image] and [image: image]. Here, since the relationship is known between resistivity and bulk density, the second parameter is replaced by [image: image], where [image: image] is given by Equation 10. Such charts are given in Figure 9 for three different thicknesses: 25, 50, and 100 mm. The charts are similar to the normal incidence absorption chart obtained by Mechel. However, contrary to Mechel, a single chart is not sufficient to represent the studied materials. In fact, the absorption chart also depends on the thickness, and not only on R and F. This is explained by the fact the studied material cannot be described by the resistivity only, as in the empirical model by Mechel. This supports the choice of using the more complex and general five-parameter JCA model to build our semi-empirical model.
[image: Figure 9]FIGURE 9 | Sound absorption charts as a function of the two non-dimensional parameters R and F for different thicknesses of the RNF blend: (A) 25, (B) 50, and (C) 100 mm.
For each chart in Figure 9, one notes that more than one maximum exists. The first maximum occurs at the so-called critical frequency f1 For this frequency, one can clearly determine the optimal non-dimensional parameters R and F. One can note that the optimal value for R is slightly influenced by the thickness. For the three thicknesses, its optimal values are 1.47, 1.57 and 1.57, respectively. For a thickness of 50 mm and Z0 = 414 Nsm-3, this yields an optimal resistivity of 12 986 Nsm-4 or, using Equation 10, an optimal bulk density of 116 kg/m3;. As for the non-dimensional parameter F, one can note that its optimal value increases with the thickness. For 25, 50, and 100 mm, the optimal values of F are 1.00, 1.12 and 1.27, respectively. For a thickness of 50 mm and c0 = 343 m/s, this yields an optimal frequency of 1,224 Hz. As demonstrated, the charts in Figure 9 can be used to quickly identify a configuration yielding maximum absorption. However, if the thickness has to be fixed to a value not given in Figure 9, one needs to interpolate.
Another, more straightforward, approach is to identify relationships between the bulk density, the thickness and the critical frequency at which the first maximum of sound absorption occurs. To proceed this way, one can obtain the sound absorption coefficient for a range of admissible bulk densities and thicknesses on which the empirical relations were built in the previous section. Here, the sound absorption coefficient [image: image] is computed for the following admissible combinations: [image: image] kg/m3;, [image: image] mm, and [image: image]. For each thickness, the optimal bulk density [image: image] is identified together with the optimal non-dimensional parameter [image: image] at which the first maximum of sound absorption occurs. Here, [image: image] is the complex wave number in the material. These optimal absorption behaviors are plotted in Figure 10 in function of k0L and [image: image]. One notes that for all thicknesses, the maximum absorption occurs around the non-dimensional parameter [image: image] or [image: image]. The ratio between these two optimal parameters, [image: image], can be viewed as a projection factor from the porous material wavenumber domain to the air wavenumber domain.
[image: Figure 10]FIGURE 10 | Normal incidence hard backed sound absorption coefficient of the RNF blend in function of non-dimensional parameter (A) k0L (top) and (B) |[image: image]L| (bottom) at the optimal bulk density [image: image] for each thickness L ranging from 10 to 250 mm.
The identified optimal value [image: image] may also be found theoretically. In fact, for a sound absorbing material of thickness L backed by a hard wall, the maximum absorption is mainly reached when the maximum viscous dissipation is reached. This maximum dissipation occurs approximately when the squared RMS acoustic velocity in the material is maximum. Under a normal incidence plane wave, if the origin of the x-axis is at the hard wall, the squared RMS acoustic velocity in the material is given by
[image: image]
where A is the amplitude of the pressure wave in the material, [image: image] and [image: image] are the characteristic impedance and wave number in the material. The maximum of Equation 18 occurs at optimal non-dimensional parameter [image: image], which is about the one found from the simulations. This value is an approximation and depends also on the thermal losses and material properties.
From the previous simulations and discussions, it is clear that a relationship exists between [image: image] and [image: image]. Moreover, for a given thickness, [image: image] yields the critical frequency at which the first maximum peak occurs:
[image: image]
with [image: image] = 343 m/s at standard atmospheric conditions. The previous frequency is in the porous material wavenumber domain. To obtain its value in the air wavenumber domain, the following conversion is needed:
[image: image]
with [image: image]. From the simulation results, the relationships between these parameters are plotted in Figure 11 for the calculated thicknesses. Also the following power law is obtained for the optimal bulk density:
[image: image]
[image: Figure 11]FIGURE 11 | Optimal bulk density [image: image] and first absorption peak frequency f1 in function of the thickness. These curves are valid for normal incidence hard backed sound absorption coefficient.
6 APPLICATION OF THE OPTIMIZATION PROCEDURE
In the following, Equations 19–21 will be used to find the optimal RNF blend for different sound absorber design objectives.
6.1 Find optimal configuration for maximum absorption at 500 Hz
To find this optimal configuration for [image: image] Hz, Equation 20 is first used to convert the frequency in the porous material wavenumber domain; this yields [image: image] Hz. Then, Equation 19 is used to find the corresponding thickness; this yields L = 139 mm. From this thickness, one find the optimal bulk density from Equation 21, which yields [image: image] kg/m3;. Figure 12A compares the measured sound absorption coefficient for this configuration with the model prediction. One can observe the optimization proceeds correctly.
[image: Figure 12]FIGURE 12 | Normal incidence hard backed sound absorption coefficient. (A) Optimization problem 1 with fixed frequency of 500 Hz; (B) Optimization problem 2, with fixed thickness of 50 mm; (C) Optimization problem 3, with fixed bulk density of 140 kg/m3. The black lines are the model predictions, and the gray areas show the dispersion of the measurements on three different specimens of the same compaction.
6.2 Find optimal bulk density for a thickness of 50 mm
To find this configuration, Equation 21 is first used to find the optimal bulk density; this yields [image: image] kg/m3;. Equations 19, 20 are used to obtain the frequency of the first peak in the air domain; this yields [image: image] Hz. Figure 12B compares the measured sound absorption coefficient for this configuration with the model prediction. One can observe the optimization perfectly fits with the objective.
6.3 Find optimal thickness for an optimal density of 140 kg/m3
To find this configuration, Equation 21 is first used to find the thickness; this yields L = 25 mm. Then, Equations 19, 20 are used to obtain the frequency of the first peak in the air domain; this yields [image: image] Hz. Figure 12C compares the measured sound absorption coefficient for this configuration with the model prediction. Again, the optimization worked fine.
7 CONCLUSION
In this paper, a semi-empirical model was derived to predict the normal incidence sound absorption coefficient of a Recycled Nylon Fiber (RNF) blend. The semi-empirical model is based on the general five-parameter Johnson-Champoux-Allard (JCA) for porous materials in which the five parameters (i.e., open porosity, airflow resistivity, tortuosity, viscous and thermal characteristic lengths) are replaced by characterized empirical relationships expressed in terms of the bulk density of the blend only. From this semi-empirical model, sound absorption charts were built to help design optimized RNF absorbers. A more systematic design procedure based on equations was also worked out. The procedure allows for a quick determination of the optimal parameters of a mixture to achieve maximum absorption. Three design problems were addressed and validated by experiments 1) to determine the optimal thickness and bulk density to reach maximum absorption at a given frequency, 2) to find the optimal density for a given thickness, and 3) to find the optimal thickness for a given bulk density. While the optimization procedure was developed for RNF absorbers, a similar procedure could be developed for any other fibrous-like sound absorbers. More specifically, the proposed method could be applied to cotton felts which have smaller fiber diameters and are often used in the automotive industry. This could be a simpler way to optimize these felts for sound absorption compared to a complex multi-scale analysis as done elsewhere (Tran et al., 2024b).
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